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THE THEORY OF MATHEMATICAL INFERENCE. 


By G. J. STOKES, Professor of Logic and Philosophy in Queen’s College, Cork, Ireland. 


One of the simplest theories of mathematical inference and by no means 
the least plausible is that involved in the extreme Nominalist doctrine that the 
conclusion of a train of reasoning is but a restatement in changed language of the 
original data from which we start, a renaming in short, of what had been other- 
wise expressed. Nowhere has this theory as applied to mathematical inference 
been more clearly put forward than by James Mill in his ‘‘Analysis of the Phe- 
nomena of the Human Mind.” 

“The Predications of Arithmetic’ he says are another instance of the same 
thing. ‘One and one are two.’ This again is a mere process of naming. 
What I call one and one, in numbering things, are objects, sensations, or clus- 
ters of sensations ; suppose, the striking of the clock. The same sounds which I 
call one and one I call also two ; I have for these sensations, therefore, two names 
which are exactly equivalent: so when I say, one and one and one are three: or 
when I say, two and two are four: ten and ten are twenty: and the same when I 
put together any two numbers whatsoever. The series of thoughts in these in- 
stances is merely a series of names applicable to the same thing, and meaning 
the same thing. 

Besides the two purposes of language, of which I took notice at the begin- 
ning of this inquiry ; the recording of a man’s thoughts for his own use, and the 
communication of them to others; there is a use, to which language is subser- 
vient, of which some account is yet to be given. These are complex sensations, 
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and complex ideas, made up of so many items, that one is not distinguishable 
from another. Thus, a figure of one hundred sides, is not distinguishable from 
one of ninety-nine. A thousand men in a crowd are not distinguishable from 
nine hundred and ninety-nine. But in all cases, in which the complexity of the 
idea arises from the repetition of the same idea, names can be invented upon a 
plan, which shall render them distinct, up to the very highest degree of compli- 
cation. Numbers are a setof names contrived upon this plan, and for this very 
purpose. Ten and the numbers below ten, are the repetition of so many ones: 
twenty, thirty, forty, etc., up to a hundred, are the repetition of so many tens: 
two hundred, three hundred, etc., the repetition of so many hundreds, and so on. 
These are names, which afford an immediate reference to the ones or units, of 
which they are composed; and the highest numbers are as easily distinguished 
by the difference of a unit as the lowest. All the processes of Arithmetic are on- 
ly so many contrivances to substitute a distinct name for an indistinct one. 
What, for example, is the purpose of addition? Suppose I have six numbers, of 
which I desire to take the sum, 18, 14, 9, 25, 19, 15; these names, eighteen, and 
fourteen, and nine, etc., form a compound name; but a name which is not dis- 
tinct. By summing them up, I get another name, exactly equivalent, one hun- 
dred, which is in the highest degree distinct, and gives me an immediate refer- 
ence to the units or items of which it is composed; and this is of the highest 
utility. 

That the Predications of Geometry are of the same nature with those of 
Arithmetic, is a truth of the greatest importance, and capable of being establish- 
ed by very obvious reasoning. It is well-known, that all reasoning about quan- 
tity can be expressed in the form of algebraic equations. But the two sides of 
an algebraic equation are of necessity two marks or two names for the same 
thing ; of which the one on the right-hand side is more distinct, at least to the 
present purpose of the inquirer, than the one on the left-hand side; and the 
whole purpose of an algebraic investigation, which is a mere series of changes of 
names, is to obtain, at last, a distinct name, a name the marking power of which 
is perfectly known to us, on the right-hand side of the equation. The language 
of geometry itself, in the more simple cases, makes manifest the same observa- 
tion. The amount of the three angles of a triangle, is twice a right angle. I ar- 
rive at this conclusion, as it is called, by a process of reasoning: that is to say, I 
find out a name ‘‘twice a right angle,’’ which much more distinctly points out to 
me a certain quantity, than my first name, ‘‘amount of the three angles of a tri- 
angle ;’? and the process by which I arrive at this name is a successive change of 
names, and nothing more; as any one may prove to himself by merely observ- 
ing the steps of the demonstration.” 

It is easy to criticize the doctrine of this passage. Strictly taken it would 
reduce all mathematical reasoning to a series of identities—a mere change of 
names. If we admit however that total and partial identities—relations of 
wholes and parts—may be expressed by such changes, the doctrine coincides 
with the opinion of those who consider that the fundamental truths of mathemat- 
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ics are of an analytical not a synthetical character. This opinion has not only 
received the support of Leibnitz as well as of the school of philosophy to whom 
the truths of mathematics—especially those of Arithmetic and Algebra—repre- 
sent merely verbal propositions, but it has been peculiarly strengthened by 
recent mathematical developments. If weconsult the writings of those who have 
maintained the opposite doctrine, viz., the synthetical character of mathematical 
truths we shall find that they maintain this only of certain of the fundamental 
truths employed in mathematics. Thus the axioms proper of Euclid are admit- 
ted by Kant and Mansel to be analytical. When they seek for an example of a 
synthetical truth, they find it in the fifth and sixth postulates, sometimes enum- 
erated as the eleventh and twelfth axioms. But it is precisely such principles as 
the latter which are now regarded as expressing not universal and necessary 
principles of all geometry but only the particular and contingent properties 
of the space with which we are acquainted ; and of which Clifford asserts ‘‘for all 
we know, any or all of them may be false.’”? If now by mathematical inference 
or reasoning be understood the form of reasoning common to all mathematical 
thought, there seems to be left as a residuum, only those processes of analytical 
inference which are expounded in the ordinary formal or Aristotelian logic. 

It is possible to support this view, to regard those principles which are 
really synthetic and fertile in mathematics, as either gathered from actual ex- 
perience, or as hypothetically assumed in regard to some possible experience ; 
and, on the other hand to regard the process by which these fundamental 
assumptions are worked out into their consequences as purely syllogistic. The 
necessity with which these consequences flowed would then be strictly formal 
and logical. This view would appear to be in exact accordance with the general 
principles laid down by J. S. Mill on the subject of demonstration and necessary 
truths (Logic, Book II, Chapter VI). It differs from Mill’s view, only in not 
regarding the axioms proper as inductions from experience, and in extending the 
postulates to embrace those possibilities of Non-Huclidean geometry which Mill 
did not contemplate. Notwithstanding some criticism of Mill, this I understand 
to be the view actually adopted by Clifford. A theory more completely agreeing 
with Mill’s principles is put forward by Erdmann in his work ‘Die Axiome der 
Geometrie’ resting his conclusions on the investigations of Riemann and 
Helmholtz. 

It is to be observed however that this doctrine is in complete opposition 
to the theory contained in the quotation from James Mill with which we started. 
On that theory the rich content of mathematics could be evolved by a series of 
analytical or verbal transformations. J. 8. Mill in the chapter of the Logic from 
which we have quoted, clearly shows the impossibility of such a view. Mathe- 
matical inference leads to new truths, and new truths, according to Mill, can on- 
ly be reached if inference be impregnated by experience. Hence Mill held that 
axioms and postulates come from this source. 

It still remains to be asked, Can Formal Logic, Syllogism or mere ver- 
bal inference, perform the attenuated task left to it, viz., the inferring process ? 
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Can verbal propositions, if no longer competent to give a new content, neverthe- 
less be the means of passing from one content to another? At first sight, the 
great resemblance between the elementary propositions of mathematics and the 
propositions of Formal Logic, seems to favour this view. When in Arithmetic 
we form the judgment 2+1=8, or in Geometry discover the quantitative equiv- 
alence of the three angles of a triangle to two right angles, the resemblance to 
such purely analytical relations as are formulated by the dictum de omni et nullo 
is very great. In fact, our theory reduces predication itself to the equation of 
groups. Nevertheless, this resemblance is, I believe illusory, and so far is mere 
verbal inference from being able to perform the function, which James Mill al- 
lotted to it, that it cannot even perform the more modest task reserved to it by 
J.S. Mill. 

It has long been a matter of observation that inferences exist, which while 
perfectly rigorous, yet do not admit of syllogistic analysis. The argument 
a fortiori is an example, and many others are furnished by what has been called 
the logic of relatives. These are examples of what older logicians called mater- 
ial consequence. The device by which Mansel and others have tried to reduce 
them to syllogistic form, is, as De Morgan truly says, an evasion. Both kinds of 
inference are found in mathematics but that inference which is most peculiarly 
mathematical is of the second kind, which escapes or defies the analysis of Form- 
al Logic. Mill has exhibited Euclid I, 5 in syllogistic form but the reduction of 
the reasoning to this form is purely external. The force of mathematical reas- 
oning is independent of the reduction. This is already implied in Dugald 
Stewart’s remark, referred to by Mill, that it is not necessary to our seeing the 
conclusiveness of the proof in mathematical reasonings, that the axioms should 
be expressly adverted to. The same thing is conceded, perhaps unwittingly by 
Hamilton. ‘‘Mathematical, like all other reasoning,’’ he says, ‘‘is syllogistic ; 
but here the perspicuous necessity of the matter necessitates the correctness of the 
form: we cannot reason wrong.’’ 

If, now, we have reason to believe, that there exists in mathematical in- 
ference, a ‘‘necessity of the matter’’ existing in itself, and not merely derivative 
from the logical form, the question arises: Can we isolate it for itself? If we 
can do this we shall have grounds for concluding, that what is really fruitful in 
mathematics, is not, as has been so often supposed, initial definitions, axioms, 
etc., which we afterwards logically analyze and develop, but a certain synthetic 
mode of inference not identical with the analytical inference of formal logic, but 
distinct from it, suz generis, and perhaps opposed in character. 

Before passing to the consideration of this synthetic and material necessi- 
ty, it may be well to point out, that the whole controversy as it has hitherto ex- 
isted between the a priori and a posteriori schools, between the Kantian and the 
empiricist, becomes for us irrelevant. In a paper in Mind in 1884 I pointed 
out that the Kantian theory does not explain the synthesis in mathermatical 
truths. It only places the synthesis finished and complete, in the subject. Clif- 
ford puts the same point in another way when he says that the Kantian theory 
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makes the general statements of mathematics into particular statements. On the 
other hand the empirical school makes no attempt to explain the necessity of the 
consequence in itself. It is this which we are seeking to isolate. When this 
isolation has been effected, it will appear that mathematical inference is so relat- 
ed to ordinary analytical reasoning, as to stand in need neither of the Kantian nor 
experience hypothesis, neither of a priori form nor of inseparable association, in 
order that its necessary and universal character may be accounted for. 

The idea has sometimes been entertained, that logical analysis has reached 
through the calculus contained in Boole’s Laws of Thought this more penetrating 
character and that here we have an instrument which can make inferences be- 
yond the range of formal logic. Thisis not so. Mr. A. J. Ellis has shown that 
it really does less; and in the papers of Leslie Ellis it is pointed out that for 
dealing with those forms of collateral inferences which we find in tha logic of re- 
latives it is as ineffectual as formal logic. 

The immense suggestiveness of Boole’s work lies in the circumstance that 
he has reduced formal logic to a calculus and that logical doctrines are put in a 
form in which they suggest mathematical analogues. But the suggestion is, for 
the most part one of opposition. The things are brought into the same plane 
and thereby their opposition becomes apparent. This is precisely what from the 
foregoing we should expect. If, now, taking Boole’s Laws of Thought as an ex- 
position of formal logic in mathematical form, we ask the question ‘Can we find 
within the area of mathematics any calculus presenting that antithetic but com- 
plementary character which a form of synthetic inference should present, as con- 
trasted with a form of analytical inference?’ I think we may answer ‘Yes.’ If 
we compare the fundamental equations of Boole’s Laws of Thought with the 
equations which characterize some of those forms of multiplication discussed by 
Grassmann, and employed by him in his ‘Ausdehnungslehre’ we seem to find 
the antithesis which we seek. Already in the principles of the Differential Cal- 
culus this antithesis was to be found, and by an intuition of genius was perceived 
by Boole. For the purpose of this paper we shall confine ourselves to the fol- 
lowing equations. 

In Boole’s Laws of Thought we find 


a (1) 
HCL —a)=O. ce eee ce ee ee eee (2) 
In Grassmann’s we find 
a 0 (3) 
Cpls — Ogle cee cence cece ence eens (4). 


If we compare these two sets of equations we shall find that they differ in 
this fundamental characteristic, that whereas the first set of equations belong to 
an algebra of self-identical unrelated units the second set belong to an algebra in 
which relation, synthesis, references beyond self, is essential. 

The equations (8) and (4) have given rise to some difference of opinion in 
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regard to their mutual relations. H. Hankel, H. J. 8S. Smith and Mr. Whitehead 
assert that the first of these equations follows necessarily from the second. 
Buchheim however points out that this is not the case, that (4) does not involve 
(3), and Clifford regards (4) as following from (8); that is, we may assume (4), 
without asserting (3), but not (8) without (4). 

In this Clifford and Buchheim seem to be right. The equation ryr,==-- Ty's 
proves r,*—0 (in the case where p=:s) if r, and r, exist only as necessary rela- 
tives which become equal to 0 when the difference and therefore the relation be- 
tween them disappears. If they exist as such. equation (4) seems to follow, but 
equation (38) follows from this relativity, not from (4), which may be affirmed 
even when the factors involved exist out of and apart from their mutual relation. 
The truth seems to be that equations of this type of algebra may participate in 
characters derived from equations of the Boole type, and so give rise to hybrid 
species which may be useful for particular interpretations. In general we may 
distinguish (1) the purely logical algebra whose relations only of identity and 
difference, coincidence and exclusion are admitted. (2) The algebra of material 
consequence where the units are not indifferent but where the entiu involved are 
essentially relative and the algebra consequently synthetic. 

Both these algebras lead to a final equation in which each passes over tnto 
the opposite. Boole’s 7(1—x)=0 is in his system the ultimate condition of logi- 
cal interpretability but it also expresses, the one relation into which logical terms 
enter with each other, and the equation i,2=-+1 (Chfford) expresses the disap- 
pearance of relativity and the return of the merely logical relations of difference 
and identity. 

Ordinary Arithmetic, Algebra, and Metrical Geometry are a combination 
of these two kinds of Algebra. Up to a certain point, the principles of both can 
be alternately applied, but at one point the necessity arises for a deeper fusion. 
The introduction of relation into a logical calculus involves, as has been pointed 
out by Mr. Venn, the very thing which Boole excludes—the admission of expo- 
nents. Conversely, in ordinary mathematics the appearance of exponents involves 
essential relation. Inthe sign +7/ the alternation of the purely logical and the 
relational aspects is still continued, and the same is the case in the Differential 
Calculus. But in the latter, and in imaginary expressions this alternation of in- 
dependent aspects ceases. It the calculus the externality of the logical consider- 
ation ceases at infinity. In the imaginary it ceases in the immediate combina- 
tion of the signs + and —. 

In a paper on the Imaginary of Logic (British Association, 1898) I put 
forward the view that as the square root of a positive quantity is + or — the 
square root of a negative quantity may be expected to be + and —, in view of 
the logical relation between ‘and’ and ‘or’ pointed out originally by De Morgan, 
and subsequently, and independently by ScHroeder. This theory is the oppo- 
site of one put forward in an early number of the Cambridge and Dublin Mathe- 
matical Journal by Gregory, viz., That the signs + and — are themselves the 
subject of the exponential operation. The object of the paper was to show that 
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a necessary relation of the signs + and — as affecting the factors respectively 
was the essential characteristic of imaginary quantities. The essence of this re- 
lation would then coincide with Boole’s «(1—z). The subsequent portion of the 
paper sought to verify this theory throughout the various geometrical interpreta- 
tions which imaginaries have received. 

Since the paper was written I have found that its conclusions receive sup- 
port from a remarkable series of papers by Mr. A. B. Kempe F. R. 8. Mr. 
Kempe has shown that between the mathematical theory of points and the logi- 
cal theory of statements, a striking correspondence exists. Between the laws de- 
fining the form of a system of points, and those defining the form of a system of 
statements, perfect sameness exists with one exception. The former is subject 
to a law to which the latter is not subject. It is sufficient here to say that it is 
the law ‘‘which expresses the fact that.two straight lines can only cut once.” 

From these conclusions we may draw the converse inference, that the laws 
which govern geometrical theory can be deduced from logical or purely analytic- 
al principles, taken in conjunction with that law in which the form of a system 
of points differs from the form of a system of statements. We have now to ask, 
Is there anything omitted from the form of a system of statements as contem- 
plated by Mr. Kempe, or by the ordinary logic (and there is complete agreement 
between them) which would account for the absence of the particular law which 
distinguishes geometrical theory? I think there is. Mr. Kempe in order to ef- 
fect his assimilation of the logical to the geometrical theory, and in particular in 
explaining the processes of immediate inference has introduced two constants 
which play the same part in the logical theory that the ‘absolute’ does in geom- 
etry. He entitles them ‘truism’ and ‘falsism’ respectively. It is by relation to 
these that such logical relations as contrariety, sub-contrariety, sub-alternation 
analogous to the metrical relations of points in geometry are determined. He 
considers ‘‘truisms’’ and ‘‘falsisms’’ as propositions or statements standing in the 
system of statements on the same footing with all other statements. In reality 
this is not so. The truism and falsism of Mr. Kempe are really the laws 
of Identity and Contradiction in disguise, and every synthetic statement or prop- 
osition expresses more than what these laws require. The principle that a real 
proposition refers to, or is a synthesis with, something more than itself, is as 
old as Aquinas, and is indeed the fundamental principle which makes our think- 
ing dependent on experience (Cf. Bradley’s Principles of Logic). It is the non- 
recognition of this which prevents Mr. Kempe from evolving the relation of non- 
collinearity from the relation of a truism and falsism to each other which ought 
to be capable of being done, if it were true that these propositions could rank 
pari passu with all other propositions. A truism is not as such a true proposi- 
tion. Apart from the postulate of synthesis no logical relation exists between 
the truism and falsism. Contradictories are in this case compatible as Venn 
and Kant before him have pointed out. 

If these views be true I believe it to be possible to deduce the properties 
of Euclidean space, not from the analytical laws of thought, but from the pure 
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postulate of synthesis, when subjected to conditions arising from these laws. The 
postulate can be shown to involve two things (1) Infinity, (2) the necessary rela- 
tion or connection of what Mr. Kempe styles truism and falsism equivalent to 
Boole’s z(1—2)}=0. 

It remains to point out the connection which exists between the logical 
‘absolute’ of Mr. Kempe and the theory of the imaginary referred to in the course 
of this paper. I was led to that analysis from consideration of the correspon- 
dence between the logical relation of a copulative or conjunctive to a disjunctive 
proposition, and the mathematical relation of imaginary roots to the roots of pos- 
itive quantities. A similar relation has been perceived by Mr. Kempe. ‘‘The 
symmetrical resultant of the triad [of statements] a, b, f [ f==falsism] is the state- 
ment usually written, a and b, and the symmetrical resultant of the triad, a, 6, ¢ 
[¢—truism] is the statement usually written a or b.”’ If the relation of truism 
and falsism or in Boole’s language v(1—2) be, as we assert the essence of 
the mathematical imaginary ; and if the same constants have in Mr. Kempe’s an- 
alysis disclosed themselves as the essence of the geemetrical ‘absolute’ a deep- 
lying relation is revealed between the methods of metrical and projective 
Geometry. 

Finally, there exists a curious analogy between the geometrical, and cer- 
tain theories of the metaphysical absolute. The temptation lies near at hand to 
evolve the synthetical or given element out of the laws of Identity and Contra- 
diction. Fichte’s evolution of the Non-Ego out of the Ego is effected in this 
way and thus arises his theory of the absolute Ego. Precisely the some error 
is committed, if an attempt be made to dispense with the postulate of synthesis, 
with the given, and to evolve mathematics out of analytical propositions. Mr. 
Kempe comes hear this mistake when he treats truisms and falsisms as proposi- 
tions on a line with all other propositions. 

It remains to draw the final conclusions of this paper. The fertile proposi- 
tions of mathematics from which its wealth of content and the treasures of math- 
ematical knowledge are drawn, are not synthetical in the sense in which Kant 
and the Empiricists alike maintain them to be, viz., that the truths pre-exist and 
are thus seen to be synthetical, the synthetical character being as it were some- 
thing subsequent to the content of the proposition and attaching to it as it were 
adjectivally ; but in this sense that those propositions are themselves the product 
of pure synthesis, that the very possibility of advance from entity to entity or 
unit to unit, or relation to correlate, determines all those laws which mathemat- 
ics is employed in exploring and tracing into all their consequences, and which 
are infinitely more fruitful than the analytical laws of Formal Logic or the Cal- 
culus of classes and statements. Pure synthesis generally is that ‘‘necessity of 
the matter’? of which Hamilton spoke, the principal of material consequences, 
which characterizes every genuine department of mathematics and defies further 
logical analysis. 


Fancourt, Balbriggan, Ireland, 10 August, 1899. 


EXAMPLES OF A FEW ELEMENTARY GROUPS.* 


BY DR. G. A. MILLER. 


It is easy to verify that the following four substitutions, 
1 ab cd ab.cd 


constitute a substitution group, which has the following properties: (1) The 
product of any two of these substitutions of order two is the third, and the prod- 
uct of the three is identity ; (2) These products are independent of the order of 
the factors, 2. ¢., all the substitutions are commutative ;f (8) The smallest group 
that contains two of these substitutions of order two must also contain the third, 
i. €., the group is generated by any two of its substitutions of order two, but it is 
not generated by one of them; (4) The group contains three subgroups of order 
two and one‘of order one. 

We proceed to give several geometric illustrations of this group. 

Representing the positive half of the z-axis by a, the negative half by b, 
the positive half of the y-axis by c, and the negative half by d, we ob- 
serve that the rotation of the plane around the y-axis through an angle ph 
of 180° corresponds to the substitution ab, and the rotation around the 
v-axis through 180° corresponds to cd. The effect obtained by these 
two rotations, in succession, is clearly equivalent to a rotation of the 
plane through 180° on the origin as a pivot. This operation is also of order two 
and it corresponds to ab.cd. 

Since the law of combination of these three operations is exactly the same 
as that of the given substitutions we say that these three operations and identity 
constitute a group which is simply isomorphic to the given substitution group. 
Representing the given operations analytically we obtain the following equations : 


ab } t= —a ed} ab.cd | vans 
y= yy yay 


It may be observed that the third of these operations is equivalent to a rotation 
of space around the z-axis through 180° 

We may obtain another geometric illustration of the 
same group by considering the inversion of the plane with 


Cc 
a 


a 


respect to any circle of radius & and the rotation of the plane 


through an angle of 180° around a line passing through the 
*In this article we shall not presuppose any knowledge of the theory of group3 except the facts which 
were developed in our article in the November number of this Journal. 
tIf every two substitutious of a group are commutative the group is said to be Abelian. Hence this 
group of order four is an Abelian group. The group of order six which is given in the said article of the 
November number of this Journal is non-Abelian. 
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center of the circle. Since each of these operations is of order two and since they 
are commutative their product must be of order two and it must be commutative 
with each of these two operations. For, if s;, s, represent two different commu- 
tative operations of order two we have 


(8,8) )®—8,898,8,—878%-=1. 


This proves that s,s, is of order two. From 8,8,8,==818,8 we observe 
that s, is commutative with s,s,. Similarly we see that s, is commutative with 
$,8,. Hence we observe that any two different commutative operations of order two 
must generate a group which is simply isomorphic to the given group of order four. 
If we use the given line as the z-axis and the perpendicular to it through the 
center of the circle as the y-axis we may represent the given operations analytic- 
ally as follows: 


* Po kh? a ( ro ka. 
| gt 1972 w= | 2 Lay? 
abe md ed ab.ed vy 
| a = key y=—y | ye 
| 7 apy? [ay 


To verify analytically that the last one of these operations is of order two we let 


re Ke? ay’ —— fr4 & (a? + y?)? —- 
hp ye e* ty? k* (a? +y?) ~? 
- key’ hea Y (0? +y*)? _ 


AST apy? a Ly? heey) 

We have now given two geometric illustrations of the given group of order 
fourf and we observed that the characteristic property of this group is, that it is 
generated by two different commutative operations of order two. There is an- 
other substitution group of order four whose characteristic property is entirely 
different. The substitutions of this group are 


1 ac.bd abed adch. 


Kach of the last two substitutions is the third power of the other and each 
one of these generates the entire group; 7. ¢., the smallest group that contains 
one of these substitutions must contain all the substitutions of this group of order 
four. It can readily be verified that these four substitutions obey the same com- 


*These substitutions may be obtained by representing the segment of the axis which is outside the 
circle by a, the segment within the circle by 6, the upper semi-circumference by c, and the lower semi- 
circumference by d. 

tIn the latter example we could have inverted space with respect to a sphere intead of inverting the 
plane with respect to a circle. 


11 


binatory laws as the numbers which are written below them in the following 
arrangement : 


1 ac.bd abed adcb 
vy-l —y-l 


— 
om, 


The last two numbers can evidently be interchanged without affecting the 
laws of combination, but none of the other numbers permit such an interchange. 

If we denote the points where two perpendicular diameters meet a circle 
by a, b, c, d, we observe that the substitution abcd is equivalent to rotating this 
citcle on its center through 90°, ac.bd is equivalent to a rotation through 180°, 
and adcb is equivalent to a rotation through 270°, or through —90°. The char- 
acteristic property of this group is that it is generated by an operator of order 
four. When a group is generated by a single operator of 
order n it’is called the cyclical group of order 7. It should 
be observed that the cyclical group of order four contains 
only one subgroup of order two, viz., the one which corres- 
ponds to the rotations through 180° and 860°, while the 
given non-cyclical group of this order contains three such 
subgroups. ed | 
We have now considered two groups of order four whose combinatory laws 
are different, 2. e., two groups which are not simply isomorphic. Such groups 
are said to be distinct abstract groups. Two groups which are simply isomorphic 
are said to be the same abstract group, regardless of the notation by means of 
which they may be represented, e. g., 1, ab, cd, ab.cd, and 1, ab.cd, ac.bd, ad.be 
are different as substitution groups but they represent the same abstract group 
since the law of combination of their substitutions is the same. We may state 
‘without proof that there are only two abstract groups of order four; 7. e., If four 
operators form a group their laws of combination must be the same as those of 
one of the given groups of order four. 

We proceed to give a geometric illustration of the group of order six which 
is composed of all the substitutions that can be formed with three letters.t The 
substitutions of this group are 


1 abe acb ab ac bc 


Dividing the circle into three equal parts and drawing diameters through 
these points of division, we observe that abe and acb correspond to rotations of 
the circle on its center through 120° and 240°, respectively; ab, ac, and be corres- 


*The substitutions of a group represent operators as well as the result of operations. The group 
elements may therefore be called operations or operators. It is necessay to distinguish between the 
group elements and the elements of the substitutions, the former term is frequently used to denote the 
operators of a group since the group is really composed of these operators as elementary parts. When 
the word ‘‘element’’ is used in connection with a group we have sometimes to decide from the context 
whether it means an operator or a letter of the substitutions of the group. 

{The group which is composed of all the possible substitutions of degree n is called the symmetric 
group of degreen. Itisotordern!. Cf. THz AMERICAN MATHEMATICAL MONTHLY, Vol. VI, page 257. 
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pond to the rotations of the plane through 180° around the diameters going 
through c, b, and a, respectively. If we perform any two 
of these rotations in succession the result is equivalent to 
a single rotation which corresponds to the product of the two 
substitutions op rrespondine to the two rotations and taken 
in the same order ; e. g., the rotation on the center through 
240°, followed by votation through 180° around the diame- ee oy 
ter through a is equivalent to the single rotation through 180° on the diameter 
through c, since acb.be—ab. This result should also be seen geometrically. 

Allthe products given in Vol. VI, page 256, of this Journal, may be di- 
rectly verified by means of the last figure. The six rotations which correspond 
to the substitutions of the symmetric group of degree three are thus seen to form 
a very interesting group of rotations according to which the plane (or space) may 
be transformed. The determination of all the possible groups of motion 
by means of which space may be transformed forms a very interesting problem 
in the theory of groups, which was first studied by Camille Jordan, Annali di 
Matematiche, 1868, Vol. 2, page 167. The group of finite rotations are given in 
somewhat greater details in Klein’s [kosaeder, 1884, Chapter I. 

Another important illustration of the symmetric group of three elements 
is furnished by the six anharmonic ratios of four points. These ratios may be 
placed in six different ways in a 1, 1 correspondence with the substitutions of 
this symmetric group. One of these ways is as follows : 


1 abe acb ab ac be 
1 ; 
h, A , 4c} — n1-me 24+ at 
A 1—A A "A—1 
; A—1 ; A—1 ; 
where the notation 4, —— means that Ais to be replaced by ——: EK. g., per- 
forming the third and fourth operation in succession, we have 4, Sacr 
A, 1/A just as acb.ab=ac ; performing the fourth and third operation in succes- 
; 1 A, ; 
sion, we have 4, 1—_5=", 7] just as ab.acb=lhe, etc. For other illustra- 


tions of this group the reader may consult Burnside’s Theory of Groups, 1897, 
page 18. 

The symmetric group of degree four contains 24 substitutions. These 
correspond to the 24 rotations which transform a cube into itself, for these rota- 
tions permute the four diagonals of the cube in every possible manner. The axes 
of rotation are the lines which join the middle points of the opposite faces, those 
which join the middle points of the opposite edges, and the diagonals. There 
are three axes of the first kind and we may rotate the cube around one of these 


a 
*It may be observed that (A, 1—A)?=1 while (A, A—1)¢=A, A—a; 4, e., the first of these two substitu- 
tions is of order two while the second does not have a finite order. 
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axes through an angle of 90°, 180°, 270°, or 860° so that after each rotation the 
entire cube occupies the same space as it did before the rotation. Hence the 
symmetric group of degree four contains three cyclical subgroups of order four. 
Hach of these contains a subgroup of order two and no two of these subgroups of 
order two are identical. 

There are six axes of the second kind and we may rotate the cube into it- 
self around one of these axes through 180° or 360°. As the corresponding sub- 
groups of order two are different from the three given above we observe that the 
symmetric group of degree four contains nine subgroups of order two. The rota- 
tions around the diagonals correspond to the four snbgroups of order three that 
are contained in the symmetric group of degree four. We have now employed 
all the possible rotations which transform the cube into itself without changing 
its center, and have seen that the corresponding permutations of the diagonals 
give all the possible substitutions that can be formed with four elements. These 
24 rotations constitute an interesting group of motion. 

It is easy to see that the different powers of a circular substitution of de- 
GTEE N (A, AyAg....-- dyn_1a@,) constitute a group of order n. When n=3 we have 
the substitutions 1, a,a,a,, @,a,a,, and when n=4, the substitutions 1, a,as. 
AyAy, A, egA344, A,4,%,4,. These groups have been considered. In general 
we may divide the circumference of a circle into m equal parts and represent the 
points of division by a,, @,, @3, ... .., 4, Then different positive rotations 
around the center of the circle through angles which are divisible by 27z/n will 
clearly constitute a group of operations that is simply isomorphic to the substitu- 
tion group generated by the given circular substitution. Since the equation 
¢”— 1==0 has primitive roots all the roots of this equation constitute a group which 
is simply isomorphic with the cyclical group of order n. 

From the preceding examples it may be inferred that the same group may 
present itself in many different forms as well as in different branches of mathe- 
matics. The fundamental group concept is that there is a system of operations 
(substitutions, rotations, complex numbers, etc.) such that the product of any 
two of them and the square of any one are again in the system. This necessary 
condition- is not always a sufficient condition that a system of operations may 
constitute a group, but many operations, such as substitutions, obey per se the 
other necessary conditions.* 


*Cf, Burnside, Theory of Groups of a Finite Order, page 11, or Weber’s Lehrbuch der Algebra, Vol. 2, 
page 2, 
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SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 
120. Proposed by ELMER SCHUYLER, B. Sc., Professor of German and Mathematics in Boys’ High School, 


Reading, Pa. 
How many balls 1 inch in diameter can be put in a cubical box 1 foot in the clear 
each way, putting in the maximum number? [From Greenleat’s Treatise on Algebra. | 


Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa., and the PROPOSER. 
First, put in two layers of 144 balls each, then fourteen layers of 121 and 
144 balls in alternate layers. 
This gives nine layers of 144 each—1296 
seven layers of 121 each= 847 


— 


Total==2148 
Kvery four balls in 144 layer makes with each ball in a 121 layer a square 
pyramid, base 1 inch, and slant edge 1 inch. 
, Altitude=3)/2=.7071 inches. 
7071 KX 14—9.8994 inches. 9.8994+2—11.8994 inches. 
12—11.8994-=.1006 inch to spare. 


Also solved by CHARLES C. CROSS. 


121. Proposed by PAUL ROULET, A. M., Professor of Mathematics, Fairmount College, Wichita, Kas. 


Three men, named Adams, Morris, and Stoughton, with their sons, Edward, Nathan, 
and Walter, have each a piece of land in the form of a square. Mr. Adams’ piece is 28 rods 
longer on each side than Nathan’s, and Mr. Stoughton’s piece is ll rods longer on each 
side than Edward’s. Each father has 68 square rods of land more than his son. Which of 


these persons is father and son, respectively ? 


I. Solution by M. A. GRUBER, A. M., War Department, Washington, D.C. 
Let the initial letter of person’s name represent the length of the respec- 


tive person’s square piece of land. 
Then 684+ £7?—1, 68+N*?— 1, and 684+ W?--o. 
We are now to find which of these squares equals, respectively, A?, M?, 


and S?. 
The basis of work is the identity, 


"") CS) 


mn-+( 5 


where mn==63==9 X 7==21 x 8==638 x 1. 
From these sets of factors of 63, we obtain 
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68+1°=—8?, 68+92—12?, and 68431782". 


Hence 1”, 9?, and 31? are the pieces of land belonging to the sons, and 
8°, 122, and 82? those belonging to their respective fathers. 

But, from conditions of problem, we have A—23=—N, and S—11=H. 

Whence, it is evident that A must equal 82, and S must equal 12, from 
which we find N=9, and £1. 

Therefore, of the two remaining values, M=38, and W=81. 

Now, since each father has 63 square rods of land more than his son, the 
man having 8? is the father of the son having 1°; the man having 12? is the 
father of the son having 9”; and so on. 

.. Mr. Morris is Edward’s father ; Mr. Stoughton is Nathan’s father ; and 
Mr. Adams is Walter’s father. 

A similar problem, said to be published in several newspapers of recent 
issue, is as follows: ‘‘Three Dutchmen, Hans, Klaus, and Hendricks, went to 
market to buy hogs, and took their wives with them. The names of the wives 
were Gertrude, Anna, and Katrine; but it was not known which was the wife of 
each man. They each, men and wives, bought as many hogs as each paid shill- 
ings, respectively, for each hog ; and each man spent three guineas more than his 
wife. Hendricks bought 23 hogs more than Gertrude, and Klaus bought 11 more 
than Katrine. What was the name of each man’s wife ?”’ 

A solution, similar to the above, gives Katrine as Hans’s wife, Gertrude 
as Klaus’s wife, and Anna as Hendricks’s wife. 


II. Solution by W. H. CARTER, Vice President and Professor of Mathematics, Centenary College, Jackson, 
La. 

It is shown in geometry that the difference between two square areas is 
equal to a rectangle whose base is the sum of the sides of the squares and whose 
altitude is the difference between the sides. 

63 square rods is the area of this rectangle. Then 638 is the product of two 
factors one of which is the sum and the other the difference of the sides of the 
pieces of father and son. 

68=—63 X 1 or 21*38 or 9X7. 

The side of the greater square, or the father’s, is obtained by adding the 
sum and difference and dividing by two, and of the smaller, or son’s, by subtract- 
ing the difference from the sum and dividing by two. 

This process applied to each of the above pairs of factors gives for 
the sides of the pieces of father and son, respectively, 382 and 81, 12 and 9, 8 and 
1. Since 81 and 9 differ by 28, 82 is the side of Adams’s piece, and 9 is the side 
of Nathan’s piece. Also 12 and 1 differ by 11. Therefore 12 is the side 
of Stoughton’s piece, and 1 is the side of Edward’s. This leaves 8 for the side 
of Morris’s piece, and 31 for the side of Walter’s. 

Therefore the boys’ names are Edward Morris, Nathan Stoughton, and 
Walter Adams. 


16 
III. Solution by B. F. YANNEY, A. M., Professor of Mathematics, Mount Union College, Alliance, 0. 


I. 1. Nathan is not the son of Mr. Adams, since the former has more 
than 63 square rods of land in excess of the latter. 

Therefore either Edward or Walter is the son of Mr. Adams. 

2. Edward is not the son of Mr. Stoughton, since the former has more 
than 63 square rods of land in excess of the latter. 

Therefore Nathan or Walter is the son of Mr. Stoughton. 

8. Walter is not the son of Mr. Morris, for then would Mr. Adams and 
Mr. Stoughton each have more land than the other, which is absurd. For then 
would Edward be the son of Mr. Adams, and Nathan of Mr. Stoughton; but Mr. 
Adams and Mr. Stoughton have more than 63 square rods, respectively, than 
Nathan and Edward, and, hence, more than each other. 

Therefore either Nathan is the son of Mr. Morris, Walter of Mr. Stough- 
ton, and Edward of Mr. Adams, or Edward is the son of Mr. Morris, Walter of 
Mr. Adams, and Nathan of Mr. Stoughton. 

5. This indefinite solution suggests the idea that the proposer intended as 
a condition what is neither expressly stated nor necessarily implied in the prob- 
lem, viz., that all the numbers are integral. 

The second solution is on this assumption. 

Il. 1. Let x stand for the side, in rods, of any square, and x+y for the 
side of a square whose length is y rods longer. Then 2r%y+y?==638, whence 
a=(68/2y)— dy. 

Now, the only positive integral values of y which will make x a positive 
integer are 1, 3, and 7, the values of x corresponding to which are, respectively, 
31, 9, and 1. Hence, the pairs of squares differing by 68 square rods are as fol- 
lows: (1) Sides, 382 rods and 81 rods; (2) 12 rods and 9 rods; (8) 8 rods and 1 
rod. 

2. Now, applying the first condition of the problem, it is evident that Mr. 
Adams owns the largest square, and that his son is Walter, that Nathan is the 
son of Mr. Stoughton, and Edward of Mr. Morris. 


IV. Solution by SYLVESTER ROBINS, North Branch Depot, N. J. 


68=63 XK 1==21 K 8=9 K 7==82? —312=12? —9? =—8? —1?. 

32—9=23. 

32° belongs to father Adams. 381? belongs to Mr. Adams’s son. 

9? belongs to Nathan. 12? to Nathan’s father. 

12—1=11. 

The 12? belongs to father Stoughton. 1? belongs to Edward. 9? belongs 
to Nathan Stoughton. 

The 8? belongs to father Morris. 1*% to Edward Morris, and the 31? to 
Walter Adams. 


Also solved by COOPER D. SCHMITT, J. SCHEFFER, and G. B. M. ZERR. 
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Notre. Professor Scheffer sent in solutions of problems 118 and 119, and 
Professor Ellwood of problem 119. In the published sommtions of No. 119, the 


following errors occur in the statement: For 1. — read 1.—— aa line 8 from the 
bottom, for “ee the selling price,’’ read ‘‘$9001, the cost price ;’’ at top of 
9 
page 270, for 1 +—~ — read 1+—O57- 
ALGEBRA. 


97. Proposed by F. M. SHIELDS, Coopwood, Miss. 


A farmer had 2080 pounds of grain at the depot, and gave a wagoner .75cents per 100 
pounds to haul it, paying him in the same grain at the following prices, viz.: 3-10 of the 
hauling bill was paid in corn at .58 cents per bushel of 56 pounds; 3-5 was paid in wheat at 
1.55 cents per bushel of 60 pounds, and the balance of the bill was paid in oats at .86 cents 
per bushel of 32 pounds, the wagoner not charging for hauling his own grain. The load 
being delivered, how many bushels of each kind of grain did the wagoner get, and how 
many bushels of each kind did the farmer have left after paying the wagoner ? 


I. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa., and C. B. GOULD, Colorado College, Colorado Springs, Col. 


Let v=the hauling bill. 
aaa ane of hundredweight hauled. 

*, 4002/8—=number of pounds hauled. 

yv-+ .58)56=75" X 3 Be pounds corn received by wagoner. 
(48, 4-+1.55)60=,5)" x $¢ x 6° =7202/31, pounds wheat received by wagoner. 
Ss pt .86)382—,5% BEX 4280/9. pounds oats received by wagoner. 

; "2080— A00x /8== 8402/29 + 7202/31 + 80x/9. 

*, ¢-=$10.698848, hauling bill. 
3x0/5.80—5.5338848 bushels of corn wagoner received. 
6a /15.50==4.1414877 bushels of wheat wagoner received. 
¢/3.60==2.9719008 bushels of oats wagoner received. 
4007/5 ==1426.5124 pounds hauled for farmer. 
fy of 4002/8402, 35 of 4002/38=-802, +, of 400x/38—402/8. 
40x--56—7.6420307 bushels of corn farmer had left. 
80x-+-60—14.2651240 bushels of wheat farmer had left. 
A0x/3+-32—-4.45785125 bushels oats farmer had left. 


II. Solution by J. D. CRAIG, Frankfort, N. J., and P. S. BERG, A. M., Principal of Schools, Larimore, N. D. 


Let 40c—=number of pounds of grain farmer retained. 
Then 3x 40c¢—80x=—cents paid for carting. 

33, of 80c==9x==cents paid for carting corn. 

2 of 830x=18z%—cents paid for carting wheat. 

y of 8302—82=cents paid for carting oats. 
9a-+-3==12%—pounds of corn farmer retained. 
18¢-+-2==247-=pounds of wheat farmer retained. 
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3x +-$==4¢—pounds of oats farmer retained. 
Jx/d8 X 56—2,52¢—pounds of corn wagoner received. 
182/155 x 60—*,150—=pounds of wheat wagoner received. 
32/36 x 82=—8¢%—pounds of oats wagoner received. 
A0x + 2520+ *#,48¢+8a—2080 pounds of grain............ eee ee eee (1). 
Solving, 735404, 
Therefore, 127==427877 pounds of corn retained by farmer. 
240855519 — pounds of wheat retained by farmer. 
se 142595—pounds of oats retained by farmer. 
a =809243—= pounds of corn paid wagoner. 
18a¢=—=2482298— pounds of wheat paid wagoner. 
§7—95,5.—pounds of oats paid wagoner, 
Reducing to bushels we find that the farmer retains 741482 bushels corn, 
14.8,°. bushels of wheat, and 4274 bushels of oats. 
The wagoner gets 5,6%'% bushels corn, 45478 bushels wheat, and 2383 
bushels oats. 


> 
*3 


<< 


III, Solution by B. F. SINE, Principal of Capon Bridge Normal School, Capon Bridge, W. Va.; ALOIS F. KO- 
VARIK, Instructor in Mathematics and Physics, Decorah Institute, Decorah, Ia.; and 0.8. WESTCOTT, Principal 
North Division High School, Chicago, Ill. 


Let x, y, and z equal, respectively, the number of pounds of corn, wheat, 
and oats that the farmer had left. Then from the condition of problem we have 


3 |. Te) |se= x By 56, 


10 L.58 100 08 
or, by reducing, we have 7x—37-+82=0...... (1), and in like manner we get 
8u-—2y+dz2=—0...... (2), anda+y—9=0 ..... (3), from which we get y= 2-62. 
*, aty+tez—102. 
15. 82 gy, pounds of oats wagoner received, and in like manner 84z 


100.36 
and $32 equal pounds of wheat and corn that the wagoner received for hauling. 
*, we have 2080—10z—$82+ 342-2, 
*, g== 1423122 pounds or 43821 bushels of oats farmer received. 
y=62=— 8554434 pounds or 14,82,5,.81, bushels of wheat farmer received. 
a= 824271501 pounds or 722347 bushels of corn farmer received. 
'. If the wagoner received 75 cents per 100 pounds for hauling, he 
received— 
147288 nounds or 24844 bushels of oats, 
24357844 pounds or 54422 bushels of corn, 
954558 pounds or 444428 bushels of wheat. 
We understand the problem to mean that the wagoner received corn for haul- 
ing corn, wheat for wheat, etc. 
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CALCULUS. 


NOTE ON PROBLEM 84, BY DR. E. WOELFFING, STUTTGART, GERMANY. 


The solution of question 84 can be found in some theorems proved by W. 
Merkelbach (Ueber Rollkurven welche von einer Graden etngehiillt werden, Diss. 
Marburg, 1881). The first of them is the following : 

If a curve, C, rolls upon another curve, C’, and a point, P, in the plane 
of C describes a straight line Z, and we make afterwards the curve C” roll upon 
the curve C, then a straight line, Z, in the plane of C” will always pass through 
P (page 18 of the paper quoted). 

Now (and this is the second theorem of Merkelbach) if a sinusoid rolls up- 
on an ellipse, a straight line in the plane of the former passes through a focus of 
the latter (page 24) ; therefore, if the ellipse rolls upon the sinusoid, any one of 
the foci of the former will describe a straight line. 


Stuttgart, Germany, July 19, 1899. 


Semmeameagemene) 


91. Proposed by GUY B. COLLIER, Schenectady, N. Y. 


Find the area of a loop of the curve r?cos@=a?sin8@. [From Hall’s Di/- 
ferentral and Integral Calculus]. 


I, Solution by G. B. M. ZERR, A.M., Ph.D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa.; M. C. STEVENS, A. M., Professor of Mathematics, Purdue University, Lafayette, Ind; WALTER H. 
DRANE, Graduate Student, Harvard University, Cambridge, Mass.; ELMER SCHUYLER, Reading, Penna.; and J. 
SCHEFFER, A. M., Hagerstown, Md. 

The curve has two equal loops, one in the first and the other in the third 


quadrant. 
The limits of 6 are 0 and 47. 


in i sin3d0 
Aad f redi—sa? sind0de 
0 cos 


1 
3 


—ta? |” (4sinOcosd —tan4)d0—}a2(8—2log2). 
0 


II. Solution by COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knoxville, 
Tenn.; and GEORGE LILLEY, Ph. D., Professor of Mathematics, University of Oregon, Eugene, Ore. 
The shape of the curve is seen in the diagram. 


The limits are evidently from 0° to 80° for a loop. 


ia 29] 24 
Then A=3f r?do=sf" ©" ay 
0 cosd 


a2 (8 3sin0—4sin?6 a? (3 
_ sin” gO anldd 
2 0 cost d 2 0 Stand 


2a f" (tané—sin@cos@)dé 
0 


20) 


3a? ere ; a® em 
= log secO—2a?log sec#+azsin®6 | =a? sin? —~z log sect | 
0 0 


da” a” 
— log2. 
4 g 008 
[Norse. In the figure, the loop in the fourth quadrant should be in the first, and the one in the sec- 
ond in the third. 


92. Proposed by B. F. SINE, Principal of Capon Bridge Normal School, Capon Bridge, W. Va. 


How much wood is taken from a log 12 inches in diameter, by boring a two-inch hole 
through the center, the axis of the hole being perpendicular to axis of log ? 


I. Solution by.G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa.; J SCHEFFER, A. M., Hagerstown, Md., and WALTER H. DRANE, Graduate Student, Harvard Uni- 
versity, Cambridge, Mass. 


V= 8( { f dedyde—volume. 


The equation of the surface of the cylinder corresponding to the log is 
a? +-y? ==386=R?, 
and the equation of the surface of the cylinder corresponding to the auger-hole is 


oe? +2219". 


° V (72 —2?) 
V =sf ff ydade--8{ sf V/ (Rh? —2*)drdy. 


V8 fo /[(r? a? (Rt —a2y|de 
—=8R3{[1+(r/R)*]E(r/R)—[1—(r/R)?2] F(r/R)} 
=576{(1+ 34) £Q)—-A—-3) FQ} 
—=576{34E(4)— 38 F(4)} cubic inches. 


r a” a 1.8.5.7....(2n—1)a?” 
__. 2m wee NS SY 
Also V=8f V(r x NE: IR Ri °° 246. In Rt ex 


1.8.5.7....(2n—1) 
2.4.6.8....(2n+2) 


arr r2, 


Now { V/ (72 — 2? a? "da 


Q r? rt (1.8.5.7... 2n—8)?(Q2n—1)r 
° T= ~ / 7 TTT a mer , k, —_—Ee— : 
al Rel 16k? 128Ré Q4.6....... In)? (In +2) Rm | 


aan V=242(4—51,5- LeSSEe USSR 488° o2eee — )==37.56784 cubic inches, 


21 


If, Solution by GEORGE R. DEAN, A. M., Professor of Mathematics, University of Missouri School of Mines 
and Metallurgy, Rolla, Mo. 


This is easily seen to depend on the finding of the volume enclosed between 
the larger cylinder and a tangent plane, and the smaller cylinder. 

Let r=radius of large cylinder. 

a—radius of small cylinder. 

z==distance of cutting plane from axis of the large 
cylinder, 


We have then to evaluate the integrals 


at {- cos tl" r— def (r? —2?)1/(a® —r? +2? dz. 


V (r?—a?) 1 (r?—a?) 


Putting yr ver) sind, the first integral becomes 
_ zat sinfcosGdé ff (sinfcostdé 
2 V(r? —a? sin? (7) ’ V(r? — a? sin? f) | 


, > sgin?0cos?0d0 
The second becomes —at { ———____—______—_., 
V(r? —a*sin® yy 
{ sindcosddé _ \/ (7? —a?sin?0) 
V(r?—a®sin?0) a” 


Combining the second integral with the latter part of the first, we have 


sindcosddd 
6+ sinfcosé)—_—___._.— 
Se FSINICOS ria? sind) 
which integrated by parts gives 


— (f+ sinfcos#)1,/(r? —a*sin? Oy 2c08?0,/(r? —a?sin 
a? a? 


asin") a6, 
The last integral 

2 fen 1 aH —2 (sin =e sin?) 99 
We have then 


2 amr 
4 Volume=| 7" VY? —a’sin?é)—a?2(#+sindcos@)// (r? —a* sin? 0) | 
0 


$202 f(r? —a’*sin®0)dd—-2a? Jf sin O1/ (7? —a® sin? A)dé, 


When 6=0, the first line is $(7a?r). 
When 6=37, its value is 0. 


To evaluate f / (r?—a*sin®@)d0, put a=re, expand by binomial formula, 


and integrate the terms. 


(1—e? sin? 6): = 1— de? sin? d— ge4sint 6—{e%sin §6— 


Then f 
0 


The remaining integral treated in the same way gives 


yl 


V(r? —a* sin? #)d4@=3(ar)(1—te? —g,e4— yb e8...... ) 


OL 


Finally, Volume= 


In our example, e=%, a1, r=6. 


9a 1 1 ) 4 ' 
Hence, Vy (a,+ 33. 19067 jas x66 Lee eee —=$7(1+si<) nearly. 


This subtracted from za*r and the result doubled gives the volume com- 
mon to the two cylinders. 


MECHANICS. 


90. Proposed by WALTER H. DRANE, Graduate Student, Harvard University, Cambridge, Mass. 


Adopting the hypothesis that the planets were originally all one mass revolving 
about a fixed center and were formed by an explosion of this mass at some point in its 
path; prove that, if the law of nature were that force varies directly as the distance, the 
planets would all have collided again simultaneously, and find an expression for the time 
between the explosion and collision. 


Solution by the PROPOSER. 


Regarding the original mass as a particle, the pieces after explosion, no 
matter what their initial velocities or directions, would all move in concentric el- 
lipses ; and as their paths intersect in one point, viz., the position of the original 
mass at the moment of explosion, they must all have another point in common 
at the extremity of the common diameter through the first common point. 

We have for the equations of motion for any piece 
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_( rE") 0 Leas (1). ™ a, eens (2). 


From (1) by integration, 


a constant depending on the initial velocity and angle of projection. 
To integrate (2) let u=1/r. Then 


dr 1 du 1 dudé __ du 


ee a NG trom ©). 
ar d & gg 9 GPU 
Tea (Ga) =o Se 


Substituting these results in (2) and using (3) we have 


d2u k 
ab? =—UTFa TG cee eee (4), 


where k is a constant depending on the force of attraction. 


Multiply by oo and integrate and we have 
du\? k 
(se y=—wt se ete, cee (5), 
hudu 2hu?—c,h 
p—f—— nen 5 (ea ) ° 
VC, h?ur—hiwt—ky 7 8 \ eek, = 4) +? 


Hence simplifying and restoring value of u we get for the equation of the path 


1G V (ch? — 4k) Vileph?—4k) 
Pas a) ss cos? (6—c,). 


Transforming to rectangular coodinates this becomes 


a 
cht (ePh?— 4k) c,h—y/(ePh? — 4k) 


==]. 


Let A be area of the ellipse, and a, b, its semi-axes Then 
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A=—7ab=2 xX —— 2h x a ah 
Cha (cP hy 4k) ch—-7/(ePh,— 4k) vk 


For the area of any curve, we have from the calculus 


6, 
A=1f r2 dl. 
a Bo 
If we regard the angle @, as the initial angle it is 0, and as @ is a function 
of the time, this integral may be written 


ts t r ty 
A=3f r? dé==3 f rata hf dt=tht by (8). 
0 Jo dt 0 
.t=2A/h. Thatis, the periodic time always equals twice the area swept 
over by the radius vector divided by the constant h. 
Hence for the given ellipse we have 


Qnh/y/k Qn 
ns a 


Vko 


Therefore the time it would require for a piece to travel from the point of 
explosion to the next point of intersection is 2t—7/,/k, and as k is a constant 
the same for all pieces, we see this time is the same for all, and hence they 
must collide simultaneously. 


91. Proposed by CHARLES C. CROSS, Whaleyville, Va. 


The’ bow of a boat which is a inches wide is inclined at an angle a. When 
in motion in perfectly calm water the water was found to rise b inches on the 
bow. Required the velocity of the boat. 


No solution of this problem has been received. 


92. Proposed by WALTER H. DRANE, Graduate Student, Harvard University, Cambridge, Mass. 


A particle, starting at the vertex, slides down a smooth parabolic curve. 
Find the initial velocity of the particle so that it may leave the curve at the ex- 
tremity of semi-latus rectum. 


Solution by GEORGE R. DEAN, A. M., Professor of Mathematics, University of Missouri School of Mines and 
Metallurgy, Rolla, Mo. 


Take the vertex as origin and positive x downwards. 

The equation of the curve is y?=2pz. 

Let N be the normal reaction, v the velocity, 6 the angle between normal 
and x-axis, m the mass of particle, o the radius of curvature. 

Then N—=mv?/p+mgcosé. 


_ YP rp* yg __»?P 
p= p? » Ur==V9 +292, C080 apy 


2 
Vo 
g 


If v,?==pg the normal reaction is always zero. 

If v,?>pg the particle leaves the curve at once. 

If v,’ <pg the particle is constrained to move on the curve. 
Then the particle either— 

1°. Describes the curve freely without leaving it; or, 

2°. Leaves the curve at the beginning of the motion ; or, 
3°. Describes the curve under constraint without leaving it. 


Accordingly, N=mg(p — 


)=s(pg--0*). 


Also solved by G. B. M. ZERR, and the PROPOSER. 
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DIOPHANTINE ANALYSIS. 
75. Proposed by CHARLES CARROLL CROSS, Whaleyville, Va. 

Arrange the consecutive integers 1 to n? as a magic square, where nis odd. 
Apply when n==9. 

Solution by M. A. GRUBER, A. M., War Department, Washington, D. C. 

This solution for odd magic squares is adapted from a similar solution 
found in an article on ‘‘Hvening Entertainments.”’ 

We divide a large square into as many little spaces as there are numbers 
in the magic square. 

We conceive a similar large square, similarly divided, bordering on the 
right, another on the bottom, another on the left, and a fourth meeting the right 
bottom corner of the given square. 

We fill in the numbers consecutively, commencing with unity, from left di- 
agonally down to right, beginning with the space immediately below the center space. 

When reaching the limit of the given square, we continue the next num- 
ber into the ‘‘bordering square.’’ This number will then be placed in the cor- 
responding space of the gwen square. 

When, in filling in the numbers, we meet a space that is already occupied, 
we take the space next diagonally down left from this occupred space, and continue 
as before. 

Take a magic square having 9 numbers on a side. There will then be 9°, 
or 81 spaces in the square, to be filled with the numbers 1 to 81 inclusive. 

Beginning with the space next below the center space, and filling in diag- 
onally down to right, we find 4 reaches the limit of the square. Whence 5 occu- 
pies, in the ‘‘bordering square,”’ the right upper corner. We now put 5 in the 
right upper corner of the given square, and find it at the limit of the square. 
Whence 6 occupies, in the ‘‘bordering square,’’ the space next below the left up- 
per corner. We now place 6 in the corresponding space of the given square, and 
proceed 6, 7, 8, 9, when we meet the space occupied by 1. We then put 10 in 
the space next diagonally down left from 1, and proceed 10, 11, 12, eté., until 
all the spaces are filled. 
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47 | 7 | 39] 80 | 81 | 72 |) 23 | 55 | 15 |) 47 
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26 | 58 | 18) 50) 1 | 42 ; 74 | 84 | 66 || 26 
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AVERAGE AND PROBABILITY. 
79. Proposed by the late ENOCH BEERY SEITZ. 


Two equal spheres touch each other externally. Ifa point be taken at random 
within each sphere, show that (1) the chance that the distance between the points is less 
than the diameter of either sphere is 13/85, and (2) the average distance between them is 
11/5r. [This is problem 5835, Educational Times, of London. } 


Solution by G. B. M. ZERR, A. M.. Ph. D., Professor of Mathematics and Science, Chester High School, Ches- 

ter, Pa. 

(1) Let A, B be the centers and C the point of contact of the two spheres, 
each radius r. 

From any point P in DC with a radius=2r describe a sphere cutting B in 
Q,R. From B as a center with a radius BP describe a sphere cutting A in 
K, M. If P is the first point, the second point must fall within the double- 
convex lens CQRC. P may fall anywhere on the zone KPM and the second 
point must fall in a section of B equal to the double-convex lens CQRC. 

From P as center with a radius PS<2r but>PC, draw the zone SLT. 
Let DP=a, PS=y, area of zone KPM=27.BP.PG, area of zone SLT-=27.PS.HL. 

BP==8r--«, AG=r—«—PG,BG==8r—r1— PG, PS=y, BH=8r—«*—yt+ AL, 
PH=y—AL. 

KG? =r?2—(r—a— PG)? =(8r—2)? —(8r—2x#—PG)?. 

oo. PG=a(2r—«)/4r. 

SH? =r? —(8r—a¢—y+ AL)? =y’? —(y—AL)?. 

2. AL=[r?—(8r—x—y)? ]/2(8r—2). 

., Area of zone KPM=(22/2r)(8r—2)(2r—2). 

Area of zone SLT=| zy/(8r—2) |[r? — (8r—x—y)? ]. 
Let p—chance, A —average distance. 
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2r 2r 
o p={ a? /[2r(ar8)*]} { 2(8r—2)(2r—a)de f [y/(8r—a) ][r? — (8r—a—y)* |dy 
0 2 


P—e 


2r 
=(8/128r7) f (l4ra5 —v®—48r? x4 44-4873 43 )\dxv—=(8 /128r7)(1664r7 /105)=—33. 
0 
2r 4r—2 
2.A—={m®/[Qr(garty?]} f a(dr—x)(Qr—x)dx} [y? /(8r—2)][r? —(8r—a—y)? |dy 
0 27 ~ x 


2r 
—=( 3/40 r4) f (92r3 a—106r? a? +-40ra8 — 5x4 )da—=(8/40r*) (8875 /3)=117r/5. 
0 


80. Proposed by G. B. M. ZERR, A. M., Ph. D.. Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


A box contains 100 balls marked from 1 to 100. 18 balls are drawn at random. What 
is the chance that the balls marked from 1 to 10 are included in the 13 drawn ? 


Solution by J. W. YOUNG, Columbus, Ohio. 


Since in all the favorable chances only three balls may vary, the total 
number of favorable chances is 9°C,;, 7. e., the number of combinations of 90 
things taken 3 at a time. 

The total number of ways in which the balls may be drawn is, of course, 
1000... 


Hence the desired probability is equal to 


90.89.88 
900, 1.2.8 1 
1000, ~ 100.99.98.97.96..... 89.88 67515927540 ° 
1.2.3.5...... 13 


PROBLEMS FOR SOLUTION. 


ARITHMETIC. 


124. Proposed by ALOIS F. KOVARIK, Instructor in Mathematics and Science, Decorah Institute, Decorah, 
Iowa. 


At what time between 5 and 6 o’clock is the minute hand midway between 12 and 
the hour hand? When is the hour hand midway between 4 and the minute hand ? 
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125. Proposed by F. M. PRIEST, Mona House, St. Louis, Mo. 


A Quaker once, we understand 

For his three sons laid off his land, 
And made three equal circles meet 

So as to bound an acre neat. 

Now in the center of the acre, 

Was found the dwelling of the Quaker; 
In centers of the circles round, 

A dwelling for each son was found. 
Now can you tell by skill or art 

How many rods they live apart? 


y*y Solutions of these problems should be sent to B. F. Finkel not later than March 10. 


ee 


ALGEBRA. 


115. Proposed by ALOIS F. KOVARIK, Instructor in Mathematics and Science, Decorah Institute,Decorah, 
Iowa. 


Find the conditions of the coefficients of a general biquadratic equation so that it 
may be solved by quadratics. 


116. Proposed by ARTEMAS MARTIN, A. M., Ph. D., LL. D., U. S. Coast and Geodetic Survey Office, Wash- 
ington, D.C. 


Solve the equations: 
wiryt+aeetyz)=a; x(wy+wet+ye)=b; 
y(wa--webaz) =e; e(vx+twy-ry)=d. 
»*y Solutions of these problems should be sent to J. M. Colaw not later than March 10. 


ee 


GEOMETRY. 


135. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio Uni- 
versity, Athens, O. 


If a hyperbola be described touching the four sides of a quadrilateral which is in- 
seribed in a circle, and one focus lie on the circle, the other focus will also lie on the circle. 


136. Proposed by J. OWEN MAHONEY, B. E., M. Sc., Professor of Mathematics, Central High School, Dal- 
las, Tex. 


Construct a triangle having given the base, the median line to the base, and the dif- 
ference of the base angles. 


187. Proposed by J. W. YOUNG. Fellow and Assistant, Ohio State University, Columbus, 0. 

A right cone has its vertex in a horizontal plane, its axis being perpendicular to the 
plane. A string has one extremity attached to a point on the cone. The other extremity, 
P, of the string is kept in the plane, and the string is then wound around the cone, with- 
out being allowed to slip. Show that the spiral generated by P cuts all straight lines 
through the vertex at the same angle. 


yy Solutions of these problems should be sent to B. F. Finkel not later than March 10. 


CALCULUS. 
106. Proposed by M. C. STEVENS, M. A., Professor of Mathematics, Purdue University, Lafayette, Ind. 
{ cosradx ar? 
9 1—2acosrta? 1—a?’ 
[Williamson’s Integral Calculus, 6th Edition, page 174. | 
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107. Proposed by F. P. MATZ, M. Sc., Ph. D., Professor of Mathematics and Astronomy, Irving College, Me- 
chanicsburg, Pa. 


The speed of signaling in submarine telegraph-cable varies as x?log(1/z), 
in which z is the ratio of the radius of the core to that of the covering. Prove 
that the mazimum speed is attained when this ratio is 1:)/e. 


x*, Solutions of these problems should be sent to J. M. Colaw not later than March 10. 


ee 


MECHANICS. 


101. Proposed by ALOIS F. KOVARIK, Instructor in Mathematics and Science, Decorah Institute, Decorah, 
Iowa. 


Find the center of gravity of a cone that has a specific.gravity of 1 (one) at the top 
and 2 (two) at the base. 


102. Proposed by WALTER H. DRANE, Graduate Student, Harvard University, Cambridge, Mass. 
A heavy particle witha light string attached is placed on the edge of a smooth table. 
A boy, holding the string horizontally, runs at right angles to the string. Determine the 
motion of the particle (1) when the boy runs with a uniform velocity; (2) when he runs 
with a uniform acceleration. 


yx Solutions of these problems should be sent to B. F. Finkel not later than March 10. 


DIOPHANTINE ANALYSIS. 


83. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Find three numbers in arithemetical progression whose sum is a square and cube. 
84. Proposed by SYLVESTER ROBINS, North Branch Depot, N. J. 

The nth term of an infinite series of ‘‘nests’”’ contains all the prime, integral, ration- 
al parallelopipeds that have 8” for their solid diagonals. It is required to determine the 
general expression for V=the number of such solids in nth term, and to exhibit the di- 
mensions of all the “‘eggs”’ in the first six nests. 


x*y Solutions of these problems should be sent to J. M. Colaw not later than March 10. 


AVERAGE AND PROBABILITY. 


88. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Find the average volume of the tetrahedron formed by joining four random points 
in a Sphere. 
89. Proposed by B. F. FINKEL, A.M., M. Sc., Professor of Mathematics and Physics, Drury College,Spring- 
field, Mo. 
An inch auger-hole is bored at random through a six-inch sphere. Find the average 
volume of the auger-hole. 
90. Proposed by WALTER H. DRANE, Graduate Student, Harvard University, Cambridge, Mass. 
During a heavy rain storm a circular pond is formed in a circular field. If a man 


undertakes to cross the field in the dark, what is the chance that he will walk into the 
pond ? [From Byerly’s Integral Calculus. : 


y*y Solutions of these problems should be sent to B. F. Finkel not later than March 10. 
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MISCELLANEOUS. 


85. Proposed by COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knox 
ville, Tenn. 


Prove that at least one of the three sides of a rational right triangle must be divis- 
ible by 5. 


86. Proposed by GEORGE LILLEY, Ph.D., LL. D., Professor of Mathematics, University of Oregon, Kugene, 
Oregon. 


A gave two notes; one for a dollars at m per cent., and the other for b dollars at n 
per cent., annual interest. He is to make a monthly payment of c dollars. How much 
must be endorsed on each note in order to pay them off at the same time? What must 
be the payment on each if a=1900, b=1800, m=6, n=7, and c=25? 


87. Proposed by A. H. HOLMES, Brunswick, Me. 


Find f(x) from f@+1)—f? (v7) =z. 


NOTES. 


Dr. E. M. Blake, formerly instructor in mathematics in Purdue Univer- 
sity, has been appointed as Honorary Fellow in Mathematics in Cornell 
University. 


The two books, Whitehead’s Universal Algebra and Killing’s Hinfthrung 
in die Grundlagen der Geometrie, which were particularly signalized in Halsted’s 
Report on Progress in Non-Euclidean Geometry, have been entered in competi- 
tion for the Lobachevski Prize of 1900. 


On the twenty-fourth of December, 1899, the Physico-Mathematic Society 
of Kazan (Russia) celebrated a Jubilee in honor of the twenty-fifth year of pro- 
fessional and scientific service of its President, Professor A. Vasiliev. It is also 
the fifteenth year of his presidency. Professor Vasiliev has been an extraordi- 
narily important figure in Russian science. Outside of Russia he has chiefly 
been known for his remarkable discourse on Lobachevski, Englished by Halsted. 
A German translation of his book on Tchebychev is to be published this month 
by Teubner at Leipzig. The first volume of an edition of Tchebychev’s Collected 
Works, in French, has just appeared, edited by the academicians Markof and 
Sonine. It contains a very fine portrait of the great mathematician and the first 
thirty-four Memoirs of Vasiliev’s list. 


THE 
AMERICAN 
MATHEMATICAL MONTHLY. 


Entered at the Post-office at Springfield, Missouri, as Second-clsss Mail Matter. 


Vou. VII. FEBRUARY, 1900. No. 2. 


AN ELEMENTARY EXPOSITION OF GRASSMANN’S “AUSDEH- 
NUNGSLEHRE,” OR THEORY OF EXTENSION. 


By JOS. V. COLLINS, Ph. D., Stevens Point, Wis. 


{Continued from December Number. | 


CHAPTER V. 
RELATIVE MULTIPLICATION. 


56. Drrinirion.—In the preceding chapter no reference was made to the 
space in which the factors multiplied were contained. Now, in ordinary multip- 
lication of geometrical magnitudes, there is a limit beyond which one can not go. 
For instance, when one has multiplied the length, breadth, and thickness 
together, he can add no other dimension. This suggests the idea of taking any 
arbitrary number as n for the number of dimensions of the space considered. In 
any investigation, then, what we will call ‘‘the space considered’’ is that space 
of the original units which contains all the quantities involved. Multiplications 
made with reference to the space considered are called Relative Multiplications. 

57. Drrinirion.—If in a space of the mth order, the combinatory product 
of the original units ¢,é. ..... €n, iS set equal to the scalar unity, and F is a unit 
of any order, (i. e. either one of the original units or a combinatory product of 
two or more of them), then the complement of Eis +E" or —E’, where EL’ is the 
ecombinatory product of all the units which do not appear in #. The comple- 
ment of E is +E" when [EE’|=+1; and —E’ when [£E"|=-—1. Let the com- 
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plement of # be denoted by |#. This mark, the sign of the complement, in 
Grassmann is a vertical line somewhat longer that the caps and about as heavy 
as the vertical stroke in cap N. Then 


| E--[EE']E’. 


The end sought is to get [HE] Z]=-+1. To show that this is attained, mul- 
tiply the equation above through by #. Then 


(E| E]J=[EE EE ]=+1, 


since whether [EE’|==+1 or —1, [HE’)[EE=—-+1. 

The reason why we have this ambiguity of sign in the product [EE] is 
because each original unit is allowed to have either the plus or minus sign. 

In particular we have 

Jiz=1, or Jv=a, 
by multiplying the first equation through by a. 

58. Derinition.—By the Complement of any quantity A will be understood 
that quantity | A which is obtained by replacing each product of units in the de- 
rived expression for A by its complement. Expressing the same in a formula 
we have 


JA=|(a@E, +a, Eg-+...... )=a,|[H,+a,jh,+...... 
where H,, Hy, ...... are products of units of any order. 
59. The complement of the complement of any quantity A ts equal erther to 
A, or to —A, according as (—1)*" is + or —, where g and r are the orders of the 


quantity and its complement. 

The Proof depends on 41. 

60. If the order of a spacenisodd. ||A=As tf n28 even. || A=(—1)9A, 
where q vs the order of A. 

Proor.—By 59, || A=(—1)¢@-@9A, Then if n is odd, g(n—gq) is even, 
whether g be even or odd: but if n is even, then if g is even g(m—gq) is even, and 
if g is odd q(n—gq) 1s odd. The theorem as stated readily follows. 

61. Derrinition.—If the sum of the orders of two units is less than or 
equal to the order n of the space considered, then by their progressive product is 
understood their outer product (52), with the provision, however, that the prod- 
uct of the n original units is unity. On the other hand if the sum of the orders 
of two units is greater than the order of the space, then by their regresswve prod- 
uct is understood that quantity whose complement is the progressive product of 
the complements of these units. 

Thus, if the sum of the orders of # and F’>n, we have that 
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[EPI=[l EF], 


where [¢,é@)...... én |==1. 
The regressive products can be made plainer by an example. Let 5 be 
the order of the space considered, [e,é@)..... e,j==1, and let the product of 


E,=[e,e:¢3¢,] and H,=—[e,e,e,| be required. 
Changing the order of the factors of E,, we write H,=—T[e,e,e,] (37), there 
being two interchanges. Then 


[HH |=[e 16, 6.4 |[e5 1s |= [ey be l3 6 46501 C2 | (52)=[e,e,] (Rem. Art. 13). 


Thus the product of HE, and E, is the product of their common factors e, 
and e,. The question arises, how can the common factors be selected and their 
product formed out of the two given factors ?. 

Since H, and FE, together contain all five of the units and neiter|#, nor 
| #, contains e, or e,,the product of ]}#, and | £, contains all the units except e, 
ande,. Then |[#,#,] contains the factors of []EZ,|#,]. Hence the definition 
of a regressive product. 

62. If q and r are the orders of A and B and n that of the space considered, 
the order of the product [AB] is equal to g+r when q+r<n, but is equal tog+r-—n 
when g+rsn. In the language of the Theory of Numbers if p is the order of the 
product 


p=q+r (Modulus vn). 
The proof of this theorem follows the lines of the example of the preced- 


ing article. , 
63. Similarly. for a larger number of factors, 


p=q+tr+stt...... (Modulus n). 


64. The product of the complements of two quantities is the complement of the 
product of those quantities, that vs to say, 


[1A | B]=1[44]. 


Proor.—1. Suppose at first that the sum of the orders a and 6 of A and 
B is greater that n, that of the space under consideration. Let“A=2a,E,, 
B=>(,F,, where E, and ¥, are units. Theh [A= 2a,|£, and |B=2£,|F, (58). 
Thus, we have, 
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2. Suppose a+f=—n. Let E and F' be products of the original units. 
Two cases may be distinguished. First, when E and F contain a common fac- 
tore,. Itis plain that in this case both [EF] and [||] contain common fac- 
tors, so that they are each equal to zero (48). Second, when [HF]|=—1. Replac- 
ing |# and |F by their values from 57 and noting that [FE][FE]=+1, we get 
[J Z| FPJ=[EF]. But as [KF]J=1, |[EF]=1 (57). Thus the law holds for 
units. Then reasoning as in 1, above, it holds for any quantities. 

3. Suppose a+f<n. The proof of this case is based on 1. of this article 
by letting A=] A’, B=]|B’, and writing 


| [4°B=[] 4° | B)-=[48]. 


65. The product of the complements of several quantities is the complement of 
the product of these quantitres. 

Proved by mathematical induction from 64. 

66. The complement of a polynomial is the sum of the complements of its parts. 

Proof from 58. 

67. If LE, F, G are units the sum of whose orders is n (the order of the space 
considered), 


[EF EG|=[EFG)E. 


Proor.—We distinguish two cases: either [EFG] contains equal factors 
or it does not. If it does, then at least one of the units, say ¢,, is missing In it. 
Now let [EF]=|Q; then by 57 Q must contain e, ; likewise, let [ZG]==|&; then 
FR contains e,. Then [QR]=0 (48). Now we have 

[EF.EG]=[1Q1F]=1[@R] (64)—]0=0 (57). 


But [E FG] also equals zero since it contains equal factors (48). Thus in 
this case 


[EF.EG|=[EFGIE. 


If [EFG] does not contain equal factors, then it contains all of the origin- 
al units and no others. Then by 57 and 55, 


|G=[GEF|EF], | F=[FEG][EG4]. 


Since [GEF'] and [FEG] are equal to either +1 or —1, they can appear 
on either side of their equations. Hence we can write 


[EFP\=([GEF]|G, [EG|=([FEG]|F£. Whence 


(EF. EG|=[GEF][FEG][| G| F|=[GEF][FEG|[GF........ (64) 
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=[GEF]|[FEG|[GFE]E....(57)=[GEF][EFG][GEF]E....(41) 
--[EFGE, 


since [GEHF][GEF, as in (57), equals +1. 
638. Jf A, B, C are simple quantities the sum of whose orders equals n, the 
order of the space of these quantities. 


[4B.AC]=[ABC]A. 


The proof of this formula (based on (67) on account of its length, is omit- 
ted. as are also those of the next four formulas given below. 
69.—71. If A, B, C are simple quantities whose product is of the Oth order. 


69. [AB.AC]=[ABC]A. 
70. [AB.BC]=[ABC]B. 
ae [AC.BC]=[ABC]C. 


72. If A, B, C are simple quantities and the sum of the orders of A and C 
equals the order of the space considered and B is subordinate (18) to A, then 


[A.BC]-=[AC]B and [CB.A}]=[CA]B. 


Remark.—It seems proper to state here that the matter contained in Chap- 
ters II—V is taken direct from Grassmann’s Ausdehnungslehre of 1862. What 
the writer has done has been to cut out everything which was not essential to the’ 
development of the main principles of the work. What to insert and what to 
omit constitutes the chief difficulty. In the following chapters (except Chapter 
VITI) we shall not follow Grassmann very closely. 


MATHEMATICAL INDUCTION. 


By ARTHUR L. BAKER, C. E., Ph. D., University of Rochester, Rochester, N. Y. 


There is such a general lack of presentation of the governing principles of 
mathematical induction in the text books which refer to the subject, and failure 
to give a working rule for its application, that it is thought’a presentation of such 
a working rule specifically, stated and not left to inference from examples merely, 
would be acceptable. 

Mathematical Induction (not entering into the question of the appropriate- 
ness of the name) is a method of proof used where a primary operation and a 
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secondary law have produced the same series of results to see if the supposed 
secondary law is valid. 

It may be conveniently divided into two cases : 

I. When the primary operation is an algebraic one and the secondary 
law a functional one. 

II. When the primary oporation is a functional one and the secondary 
law an algebraic one. 

The necessity for a proof that the secondary law is valid is seen when we 
find that many apparent secondary laws which. hold for a few terms fail later on, 
in other words, that because an apparent law holds for ten, twenty or thirty 
terms of a series, we are not at all justified in inferring that it will hold 
throughout. 

A few examples will illustrate this: 

o?+a+17 is prime for sixteen values of x, beginning with =O, but the 
law fails for the seventeenth term of the series, 

a? +¢-+41 is likewise prime for forty terms, but the law fails on the forty- 
first. . 

The sum of the divisors of n! is 3(n-+1)! for a few terms, after which the 
law fails. And so on for many apparent secondary laws. 

[. When the primary operation is a simple algebraic one, and the sup- 
posed secondary law is a more complex or functional one. 

In this case Mathematical Induction consists in applying the primary op- 
eration to the general result produced by the secondary law to see if the next 
term of the series thus produced by the primary operation is the same as would 
result from an application of the secondary law. If it is, and the operand was 
correct, the secondary law is correct. 

Example.—1* + 23==9(2—1)?, 13+28+88—9(8—1)?, giving the apparent 
secondary law 18-4284 .... n§==-3(n—1)?*. 

To test this, add another term (primary operation) giving 


184+28+-...... (1+1)?=9(n—1)? +(n +1)? 4+9n?, 
and therefore the secondary law is not correct. 
2 2 
Evample.—1* +28 —(2"**) ; 19 429439=(3°4*) , giving the appar- 


ent secondary law, 


Apply the primary operation by adding another term, giving 


nie 


1°+238+.,..... wnt 1)°=(n nary’ +(n+1)3= 
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and the secondary law is correct. 

II. When the primary operation is a functional one and the secondary 
law is a simple algebraic one. 

In this case mathematical induction consists in stating the primary func- 
tional operation for two general terms in succeession, and taking any convenient 
multiple of the first from a convenient multiple ofthe second. If this difference 
conforms to the supposed secondary law, the secondary law is true provided the 
first functional result is true. 

Thus let 

Ka)j=F¢ 


be a term of the series, where x is the element whose change produces the term 
of the series, and ¢ is the expression which enters as an element of the secondary 
law. If now 


A f(a+1)—Bjf(2)=F, ¢ 


where F’, has the same algebraic form as F, except as to the values of the con- 
stants, then 


fle+1)—F,¢ 


where F’, has the same algebraic form as F and F,, except as to the value of the 
constants. Hence the form of the function F being persistent for two terms, the 
law is true if true for F’. 

A special case is where F'¢-=C.¢, C being a mere factor. 


Kuample. — v8 —0= (944) according as & is (ria): aand # being factors, 


holds for some cases. 
1°.) w=2n+1. 
J(a)=(2n+-1)8 —(2Qn+1)=—8n? +12n? +4n. 
J@+1)=(2n +3)% —(Qn 4+ 38)—8n? +86n? + 52n4-24. 
Aetl)—f(7)=24n? +48n4+24=—248. Q. KE. 1. 
2°. w==2n. | 
f(7)=(2n)3 — 2n=—8n3 — 2. 
Set 1)=(2n +2)? —(2n+2)=—8n3 +24n? +22n+6. 
F(e+1)—f(a)=24n? +-24n+6—6a. Q. E. I. 
Example.—f(x)—=6**"+?— 247¢—25—576a holds for x1, 2, 3. 
f(a+ 1)==5+4—24(¢7+1)—25. 
fla +1)— 25f(2)=25(24a-+25) —242—49—576(4+1)=576a. Q. E. I. 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 


122. Proposed by G. B. M. ZERR, A.M., Ph.D.. Professor of Mathematics and Science, Chester High School, 
Chester, Pa, 


Suppose 10% traction stock is 20% better in the market than 5% mining stock; if 


my income be $500 from each, how much money have I paid for each, the whole invest- 
ment bringing 63%? 


Solution by BENJAMIN F. YANNEY, A. M., Professor of Mathematics, Mount Union College, Alliance, Ohio ; 
M. A. GRABER, Student in Heidelberg University, Tiffin, Ohio ; E. L. SHERWOOD, Professor of Mathematics, 
Beaver College, Beaver, Pa.; and the PROPOSER. 
$500 + .10—$5000==par value of traction stock ; 
$500 + .05—$10000—par value of mining stock ; 
$1000 + .063—$15000—whole investment. 
$5000—32 of $10000 or the face of the traction stock is one-half the face of 
the mining stock=50%. 
. 100%=50% or 1% =8%. 
20% —20 x %==10%=excess of traction stock over same amount of min- 
ing stock. 
50% + 10%—60%—=investment in traction stock. 
100% +60%-=160%=—whole investment. 
$15000+1.60=$9375—amount invested in mining stock. 
$15000— $9375 =—$5625-—amount invested in traction stock. 


Also solved, with different results, by ELMER SCHUYLER, ALOIS F. KOVARIK, COOPER D. 
SCHMITT, and LESLIE L. LOCKE. 


123. Proposed by F. P. MATZ, M. Sc., Ph. D., Professor of Mathematics and Astronomy, Irving College, Me- 
chanicsburg, Pa. 
If m=2 cents be the interest on J[=100 cents for p=40 days, find the yearly rate per 
cent. 


Solution by COOPER D. SCHMITT, A. M.. Professor of Mathematics, University of Tennessee, Knoxville, 
Tenn,; ALOIS F. KOVARIK, Instructor in Mathematics and Science, Decorah Institute, Decorah, Iowa ; LESLIE L. 
LOCKE, Professor of Mathematics, Fredonia Institute, Fredonia, Pa.; ELMER SCHUYLER, Professor of German, 
Reading, Pa.; and G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 


Chester, Pa. 

If the interest on M cents for p days is m cents, the interest on M cents 
for 1 day is m/p cents, and for one year is 860m/p cents. Then the annual rate 
' ane of 100% which equals it 


M-=100. Whence rate=-72.009—18%, 


In the present example m=2, p—40, 
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ALGEBRA. 


98. Proposed by B. F. FINKEL, A. M., M. Sc., Professor of Mathematics and Physics, Drury College,Spring- 
field, Mo. 


A and B agreed to reap a field of grain for 90 shillings. A could reap it in 9 days, 
and they promised to complete it in 5 days; but B, who did not work as quickly ae he ex- 
pected, was obliged to call to his assistance C, an inferior workman, who worked the last 
two days, in consequence of which B received 3s. 6d. less than would otherwise have been 
due him. In what time could B and C each reap the field? From Milne’s High School 
Algebra. 


I. Solution by 0.8. WESTCOTT, Principal of North Division High School, Chicago, Ill. 


Let x=time in which B could reap the field. 
y==time in which C could reap the field. 


Then Lot pe what A and B can do in one day. 
_ 3 _time in which A and B could do the work. 
4-9 
Now ¥0/x represents B’s daily wages. 
Therefore, —(,) =what B should have received if A and B had to- 


gether completed the job. 
But 90/ax 5 represents what B did receive. 


0 (28) 480 ss 
Hence —— x49 88. 


From which we obtain «? —87z——1080, and 
e=8 + 1/(— 108047582), e==3(874+57)=—15 or 72, 


and since §+5/a+2/y=—1, we have 3+ ,+2/y=—1 and y=18, or 34+45+2/y=1 
and y=5d3. 

But it is explicitly stated in the problem that C was the inferior workman ; 
therefore the values x=15 and y=-18 are the values sought. 


Similar solutions were received from COOPER D. SCHMITT, ALOIS F. KOVARIK, J. SCHEFFER, 
G. W. NASH, and J. M. BANDY. 


II. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 

Chester, Pa. 

In five days A does 3 of the work and receives 50 shillings. JB receives 
40 —3%—3863 shillings for 5 days work, or 143 shillings for 2 days work. 

143 +33—2,2 x 4,=-58 times as many days for C to do the work as B. 

Let «number of days it takes B. 

Then 582/15—number of days it takes C. 

. 5/4 +380/58e==4, 


40 


", ==1212 days, the time it takes B. 
582/15==-48 days, the time it takes C. 


Solved in like manner by H. C. WHITAKER, P. 8S. BERG, B. F. SINE, J. F. TRAVIS, and P. H. 
PHILBRICK. 


Nots.—This problem was proposed because we held that the wording of the problem was not suffic- 
iently explicit. The fact that our contributors have taken the different views indicated by the above 
solutions confirms our opinion. The problem has been worded a little different in the last edition of Dr. 
Milne’s Algebra. The wording of the problem is intended to lead to the first solution. B.F. F. 


GEOMETRY. 


122. Proposed by G. I. HOPKINS, A. M., Professor of Mathematics and Physics, Manchester High School, 
Manchester, N. H. 


If perpendiculars are dropped from the vertices of a regular polygon upon any diam- 
eter of the circumscribed circle, the sum of the:perpendiculars which fall on one side of 
this diameter is equal to the sum of those which fall on the opposite side. [From Chauv- 
enet’s Treatise on Elementary Geometry. | 


I. Solution by HENRY HEATON, B. Sc., Atlantic, Ia. 


Let ABCDEFG represent a regular heptagon circumscribed by the circle 
whose center is O. Draw a diameter through A. It will be perpendicular to 
BG, CF, and DE, and it will bisect them in H, J, 
and K., 

Draw any line £Q and for convenience call the 
perpendiculars from A, B, C, etc., upon RQ, a, b, e, 
etc. Then b+g=—2h, c+f=2i, and d+e=2k. 

Because K, J, H, and A are upon AK it can 
readily be shown that there is a point P upon AK 
such that 7p-=2k+21+2h+a=—a+b+c+d+e+f-+g, 
and that this point is independent of the direction of 


RQ. Ina similar manner it may be shown that there 
is a similar point »’ upon the diameter through G, such that 7p’=a+-b-+c+d-+e 
+f+tg. Hence p=p’. But this cannot be true without regard to the direction 
of RQ unless P and P’ are at the intersection of the two diameters, that is, at the 
center. Hence the perpendicular from O upon any line £Q is one-seventh the 
sum of the perpendiculars a, b, c, d, e¢, f,andg. Hence if RQ passes through 
O, a+b+c+d+e+f+g=0. 

It is evident that a similar demonstration may be made for any regular 
polygon. 


II. Solution by J. SCHEFFER, A. M., Hagerstown, Md., and CHARLES C. CROSS, Whaleyville, Va. 


In a polygon of an even number of sides a diameter drawn through one of 
the vertices will pass through another vertex which will be symmetrical with 
reference to the center of the circle as the center of symmetry. Consequently, 
the sum of the perpendiculars drawn from the vertices on one side of any diam- 
eter will be equal to the sum of the perpendiculars drawn from the vertices of the 
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other side of that diameter. If the number of sides of the polygon is uneven 
there will be no such symmetry. 

Let MN be a diameter, ABCDEFG be a regular polygon of n sides, 1 be- 
ing an odd number, and O the center. Draw all the radii to the vertices, then 
J ACB=/ BOC=zCOD=... ..=—2a/n=—f8. Denote 2 AOM by a, 2 GOM by 
a’. It will be perceived at once that on one side of the diameter MN there are 
3(n—38) triangles, and on the other 3(n—1) triangles, not cut by the diameter. 

Employing the well-known formula of the difference of two cosines, we 
have 


le 


cos(a— 3,3) — cos(a —3/)=—2sinasin§, 

cos(a+3/?)—cos(a+3)=—2sin(a+/)sin3f, 

cos(a+3/7)— cos(a+3f/)==2sin(a+2/)sin3f 

cos[a+ 3(2m—1)%]—cos[a+ 3(2m+1)f]=—2sin(a+ mf)sin2f. 
Adding, 


sin(a+ 43m) sing(m+1)/ 
sing 


=sina-+ sin(a+/)+sin(a+28)+...... +-sin(a+mf). 


Putting the radius of the circle—1, this last formula gives us the sum of 
the perpendiculars drawn from the vertices upon MN on either side of the latter. 
Putting m=3(n—3)f, this sum 


_ cos(a, —#3)cosaf 


sing/ 


Putting m==4(n—1) we get 


cos(a,—4/)cos4f 
sins 


? 


but a,=—'—a, therefore the latter expression is 


cos( #2 —a)cos#? 
sing/ 
Consequently we have equality for the two sums of the perpendiculars, 
which proves the theorem. 
Also solved by G. B. M. ZERR. 
123. Proposed by ALOIS F. KOVARIK, Instructor in Mathematics and Science, Decorah Institute, Decorah, 
Iowa. 


A étant le point d’ intersection des médianes d’ un triangle ABC, démon- 
trerque AB? + BO? +CA?=38(GA?-+GB?+GB*). [Ex. 84, Géométrie. No. 2, 
1¢ Anne L’ Education Mathématique. | 
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I. Solution by M. A. GRUBER, A. M., War Department, Washington, D. C.; CHARLES C. CROSS, Whaley- 
ville, Va.; and H. C. WHITAKER, Ph. D., Professor of Mathematics, Manual Training School, Philadelphia, Pa. 


Take BC=a, AC=b, and AB=c, and put the medians equal, respective- 
ly, ma, Ms, and m,. Then 


Ma=ty [2(b? +c? )—a?], 
mo=tY [2(a® +c?) —b?], 
Me=F/ [2(a? +b?) —c? ]. 


But the medians of a triangle intersect at a common point two-thirds of 
the distance from the vertex to the middle of the opposite side. Whence 


GA? =(3m,)* =3b2 +2c* —ta?, 
GB* =(2 mp)? =3a® +2c? —1d?, 
GC? =(2m,)* =a? +2b? — ic? 


 GA2+GB?4+GC?=1(a2 +b? +c), and 3(GA2+GB?+GC2)=a?-+b? 
+c?—BC?+AC2+ AB. 
II. Solution by J. W. YOUNG, Fellow and Assistant, Ohio State University, Columbus, 0.; P. S. BERG, B 
Sc., Principal of Schools, Larimore, N. D.; and J. SCHEFFER, A. M., Hagerstown, Md. 


Let ABC be the triangle, AM, BN, and CL the medians, and G the inter- 
section of the medians. Then by a well-known theorem, 


AC®+CB*?=2CL? +2.AL*?=2CL?+3AB?. 
Similarly, 
CB2+BA?=2BN?+3AB?, 


BA? +AC?=2AM? +3CB?. 
Adding and dividing by 2, we have 
AC?+CB°?+BA®=CL?+BN?+AM? +3(AB?+AC?+CB?), 
or AC?+CB*?+BA?+4(CL?+ BN? + AM?), 
(since G divides medians in the ratio 2:1) 
—=4(2C0G°2+2BG? +2AG?)=3(C4G?+ BG? +AG?. 


The same propositions can very easily be proven analytically. 
Solved in a similar manner by COOPER D. SCHMITT, G. B. M. ZERR, WALTER H. DRANE, and 
CHAS. C. CROSS. 
124, Proposed by B. F. FINKEL, A. M., M. Sc., Professor of Mathematics and Physics in Drury College, 
Springfield, Mo. 


Every conic that passes through all the foci of a conic is a rectangular hyperbola. 
[From Charlotte A. Scott’s Modern Analytical Geometry.] 
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I. Solution by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio Univer- 
sity, Athens, 0. 


If w=0......(1) be the general equation of the second degree, we have 
the well-known equations 


Fe+Gy—H=Crxy...... (2), 
2Ge—2Fy—A+ B=C(a?—y?)...... (3), 
for the foci, A, B, etc., being, as usual, the various minors of 
a, hy, g 
h, 6b, ff 
g, I, © 


Hither (2) or (8) is the rectangular hyperbola. 
II. Solution by G. B. M. ZERR, A. M., Ph. D.. Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 
‘Tf through each of the two imaginary points at infinity on any circle two 
tangents be drawn to the conic, these tangents will form a quadrilateral whose 


vertices will be the real and imaginary foci of the conic.”’ 
Both Puckle and Salmon solve this problem. Salmon’s proof expanded 


is aS follows : . 
Find the condition that s—2’+(y—y’);/(—1)==0 should touch the conic 


ax? + Qhay + by? +2gx + 2fyt+c—0. 
The condition that mz+ny+p=—0 touches the same conic is 


(be—f? )m? +(ca—g? )n? +(ab—h? )p? +2(gh—af )pn+2(hf—byypm 
+ 2( fg—ch)mn=0, 
or Am?-- Bn? + Cp? + 2Fpn+2Gom+2Hmn=0. 


Now m=1, n=;/—-1, p=—2’—-y;/-—1 or dropping the accents 


p=—(@t+yy/—])). 

2 A—B+ Cx? — Cy? + 2Cuyy/(—1)—-2 Fay (—1) + 2Py— 2Ga—2Gyy/(—1) 
+2H)/(—1)=—0. 

o. O(@® —y*?)4+2Fy—2Ge+A—B=0...... (1), 
and 2Cry—2Fxe—.2Gy+2H—0, or 


Cay—Fu—Gy+H=0..... (2). 


The intersections of (1) and (2), both of which are rectangular hyperbolas, 
determine the foci. 
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NOTE ON PROBLEM 118. 

BY W. H. CARTER, VICE PRESIDENT CENTENARY COLLEGE, JACKSON, LA. 

The solution of this problem ptiblished on page 241 of the October (1899) 
number is somewhat unsatisfactory as it involves the Differential Calculus. 

I use the figure given. Passacircle through the points D and C, and tan- 
gent to the line FH. Let E be the point of tangency. Then F is the required 
point. For at any other point of FH, as M, the 7 CMD has a numerical meas- 
ure equivalent to one-half of the difference between those of the arc CD and the 
other arc intercepted by its sides, while at E, the 7CED has the same measure 
as one-half the are CD. The visual angle is therefore a maximum at #. The 


calculation of the distance FE is then easy. . 
Nots.—Prof. J. W. Scroggs, of Eureka, Kas., sentin a neat and brief construction of problem 118, 
but it came too late for credit in the proper issue. 


CALCULUS. 


93. Proposed by JOHN R. JEFFREY, Student in Ohio State University, Columbus, Ohio. 
Solve the following differential equation : 


d?y dy 
(1—2#? )-+- — w+ y=22, whenv<l. 
Te? Tat d 
I. Solution by WALTER H. DRANE, Graduate Student, Harvard University, Cambridge, Mass. 


Let «=sin#, then d@/dx—secf. 


d6 dydé | y 

dz Tat di dens! 7H 
d?y d ( ed) d cues G ; d*y 
Ta asec ag al sects 4 Tyee (tan Taz” 
Substituting, our equation becomes 

ad? y ; 

TA +y=2sing..... (1). 

., dy 

Consider TA? +y=0. 
y==cosé is a particular solution. Now let y=zcosd...... (2). 


Differentiating we get 


2 2 
ae =c0s89 ee —2siné “*—2oosl. 


Substitute this, and y from (2), in (1), and we get 


2 
dea 2tan6 di 


TD 70 =-ztané..... (3). 


Let p=dz/d0, Then (8) becomes 


P Stan d.p=ztand anes (4). 
; dp os 
Consider now ag ctan’.p=0. Its solution is pcos*@=—c...... (5). 


Differentiate this, regarding c as variable, and we get 


dp _ 1 de 
dA —=2tan 0. +89 do: 
mys dc 
This in (4) gives dp sine? Leeaee (6). 


- c=—4co0s26+k,. Substitute this value of ¢ in (5) and we get 


d 
aon! +3(1+2k,)sec?é. 


ov. g=—0+4(14+2h)tand+k,. This value of z in (2) gives 
y=— Ocos6+-3(1+2k)sind+ k,cosé. 
Substitute for 6 and we get 
y==-— sins. yp/ (1-2?) + dac1 + 2h) + ky yy U—2?*), 
or in a more general form | 
y—Aet By (A—2?)—7/(1—2?)sin—2, 
which is the complete primitive. 
II. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 


Chester, Pa., and J. SCHEFFER, A. M., Hagerstown, Md. 
Let y=vz, then the equation becomes 


d?v dv 
«1 —a* ye + (2—3827) dee 
idvu, 
‘vw? (1l—2?)2 Ta =sin-ly—a)/(1—2v?)+A. 
dv sin~tz A 


“de” x®(1—a?)t a? (1—a?)8 —1/e. 
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', ot==Bu—(A+sin—2))/(1—2?). 
'. y=Ba—(A-+sin—!2))/1—2?). 


III. Solution by M. C. STEVENS, M. A., Professor of Mathematics, Purdue University, Lafayette, Ind., and 
GEORGE LILLEY, Ph.D., LL. D., Professor of Mathematics, University of Oregon, Eugene, Oregon. 
This equation is exact and the first integral is 


dy hy x? C, 


dy 
2 ‘ ——y2 — — 
(l—x FF +cry—a*? +¢,, or 7. +4 2Y =F] 


This is a linear equation in which 


* xdax 1 
J Pie =f = lon vy U2") 


ee . L 
Sq? =f 2S +-¢ ef = sn . Whence «<l. 
1 


My ; C,% 
—sin—!y - u 


+C5, 


Yd—a 2 py Ud—2?) Vv (1-2?) 


or y=cx + 7/ (1—x? )(e, —sin—'x) when ¢ is written for c,-+1. 
This example is found on page 144, Johnson’s Differential Equations. 


IV. Solution by GEORGE R. DEAN, Professor of Mathematics, University of Missouri School of Mines and 
Metallurgy, Rolla, Mo. 


First solve (l—2 a — Yt y=, 
dx 
dy 2 EP _ 
Putting de? (1—a ya Pet y=. 
; as d?p dp 
—%7" a 
Differentiating, (1—=« a2 wa. 0. 


dp 2, ay __ 
Putting q for — (1—2x?) dg ed 9- 
Then g=A(1—2?) _ _49 
q . ? p= vad- ~x?) 


The particular integral may be found by the method of variation of pa- 
rameters. Considering A and B variable, and substituting in the given equation, 


——- +B, y=—A(1—«?): + Ba. 


aA 2 OB 


Tn == 2a, 


We may assume 


e(1—x 
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Differentiating this and eliminating the second derivatives, 


aA dB 
, — 72 3 — 7? )\—__ — 
a(1—2?) ag FA av Pr 2a. 
; aA dB 
Solving for oF and aa 
dB» dA —2x? 
dx dx (1—a?)t * 


Then B=-—-2z?, A=sin—¢+a)/(1—2?)., 
The complete solution is then 


y=(sin-le~—a)j/7U—22)+(b—-1)z, 
a and 6 being arbitrary. 
94. Proposed by ALOIS F. KOVARIK, Instructor in Mathematics and Science, Decorah Institute,Decorah, 


Iowa. 


Find the minimum isosceles triangle that can be described about a given ellipse, 
having its base parallel to the major axis. [Ex. 16, page 166, Rice and Johnson’s Differen- 
tial Calculus. | 


Solution by GEORGE R. DEAN, Professor of Mathematics, University of Missouri School of Mines and Metallurgy, 
Rolla, Mo. 
The equation of the tangent to an ellipse in terms of the slope being 


y= me +7/(a?m? +62), 


the altitude of the triangle will be the intercept of the tangent on the y-axis plus 
the semi-minor axis or 6+ 7/(a?m? +6?), 

The base of the triangle found by putting y=—b in the equation of the 
tangent 1s 


—b—j/(a?m? +b?) 


mM 


The function of which a minimum value is to be found is accordingly 


[b+ y/ (a?m? +b*)]? 


mm 


The derivative of this function equated to zero gives after reduction 
atim+—38a2b?m? =0. 


The value of mis +b/a,/3, and a?m?+b2==4b?, 
The intercept on the y-axis is therefore 2b, and the altitude of the triangle 
is 30. 
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MECHANICS. 
NorEe.—Prize Problem No. 86, is open for solution as only one solution 
has been received, and that one is faulty. 


93. Proposed by WALTER H. DRANE, Graduate Student, Harvard University, Cambridge, Mass. 


A small rope, which is passed over a smooth pully, has attached at one end a weight 
of twenty pounds, and at the other end hangs a monkey, also weighing twenty pounds. Is 
it possible for the monkey to climb to the pulley, and if so, what will happen to the 
weight ? 


Solution by the PROPOSER. 


When a body is in motion, its weight is altered, becoming greater when 
the body moves upward, and less when the body moves downward, and this in- 
crease or decrease in weight is proportional to the velocity. By this principle, 
when the monkey starts upward with a velocity, ds/dt=—,4.Ft, where F is the 
force with which he raises himself, his weight is increased by an amount propor- 
tional to 4 /'t. This force reacts undiminished upon the weight (as the pulley 
is smooth) and as the mass of the weight is also 20 pounds it must also begin to 
ascend with the same velocity as the monkey. This in turn increases the weight 
of the weight until it equals that of the monkey, which counteracts the effect of 
the monkey’s increase in weight, and hence we have the result that monkey and 
weight will ascend with equal velocities. 


94. Proposed by G.B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


In aparallelogram ABCD, 7 D=f, AB=a, BC=b), the principal moments 
of inertia at the centroid are (,4-m)[a?+b?2+1/(a+—b*++2a?b*?cos2)]| and the 
principal axes at the same point make with the side CD an angle @ given by 
6b? 3in2/ 


tan26——_—____——___, 
an a*® +b2cos2f 


Solution by the PROPOSER, 


Let ABCD be the parallelogram, O the intersection of the diagonals AC, 
BD, and OX, OY be the axes. For integration we will transform to OX, OY’. 


2='mxy 
tan mx? — =Zmy? 


=m? —=moment of inertia about OX 


ha Lb 
==psing { (a+-ycos/)? dxedy—,pabsinf(a? +b? cos? ?)—,'5m(a? +b? cos? 8). 
—ia +b 


~~? 


b 


ba | 
2my* =psin§ 7 f f y? dady=iemb*sin® 3. 
ka 7 4 


wile 
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3a &b 
Snxy=psin 26 f f (x + ycosf)ydady=-smb?sin2/. 
—a —b 

b*sin2/? b?sin2f 


/, anise, Soo es 
tan2 a® +b? (cos®8—sin®8) a?--b2co0s2h 


Let A, B be the principal moments. 

.". Acos* 6+ Bsin? 6=),m(a? +b? cos??)...... 
Asin® 6+ Boos? 6=,'5mb? sin? @ Lees ( 

(1) +(2) gives A+ B=y'ym(a?-++b2). 

(1)— (2) gives A— B=, m(a? +b? c0s2/)sec24 


—=yymy“(a* + b4+2a7b?cos28). 


*, A==_p na? +b? +7/(a4 +b64+42a? bd? cos2/)]. 
B=3,m[a? +b? —1/ (at +b4 4 2a? b2c0s2/)]. 


DIOPHANTINE ANALYSIS. 


76. Froposed by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 
It is required to find four positive numbers such that if each be diminished by twice 
the cube of their sum the four remainders will be rational cubes. 
Solution by the PROPOSER. 
Let u, v, x, y be the numbers. 
Then u—2(u+o0+a2+y)3=a3/h3 (x+y+u+v)*, suppose. 
v—2(u+ov+a+ y)?==63/h3 (a+y+u+v)3, suppose. 
t—2(ut+o-+a+y)3—c8/h3(a+y+u+yv)3, suppose. 
s 
y—2(u+v+at+y)3=—d?/h? (a+y+tu+v)3, suppose. 


Adding we get 


utovtaety— S(utotapyra Te Tere (utovtet+y)>. 


Let a? + b8-+-¢8 +d3—=—h3, 
‘*utot+ot+y—9utovt+at+y)?. 
_bF4 2h? 8+ 2h8 sd 8 4-23 


*.utvtaoty=t. 


a8 +2n3 b+ 2h8 ch 2h 
~ OTh3”? The °° OFRs ? J O7Rs 


Let a=1, b=5, c=7, d=12, h=138. 
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Other values can be found for u, v, x, y. 


7¢. Proposed by JOHN M. COLAW, A. M., Monterey, Va. 


Find (1) three consecutive numbers whose sum is a cube, and (2) three consecutive 


numbers the sum of whose cubes is a cube. 


Solution by M. A. GRUBER, A. M., War Department, Washington, D. C. 
(1). Let n—1, », and n+1 be‘any three consecutive numbers. 
Then (1—1)-+n+(n+ 1)—8n—=a cube—27m?. 
Whence n—9m3. 


. ImF—1, Im, and 9n3-+-1 are the general expressions for three consec- 


utive numbers whose sum is a cube. 


cube. 


Take m1; then 8+9-+10—27=33. 

Take m=2; then 71+ 72+73—216=63; ete. 

(2). (a—1)? +n? +(n+1)3=8n? + 6n—a cube—27m3. 

Whence n?+2n=9m?. 

Put m=an; then n?+2n—9a3n?3. 

Whence n? +2903 n? ; and n?-=-2/(9a? —1). 

To obtain » integral, a must be fractional. 

Put a=1/); then n?=2b3/(9—b?), 

To avoid imaginary results, b<2,4. 

The only integral values that can. be assigned to b are 1 and 2. 
Take b==1; then n=3. 

Whence (— 3)? 4-($)? +4)? =(@)3. 

Take b=2; then n=4. 

Whence 82+ 43+53—63, 

This rs the only set of three consecutive integers the sum of whose cubes is a 


Fractional values of b give fractional values for n. 
When 6=0, n=0. 
Whence (—1)?-++0? +18—03. 


Also solved by CHARLES C. CROSS, JOSIAH H. DRUMMOND, ALOIS F. KOVARIK, NELSON L. 
RORAY, J. SCHEFFER, ELMER SCHUYLER, and G. B. M. ZERR. 


81. 


Cal. 


AVERAGE AND PROBABILITY. 


Proposed by LON C. WALKER, Assistant in Mathematics, Leland Stanford, Jr., University, Palo Alto, 


Find (1) the mean distance of all points on a side of an equilateral triangle from the 


opposite vertex; and (2), the average length of a line drawn at random across an equilat- 
eral triangle. 
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I. Solution by the PROPOSER. 
1. Let each side=a of the equilateral triangle ABC delineated in the an- 
nexed figure. Then its altitude CD=}a,/3. 
Put DP=z, then CP=1/(a%? +a’). 
Hence the required mean distance is 


5a 
f / (2? +40? )da 
u—* -=}a(2+8log,/8). 


1 
j, & 
0 


2. Suppose HF the random line. Draw GB parallel to EF, and CHK 
perpendicular to BG. Put CH=«2 and /CEY—4. Then 


Pp v81N 4 7 
sinfsin(47-+-4) 


CK=asin@, and the required average length is 


0 


dor asiné 
{ dlda 


“0 * 0 


lg asiné 
f f asin} weosecfcosec(ia-+A)dida 
0 

[L== 


i 
3 


=a sini wsin/cosec(4a+4)dA== ta [j/38-—-8cot(4a7+4)] d= 474,73. 
0 


0 
II. Solution by G. B. M. ZERR, A. M.. Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester. Pa. ; 
(1). Let AC=20, Dk=z. Then AD=a,/3, Ah = (8a? +27). 


f } (da? +2? )dx 
0 


1 4 
0 
. M= —- —— { 1/ (8a? +27 dx, 
a (J 0 
{ dy 
7? 0 


J. M==4a(44+4 8logs). 
If we regard “ DAE= 6 as the variable, 
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(2). Let FG be the random line, AH==x%, DG=y. 
Then FH=}\/ 32, PG==y/ [(ay/8—2)? +(y—1482)?=. 


ay3 


ldedy 


A ==average length== 
ay3 
5 sf. dady 
1 ay3 (a 
=aal, Sov [Cay/8—a2)? +(y—4y 3x)? |dxdy 


1 


ay3 
= Le —7 9 a / 2 / __° va: 9 
aaa , Ea 3—w)? +4,/[9a? +-(4r— 3173 a)* | 


1/1 9a? + (4a--387,/8 a)? ]— 2a 
— 6(a1/8—2)? log( 1 [9a ae aj") 40 ) Jar. 


A =(a/16)[6+ 21/34 4log3 4+ log(3 + 247 3)]. 


82. Proposed by B. F. FINKEL, A. M., M. Sc., Professor of Mathematics and Physics, Drury College,Spring- 
field, Mo. 


Find the average area of the quadrilateral formed by joining the extremities of two 
chords perpendicular to each other and passing through a point at adistance a from the 
center of a circle radius R. 


Solution by G. B. M. ZERR, A. M., Ph. D.. Professor of Mathematics and Science, Chester High School, 
Chester, Pa.; and the PROPOSER. 


Let A=average area, “/ BPC—0, P the given point, C the center of the 
cirle, CP=a, CB=R. 

CasEI. a<kh, CG—=asin§#, CF—acosé@. 

', AB=2)/ (h2—a’sin?4), DE=2,'(R? —a’? cos? 8). 

Area ADBE=2,/ [(h? —a?sin?4)(R? — a? cos? 4) | 
=2h* ;/[(1—e*® sin? 4)(1—e*? cos? @)] where e?=a?/R®. 


lap 
at 


A=2Rh? Jv ‘[(1—e? sin? #)(1—e? cos? 4)] anys da 


=F (Q e” ) (5° mt i). 


(See page 856, No. 10, Vol. I, for-above integration. 
CAsE II. a>Randa<hy 2, PF=acosf, PG=asinf. 
PB=acos6+ {/(R? —a*sin®6), PA==acosd— ,/(R?—a2sin? 9), 
PE=asind+ 1 (hk? —a’sin? 6), PD=asind— / (R? —a* cos? 4), 
Area ABED=3}( BP.PE--AP.PD) 

=aly/ (RR? —a’ sin? @)sind+1/(R? — a® cos? A)cosf], 
The limits of 6 are 37—sin—1(R/a)=6" and sin—(R/a)=". 


@’ 9 
A =aR{ [1/1 —e*sin*A)sino-+4/(1—e2 cos*0ycos}d0/ f do 
9" 9" 


aR 


== ——_____—__] siné")/(1—e*? cos?’ 
Time L v (—elcos'”’) 


—sind’”’;/(1—e*® cos?0") —cos0’;/ (1—e?sin? 0’) 


+cos0"")/(1— e® sin? 6”) 


+ 


1—e* log (on + 1/(L—e? cos?) 
esinf” + 1/(1—e* cos? @’) 


1—e? lo (ecos#' + 7/(1—e? sin? @’) 
\ecos0" + y/ (1—e?sin? 6") |. 


But sind’==cosd"=R/a, sind’ =cosd’=|,/(a?—R*)]/a. 
e?sin? 4’==e2cos?A"=1, e®sin® 6" ==e? cos? ’-=[(a®? —R?)/R? ]=—e? —1. 
Whence by substitution and reduction we get 


RP? i+y (2—e*) 
~ Qsin-\(R/a)— iaL¥ (=e?) +U— e* log e(— y/ (e?—1) )] 


83. Proposed by F. P. MATZ, M. Sc., Ph. D., Professor of Mathematics and Astronomy, Irving College Me- 
chanicsburg, Pa. 


Find the average area of all ellipses whose semi-axis major is a. 


I. Solution by J. W. YOUNG, Fellow and Assistant, Ohio State University, Columbus, Ohio. 


The area of an ellipse whose major-axis is a, and whose minor-axis is), is 
zab. We must find the average of all possible values of this expression as b 


varies from zero to a. 
J bdb 


', Average required==- —= 37a", 


--3 the area of the circle whose radius is the major-axis of the ellipse. 


II. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


1. Let e=semi-conjugate axis. Then average area 


a 
f eda 
0 


== 7 (———— = 37a" = 1.5708a". 


ew 
f ax 
0 
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2. Let e=eccentricity. Then area==7a?;/(1—e?). 


fy a-e) 
0 


.. Average area=7a" —=47" a? =2.4674a?. 


1 
f, 
0 


eS 


MISCELLANEOUS. 


73. Proposed by CHAS. E. MYERS, Canton, Ohio. 


In an ice cream freezer, cream of a homogeneous character and at the uniform tem- 
perature of 60° Fahrenheit is put into a cylinder having a closed base, and the whole put 
into a freezing mixture so as to subject the base and convex surface to a constant temper- 
ature of 30° Fahrenheit. Required the temperature at any point within the cream after 
the expiration of a given time. [From Higher Mathematics.] 


No solution of this problem has been received. 


74, Proposed by S. HART WRIGHT, M. D., A. M., Ph. D., Penn Yan, N. Y. 


The longest diameter of a horizontal ellipse is (B=2a=6 feet. Its shortest diame- 
ter is HF=2b=—4 feet, their intersection being at D. Find in an indefinite vertical plane 
passing through CB, a point A=5 feet=c from D, the ellipse being seen from A as a circle. 


I. Solution by the late B. F. BURLESON, and the PROPOSER. 
The eye being at A, and the ellipse being projected as a circle, CB and 
EF subtend equal angles at 4, or /HAF=/ BAC. Pro- 


duce DC to G, A being vertically over G, and put CG=—zx, 
and GA=y, and / ADC=$¢==angle of elevation of A. 


Then y=7/[ce? —(a+2)?]...... (1). 
AB=;/[(2Qa+2)? +y?] ..... (a). 
sin / ACG=sin / ACB=y/\/ (a? +y?)...... (3), and tan7 EAD=b/c ....(7). 
~. sin / HAF=sin / BAC=2de/(b? +¢?)..... (d), 


From A BAC we have the proportion, AB: sin7 ACK :: BC: sin7 BAC. 


| Qbey/[Qa-+e)?+y2] ay Q 
. be = Tt ). 


cy [(c4#—a*b?)(a?—b*)|—a 
a(c? —b*) 


Resolving (1) and (2) we have v= 


== jg / (2945) —3-=1.30697255 feet. 


bc(c* —a?) 
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, b(c? —a*) 
— sin (sin 32)—-380° 81 3852". 

? a(c? —b2) eB) . 
II. Solution by J. W. YOUNG, Fellow and Assistant in Mathematics, Ohio State University, Columbus, Ohio. 


If the ellipse is seen from A asacircle, 7HAF=/CAB, This relation 
enables us to calculate the codrdinates of the point A, in the vertical plane 
through CB, the origin being at D, and CB being the axis of zx. 


tan? / FAF==b/c. 


Also let AC=q and AB=p; CB=2a. 


(s—p)(s—q) ) 
s(s—2a) 


where s=2(p+q+2a). 


| 
Then tans / CAB=./( 


Since / HAF= / CAB, we have, after reducing, 


be Aa? —(p— 9)" 41) 


ce (p+q)? 4a? 


Now, since AD==c is the median of A ABC, we have by a common trig- 


onometrical formula, 
2c2==p* + q? —2a? or p? +q* =2(a? +67). ..... (2). 


From equations (1) and (2), we obtain 


=o 
p+q=t2 ; pr g=42e (FS 


Now, to obtain 7 and y, we have the relations, 


(a--a)* + y?=p*, (aa) +a? ==q’, 


p® —q’ 
da 
Substituting from above, we have 


from which x== 


EO re ene pd\(h2— a2 ___, bela? —c*) 
a(b? —c?) Vv [Ca b C )(b a I, YX a(b?—c?) . 


i omen 


In the special case given, where a=58, b==2, c==5, we have 


w==+4.381 feet, y=+2.54 feet. 


Nore.—Other solutions of this problem will appear next month. 
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PROBLEMS FOR SOLUTION. 


ARITHMETIC. 


126. Proposed by G.B. M. ZERR, A.M.. Ph.D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Bought 150 head of stock for $300, paying for each kind $22, $18, and $8, 
respectively. Find number of each kind bought. 


127. Proposed by P.S. BERG, A. M., Principal of Schools, Larimore, N. D. 

A man borrows $1000 of a Building and Loan Association, and at the same time sub- 
subscribes for 10 $100-shares of stock. A membership fee of $1 per share is charged. At 
the beginning of each month an installment of $1 per share is paid, also 5% interest and 5% 
premium on the $1000. The stock matures in 75 months and the debt is cancelled. What 
rate of interest does he pay per annum ? 


x*y Solutions of these problems should be sent to B. F. Finkel not later than April 10. 


ee 


GEOMETRY. 
188. Proposed by JOHN M. HOWIE, Professor of Mathematics, The Nebraska State Normal, Peru, Neb. 
kK is the middle point of any chord AB of a given circle. CDand HF are any two 


chords passing through K. CF and FD intersect AB at Mand N, respectively. Prove that 
KM equals KN. 


139. Proposed by B. F. FINKEL, A. M., M. Sc., Professor of Mathematics and Physics in Drury College, 
Springfield, Mo. 


If x*-+y?=1 [# and y being points corresponding to complex numbers], 
prove that 2 and y are at the ends of conjugate radii of an ellipse whose foci are 
+1. [From Harkness and Morley’s Introduction to the Theory of Functions. | 


140. Proposed by J. OWEN MAHONEY, B. E., M. Sc., Professor of Mathematics, Central High School, Dal- 
las, Tex. , 
Having given two points on a range and a point that bisects the distance between 
two other points that form an harmonic ratio with the given points, give, if possible, a ge- 
ometrical construction for locating the other two points. 


yx*y Solutions of these problems should be sent to B. F. Finkel not later than April 10. 


MECHANICS. 


——_ 


103. Froposed by G. B. M. ZERR, A.M., Ph.D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Given the lengths a, b of the sides of a parallelogram, the direction of side 
a, and the position of the centroid. Prove that the locus of the foci of the el- 
lipse of gyration at the centroid is a Cassinian Oval, having its foci distant a/2,/3 
from the centroid, and the constant product of its focal distances equal to {),b?. 


104. Proposed by F. P. MATZ, M. Sc., Ph. D., Professor of Mathematics and Astronomy in Irving College, 
Mechanicsburg, Pa. 
From a locomotive and tender standing still on a bridge, the pressure on 


the bridge is p,—80 tons. The track is supposed to be straight and practically 
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horizontal. Had the locomotive and tender been running at the rate of r=—60 
miles an hour, how many tons would the pressure on the bridge have been ? 


xy Solutions of these problems should be sent to B. F. Finkel not later than April 10. 


AVERAGE AND PROBABILITY. 


91. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Six points A, B, C, D, FE, F are taken at random on the surface of a sphere. Find 
the chance that the plane through A, B, C intersects the plane through D, #. / within the 
sphere. 


92. Proposed by F. P. MATZ, M. Sc., Ph. D., Professor of Mathematics and Astronomy in Irving College, 
Mechanicsburg, Pa. 


A circular field, radius 7, is divided into four equal parts, by concentric circles and 
three concentric rings. From the center of this field are fired at random, and with such a 
velocity as not to produce a range greater than the radius of the field, m=1000 projectiles 
of the same kind. How many projectiles should have fallen into each one of these four 
equal parts of the field ? 


y*y Solutions of these problems should be sent to B. F. Finkel not later than April 10. 


EDITORIALS. 


Mr. W. D. Cairns has been appointed to an instructorship in mathematics 
in Oberlin College. 


A fac-simile reprint of Legendre’s Theorie des Numbers has lately been 
issued by A. Hermann, of Paris. 


Among the lecturers before the students of the College for Women of the 
Western Reserve University, is Prof. E. S. Loomis, Teacher of Mathematics in 
the West High School of Cleveland, Ohio. Prof. Loomis’s lectures are on Fun- 
damentals in the Teaching of Arithmetic, and Essentials in Teaching Algebra. 


BOOKS AND PERIODICALS. 


Elements of Precise Surveying and Geodesy. By Mansfield Merriman, Pro- 
fessor of Civil Engineering in Lehigh University. 8vo. Cloth, 261 pages. Price, 
$2.50. New York: John Wiley & Sons. 


The work begins with an elementary treatment of the method of least squares, de- 
veloping the theory of the method in such an elegant and lucid way as to be clearly com- 
prehended by a beginner. Many examples are solved to illustrate the various principles 
as they are developed. One not familiar with the Law of Probability of Error, and the 
Method of Least Squares and desiring to get a working knowledge of the subject needs 
this book. Chapter II treats of Precise Plane Triangulation in which is applied the Meth- 
od of Least Squares for the correction of measured magnitudes ; Chapter IIT treats of Base 
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Lines; Chapter IV, of Leveling; Chapter V, of Astronomical Work, in which is treated the 
Precise Measurement of Latitude by various methods; Longitude, Azimuth, and Time; 
Chapter VI treats of Spherical Geodesy. This subject is introduced by a brief but very 
interesting history of Geodesy, beginning with the earliest times and bringing it down to 
the present time. Chapter VII deals with Spheriodal Geodesy; Chapter VIII, Geodetic 
Coordinates and Projections, including the various map-projections ; Chapter IX, of Ge- 
odetic Triangle; and Chapter X, on the Figure of the Earth. This last chapter is full of 
interest, as the various assumed forms of the earth are discussed briefly. These various 
forms are the Spheriod, the Ellipsoid, the Ovaloid, and the Geoid. The book is one of the 
highest interest and importance not only to engineers but to mathematicians as well. 
B.F. F. 


Statistical Methods with Special Reference to Biological Variation. By C. 
B. Davenport, Instructor in Zodlogy in Harvard University. 16mo. Morocco, 
185 pages. Price, $1.25. New York: John Wiley & Sons. 


This work is intended especially for Botanists, Zodlogists, Anthropologists, Anatom- 
ists, Physiologists, and Psychologists who are interests in the quantitative study of species 
and of organic variation. It will also be of service to Economists, Sociologists, Meteorol- 
ogists, and practical Statisticians. It treats in simple language, and for the most part 
without the use of mathematics beyond the elements of algebra of the statistical methods 
elaborated by Galton and Pearson. The mean, mode, probable error, index of variation, 
the coefficients of correllation and heredity are defined and the methods of getting them 
explained. The treatment of curves of the different classes, normal, skew (of three types), 
compound, and multimodal, is made clear. The work is a complete handbook, for it con- 
tains tables of reduction from English to metric units; squares, cubes, roots, and recipro- 
eals of numbers from 1 to 1000; six-place logarithms of numbers and circular functions ; 
table of gamma functions, etc. The table of using each table is fully explained. There 
have been added also some pages of cross-section paper, a metric scale, and a protractor. 
The book contains 31 figures, is of pocket size, and is bound in morocco. B. BF. F. 


Transactions of the Amervcan Mathematical Society, Edited by Drs EK. H. 
Moore, EK. W. Brown, and T. 8S. Fiske. Published quarterly by the Society with 
the codperation of Harvard, Yale, Princeton, Columbia, Northwestern, Cornell, 
The University of Chicago, Haverford College, Bryn Mawr College, and the Uni- 
versity of Califonia. 


The first number of the first volume contains the following articles: Conies and 
Cubics connected with a Plane Cubic by certain Covariant Relations, by H.S. White; For- 
menthoretische Entwickelung der Herrn White’s Abhandlung uber curven dritter Ordung 
enthallenten Sitze, by P. Gordan; Sur la définition générale des functions analytiques, d’ 
apes Cauchy, by E. Goursat; On a Class of Particular Solutions of the Problem of Four 
Bodies, by F. R. Moulton; Definition of the Abelian, the Two Hypoabelian, and the Relat- 
ed Linear Groups as Quotient-groups of the Groups of Isomorphisms of Certain Klement- 
ary Groups, by L. E. Dickson; Note on the Unilateral Surface of Moebius, by H. Maschke ; 
On Regular Singular Points of Linear Differential Equations of the Second Order whose 
Coefficients are not necessarily Analytic, by M. Bocher; The Elliptic Sigma-Functions con- 
sidered as a Special Case of the Hyperelliptic Sigma-Funetions, by O. Bolza; On Groups 
which are the Direct Products of Two Subgroups, by G. A. Miller; On Certain Crineckly 
Curves, by E. H. Moore; A Definition of the General Abelian Linear Group, by 
L. Kk. Dickson. BL. EF. F. 

Annals of Mathematics. Published under the Auspices of Harvard Univer- 
sity. Issued Quarterly. Price, $2.00 per year in advance. 

The January (1900) number contains the following: On Three-Dimensional Deter- 
minants, by E. R. Hedrick; On Tide Currents in Estuaries and Rivers, by Ernest 
W. Brown; Note on Netto’s Theory of Substitution, by Dr. G. A. Miller; A Method of 
Solving Determinants, by G. Macloski; The Development of Functions, by 8. A. Corey ; Tl- 
lustrations of the Elliptic Integrals of the First Kind by a certain Link-Work, Dr. Arnold 
Emeh; and Problems in the Theory of Continuous Groups, by Chas. L. Bouton. 

B.F. F. 
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ON THE TRANSCENDENTAL FORM OF THE RESULTANT. 


By DR. E. D. ROE, Jr., Elmira, N. Y. 


(A paper presented December 28, 1899, at the meeting of the Chicago Section of the American Mathemat- 
ical Society. )* 


I. DERIVATION AND PROPERTIES. 
§ 1. INTRODUCTION. 


The writer was incited to the following investigation by portions of letters 
written by Professor Gordan to M. Hermite and himself. Under date of October 
17, 1898, in a letter to the writer Professor Gordan says: ‘‘Ich habe die Unter- 
suchung der Resultante weiter verfolgt und die Formel gefunden, sie durch Po- 
tenzsummen s der beiden Gleichungen auszudruecken. Ich habe sie nach Paris 
gesandt, wo sie demnachst in den Comptes Rendus erscheinen wird. R sei die 
Resultante der Gleichungen 


fee" +a,c" 1 +a yum-2 +, 
1+¢=1+),2+b, 0? +...... 


Die s, (a) sind die Potenzsummen der Wurzeln a der Gleichung f und die s, (bh) 


f 


~— 


*The writer wishes here to acknowledge his obligations to Prof. H. S. White for presenting this 
paper and for subsequent criticisms for the revision. He wishes also to thank Prof. M. Bocher 
for friendly criticism. 
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dieselben Functionen der b. Die Producte der s bezeiche ich durch S: 
Sy =(s,,)?1(8,,)2... und fuehre die Zahl] ga ein, gx =(A,)Pr(Ag 2... Pil eel... 
Ks ist dann: 


R— pi hers, (a) S, (bd). 
. A 


Die Summe erstreckt sich ueber alle 4, e, fuer welche 


2 Pr treo te...) Smn 
ist. 
Aus diesser Formel kann man leicht die Entwickelung der symmetrischen 
Functionen 


DA "TA g2Qg"8.. 6... =f Bre pPBrg seers 


sowohl als ganze Function der s als auch als ganz Function der Coefficienten a 
ableiten. In der Formel 


(44 My 900+ Hyr, | hey Hag. +++ Hav, | 31 %gq-++- Hav, | -+--)s 


In ihr bedeutet der Klammerausdruck das Product(v, —-1)(v,—1)!(¥3,—1)! 
. und die 7 sowohl die Anzahl gleicher Zahlen in Combinationen %, %,,.... 
als auch die Anzahl von Gleichen Combinationen. Die Summe erstreckt sich 
ueber alle Combinationen der Zahlen %,%,.....%, bei denen die %, + %y,— %u,-- 
—=/, sind. In der Formel 


Bu-Brz e+ ++ Be, = 21 trterteet Hye -e+ | My Mages Up Oyge ess My, 
lassen sich die Coefficienten 2,%,.... | M,M,.... mittelst der Forme] berechnen 
s 1 
UU... | My Mg... == ga Fila aie | %y,Ho—---- | ----) 
(Mytbae +++ | MorMeageeee | eee) 
WoO die€ Ke,Ko,-+++HMo,Mo,++ ++ Combinationen der x und mw darstellen, welche durch 
die Relationen ver knuepft sind %,,+%,,+....—=Me,+tMe, ++... =e. 


Sie sehen in beiden Fallen geschieht die Berechnung durch independte 
Formeln und nicht durch Recursionen. Mit eineger Uebung genuegen bis zum 
Grade 8 diese Formeln zur Berechnung eines Coefficienten ca 3 Minuten. Recur- 
sionsformeln sind nicht mehr noethig.”’ 
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It was not until November, 1899, that opportunity was found to look over 
the letter to M. Hermite (Comptes Rendus 127, 1898, page 5389). On examina- 
tion difficulties were found in it, which the writer in a letter, November 9, 1899, 
stated to Professor Gordan, together with a sketch of proposals for their removal. 
The privilege of publishing the letter of October 17, 1898, was also asked. In 
reply November 21, 1899, Professor Gordan wrote as follows: ‘‘Ihre Behand- 
lung der Aufgabe ist richtig und stimmt im Wesentlichen mit derjenigen ueber- 
ein, welche ich in Muenchen vorgetragen habe. Meine Arbeit habe ich vor ca 6 
~Monaten an die Annalen gesandt, sie ist aber noch nicht gedruckt ; sobald diess 
geschieht werde ich Ihnen ein Exemplar senden. Wenn sie selbst etwas dar- 
ueber schreiben wollen, so wird mich das sehr freuen. Mine Darstellung in dem 
Briefe an Hermite war noch unreif; ich habe sie seither verbessert.”’ 

The writer has not yet received a copy of Professor Gordan’s Munich 
paper, and what follows is substantially the elaboration of the sketch sent to 
Professor Gordan November 9, 1899. The working out of his results is given in 
much more detail than was needed in the sketch. 


§2. THE FUNCTIONS f, @, ¢. 


The functions 


faa" ta om} ol. ban... ... (1) 

o=ax" +b, am™I14+-.... bn... (2) 

P=1+b, 7+ ....40n0"...... (3) 
are three integral functions of the mth and nth degrees, respectively. Let the 
roots of f be @,, @,, ....@m, and those of @, %,, ®, ...-fn, then the roots of ¢ 
are 1/8,,1/2,, ....1/Pn, 4. @., the roots of % are the reciprocals of roots of 9. 
We have: 

(=(1—-f8, x) 1-87)... (1 — Bar)... (4). 


§3. THE EXPONENTIAL FORM OF ¢. 
=n 
By developing logw== 2 log(1—j,x)...... (5) which we may always cer- 
i=l : 
tainly do, so long as we take z to satisfy the inequality mod($x)<1, where § de- 
notes that root for which mod(/)Zmod(j;), we get 


T= 


log¢g=— = (1/r)s,Cb)a” Lee ee (6) 
r=1 


where s,(b) denotes the sum of the rth powers of the ?;’s, or we may write 


T= 


— 2 8,.(b)x” 
Wa) —e 2 (1/1) (b)x 


for values of x satisfying the inequality mod(z)<mod(1/(), and this is the expo- 
nential form of ¢. 
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$4. THE RESULTANT OF f AND ¢). 


If we choose those functions f, whose roots satisfy the inequality 
mod(a)<mod(x#)<mod(1/), where @ is that root for which mod(a)2mod(a,), 


then d(a;)=e 2 C/nsr(b)as , and the resultant of f and oon d(a;), becomes 
i=1 
—~ 3 U/ns, 
R==e = C/r) sa) sn(0) tees (8), 


where s,(a) denotes the sum of the rth powers of the a,’s._ The formula (8) is 
the exponential form of the-resultant of f and ¢, and it has been shown that it is 
true for such functions f and # which are so related that the inequality mod(a) 
<mod (1/8) is satisfied. 


§ 5. THE EXPANSION oF R. 


If we expand the exponential form given in the last section we obtain : 


r= > aoe (2 a7) (oa. 0) ) oe. (9). 


v=0 


By the multinomial theorem, 


vy | ; 
(= 2 (1/2) (a8 (0) ) = > pdghrrep Taster BMP (MnP OD 8rgPCa)angPe(B) 
where p, pot. ...==V, hence, 
' _ (— ] jer tPet se aee . . 
R= 27 XPik Pt... .p,! pal... (8, (@)8,,(B))Pr(8,,(@)8,, (0) )P2 te eee (10). 
yp 1 “9 ee 1 oso 8 @ «@ 


We shall call this the transcendental form of the resultant. And we here 
add, this remark: Though the previous developments upon which (10) depends 
have not been shown to be true for all functions f and ¢, yet when the left mem- 
ber & and the symmetric functions s,(a), s,(b) are replaced, for admissible func- 
tions, by their values in terms of the a’s and b’s, the relation (10) is seen to be 
an identity in terms of the latter, and therefore true for all functions f and ¢. 


§ 6. COMPLETE GENERALITY OF THE TRANSCENDENTAL FORM. 


From the foregoing sections it will be observed that the transcendental 
form of the resultant is precisely the same in terms of the s’s for every binary 
resultant whatever. In obtaining the transcendental expression for R, we stated 
it is true with forms fand # of the mth and ath degrees, but we should have 
come precisely to the same transcendental form in terms of the s’s, if we had 
used functions of any other degrees. This is the reason why we omitted to af- 
fect the symbol # with the subscripts mand n. The transcendental form expresses 
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all binary resultants formally in the same form, and 1s a universal formula compre- 
hending them all. It is the most general formula for binary resultants. 


§ 7. THE FINITE FORM OF THE RESULTANT. 


As the resultant R»» of two forms of the mth and nth degrees of the form 
f and @, must contain terms of weight mm in the a’s, but no terms of higher 
weight, it follows that the terms of the transcendental form of weight greater 
than mn, taken together are, by the remark of §5, identically equal to zero, when 
the s’s are replaced by their values in terms of the a’s and b’s, though this will 
not appear explicitly or formally in terms of the s’s,* and for the finite form we 
have, | 


(— 2 ai sone 


A Ptr, P2. -p1! Po se ewe 


Rna=22 (8,,(@)8,,(B))?2(8,,(@)8,,(0))P2. 2. (11) 


where the summation is to be extended over all values of the 4’s and p’s for which 
hi, t+hePot-.. mn. 


Example: Let fo-w®? +a,¢+a, 
g=a+b, 
g’—=1+),2. 


By the preceding formula or directly by elementary methods we find 
Ry, p= Ro, 1=1—s8,(a)s,(b)+3(8,(a)s ,(0)}? — 285 (a)8_)b). 


The resultant of any two binary forms may be expressed in this manner 
by (11), for it is only necessary to supply for the s(b)’s those s’s which belong to 
the form whose roots are the reciprocals of those of the given second form. 


§8. GENERALITY OF THE FORMULA (11). 


The form (11) which we may write, by using Gordan’s abbreviations, 


R > (-—1)Pi teat... 5 4 0 
mn ET hep hpgl ives 88 Sa (B) 2) 
with 24,9, +4gp.+....Smn, represents formally all resultants R,,», for which 


pv==mn, in terms of the s’s in precisely the same form ; therefore it is still a very 
general and elastic form. In order to make it definite. one substitutes for the 
s’s their values in terms of the a’s and b’s for definite equations whose degrees 
m,, n,, satisfy the condition m,n,—mn. Then it represents a definite resultant 
Rm,.n, of the given kind. | 

Example: Rjy1, Rij, Rs, 4, Rs, 3, Re, 6, and fg, all have formally the 
same expression in terms of the s’s. 

The expression for R»,» will represent something which is not at all a re- 


*And as Professor White has suggested, it is also well to state, what is involved in this, that all 
terms of the same weight beyonce those of w weight mn, are seen to vanishidentically by themselves, when 
the s’s are replaced by @’s and 6’s 
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sultant (something more or less than a resultant) if values of the s’s in terms of 
the a’s and 6’s are substituted which belong to equations where m,n, not equal 
to mm. In consequence of this the symbol Ry», includes not only resultants but 
also other expressions not resultants. We use the symbol in the following sec- 
tion in the enlarged sense. 


§9. PARTIAL DIFFERENTIAL EQUATION WITH RESPECT TO THE 8’8. 


If we differentiate the form 


of (11) partially with respect to s,,(a), we obtain 


OR —])PrtPet ...-. (pr—1)-+.... 
hye (= 1) 8.(8) = to! to 
8y,.(@) ApPrhgP2. APP oyl pat... (Pp—I1)!.... 
(8,,(0)8,,(b) Pr... (8x (4)8,(D) "Eo (13) 
With 24,9, +4.p,+....Smn—A,, and hence our equation is 


. OR ; ho , 
Fe (ayn 1)s,,(b) Rm, n', With m’'n'’=mn—A,. 


By repeating this process until we have differentiated p, times we get 


i280" Rom, mn 
dy?) 


(—1)?"s,,P"(b) Rim’, mie eee (14) 


where m’, n’=mn—A,p,, and in a similar way we obtain more generally still, 


OPitPat.....- R 
—1)Pid pst... A,Pih Po... mms, Pig, Pt... Rint ieee. 1) 
(—1) ce OS, PrO8yP?.... SA TSA mam 1) 
m'n'=mn— (A, 0, +4ove tf... )eeeee (16) 


where the differentiation may be distributed between the s, (a)’s and the s, (b)’s, 
and fm’, may under certain circumstances be a resultant. 
OR , ; 
Examples: 1. Fas(ay on B82) Br, » , Where rr’=4, but &,, » is neither 
2 
the resultant Ay, 1, nor Re, 2; the presence of terms s, (a) where 4>1, which must 
contain 6, prevents the former; the presence of terms s, (a) where 4>2, which 
must contain a, prevents the latter, 
OR ; 
Fa fay 8b). ~ , Where r7’==1, and here R,, » =A, 1, is the re- 
sultant of c+a,, and 1+6,2. 


§ 10. DIFFERENTIATION OF THE TRANSCENDENTAL FORM. 


The same differentiation applied to the transcendental form (10), or what 
is the same thing (as is seen by performing the differentiation in both cases) to 


the exponential form (8) is questionable. By (8) we have Rae = 1/8 a) (0). 
Differentiating with respect to s, (a), 
AOR — 2(1/7r)s,(a)s,(d) Ok 
————______ == ( —~ “8 A—-———— =(—1)s, (bO)R ..... 
ds, (a) ( l)e Sy (b), or ds, (a) ( 1)s) (b)R (17), 
with a corresponding formula 
ttPat wee 
(—])Pitpet vss RG Prd, Po Lae Op TF f 8) ,P18),P2....8 Lee ee (18) 


08) PrO8y,Pr. 


for the repitition. If (18) is allowed to stand it must be with the undeftstanding 
that it is the universal type of all differential equations of the kind, that the R 
involved is the transcendental form, and that in any particular case such values 
in finite form must be picked out from the infinity of values which R admits, as 
will throw the indefinite form of (18) into that of (15) by which (18), if at all al- 
lowed, must be interpreted and explained. 


IT. APPLICATION TO SYMMETRIC FUNCTIONS. 
$11. THE GENERAL TERM IN THE EXPANSION OF 2a,"1a@,"....@,*"»., 


1. In Terms of the s’s. 

In terms of symmetric functions, the resultant Ry,» of f and ¢ consists of 
terms of the form by, 0x,...-0 ¢,2@,"Mo%....a,%. Onthe other hand we may 
express Rm» by (11) as a sum of terms of the form 


Tidy aap Pipher c cpg F 8bO 8x6) «8 (4)80, (0) 840M). «8a CB). (19) 
“a%Q2 220 °6% whys Pa--- + PKs 


by slightly changing the notation, », being the number of 2’s equal to 4,, », the 
number equal to 4,, etc, and the summation to extend over all values of the i’s 
for which 2,+4,+....4,<mn. In the term of Rp», n, as so expressed, we pick 
out the portion containing by by, ... de , from the product s,,(b)s,,(b)....8, 62), 
and obtain 

(1)? tempat «.... Cy, On De, - = Oe , 8, (@)8,(@)... 8) pha) 
where %,+%,+....¢, =A,+4,+....4,. By Waring’s formula, 


T,-+T ee Ty (7, +7 22. Tr—l)l, 7 T T 
8,,(b)=A,2(—1) rT ” (Ti Tet. +++ Tral)! b, 1 be 2 b, 
T,! T!....T,! 
with 7,+27,4+....T,==4,. Among the terms of s),(b) is 
a OAD Der. . «Dery 
T,!T,!.... 
where %,1, %p..... form a set of numbers found among %,, %5, nH, , and T, 
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of the set are equal to %,,, Tz tO %p9, etc., and where %,, +%pot.... Hp, =p. In 
the same way from from r—1, to r=y, we obtain from pm sets with y,+72+.-.- 
yu. =v, similar factors, and therefore a term containing by.by,.... De , in (19) is 


fo itPot.... V 
.— DP yy HN (7p — Dee (%q — D5, (a) 8 62) Bx, Begs Oe,» (20) 


Pl Pagl....T,! Tel... 
In like manner other decompositions, if there be such, of the 7x’s into pu 
sets, where the sum of the sets is equal to 4,, 2,....4, respectively, will give 


similar expressions, and the entire coefficient of De Deg s -De 8a,(@). - 8a yb) will be 
(—1)Prtpet..... Pe tv 
PiPol.-Pe! T,!Tel tpl... 

Another term Su,(@)8u,(@). 2. Su (Cb De Deg» De , will have a coefficient 
similarly formed, etc. Equating the terms in both developments of Rm n which 
contain Dy Dy... Dy , and dividing out this product, we have, 

2 OK AY vy (1) trite ts Pe Oy Sy (a)... (22). 

It will be seen that this formula agrees with that given in Fad di Bruno’s 
Binare Formen, page 8, except that the terms are grouped differently in the sum- 
mation, formula (22) grouping the terms with respect to the numerical values of 
the subscripts of the s’s, the latter grouping them with respect to the number 
of elements entering into a combination to form the subscript. The coefficient 
(—])rtertpat..... Cy, « Of (21) is the coefficient of the general term S, (a) in the ex- 
pansion of 2a," a,.**....@,*v in terms of the s’s. 

2. In Terms of the a’s. 

By using the preceding formula (22), we easily obtain a formula for the 


——(¥, =1)M(vg—Dh.(% — DL (— Lyte Oy, ge (21). 


expansion of 2a ,“ra,"....@,*v in terms of the a’s. We have 
Ty tTot....Tm (7,47 Tm— 1)! T T T 
8y,.(a)==A,2(—1) ITT. T.. ( pers Tma Tl Q, 1 Ay 7% 1... 
T,! Tl... Tal 


with 7,+27,+....mT,=-A,. Among the terms of s,,.(a) is 
(—1)71,(0,—1)! 


H,!Ho!....H%,! Mes Trg s+ «Care, 
where My, + Mra... Mro, =p, the %’s are for repetitions in the a’s, O,+to,+.. 
O,=6, and Mp,, Mry.... are found among fy, My, ....Ug: similarly for other 
factors. Then aterm in (—1)’+Pitest ...-. Cy, «Sy (a) containing a, ++ Gy, 18 
(— 1 yore tert Pat veeee 
Ak 
1 9 eee 
ln to et (O,—1)1(G_ —1)!... (6, —Dlay ayy... dy eee ee. (28). 

The sum of all numerical coefficients of the form contained in (23) is the 
complete coefficient of a,,a,,....a,, in the expansion of 2a,"a,%....a,*v and 
this in his notation Gordan expresses as 

S : PN 
2 (—1)tteteitpet.... ara CEL | %o1Hog---- | oe) 
1° 9 ee @ w « 
CH Myas ses | MoyMoge eee | cree )eceee. (24), 


By means of this formula the general coefficient in the expansion of the bi- 
nary resultant in terms of thea’s and b’s can of course be independently expressed. 


Elmira, New York, December 19, 1899. 
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INTEGRATION OF ELLIPTIC INTEGRALS. 


By G.B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, Chester, Pa. 


|Continued from December Number. } 


f° sin4 Acos4 dd —{" sin? dcos46d0 ih sin? @cos &édé 
0 yll—e’sin?é] Jo 4/[1—e?sin?¢] 0 V[1—e?sin? 6] © 


*. From (12) and (19) by substitution we get, 


i sin’0cos*¢do 


» Timatsintoy = TopesltS— 1286? +103e4— 1508) He, 4) 


—4(12—38e? + 41e4—15¢6) Fle, s7)]...... (20). 
f° sin? Gcos& 4d6 =" cos’ 6dé eossédé 
0 pyll—e*sin®? 6) Jo 1/[1—e?sin?é] 0 py [1—e?sin?9] ° 


*. From (18) and (20) by substitution we get, 


an cos® 6dé , 
J, /[i—e®sin? 4] i0Be _1_[(48— 208¢? +-353¢e4— 298e% + 105e8) Fe, 377) 


—2(24—92e? + 132¢e4 —88e%)E(e, d7)] .... (21). 


Lit hn sin® dd 3m sin’ 6d 
y — p2aq 24 . 64 af ee 2 f ——____—_____——,, 
f, v C—e%sin? #)sin® ld 0 py [l—-e?sin?é] ° 0 pli—e?sin? 4] 


From (10) and (17) by substitution we get, 


S, V (1-e®sin® #)sin § db. [(8 + Be” + 1let—24e%) Fe, 477) 
0 


igs 6 
— (8 + 9e6 + 1664 —48e°)E(e, #7)]..... (22). 


a7 sin*t@cos? Gd ef. sin®@cos? ddé 


aT , _ 2 oj 2 3] 44 24 0= f - ee er a ° 
J, \/(1—e?sin? @)sin* Gcos? 6d ; V[i—e®sin® 0] 0 VY Li—esin? 4 


‘, From (11) and (18) by substitution we get, 
f° pV (1—e?sin? 6)sin4 Geos? Wb <|(8 — be? — 5e* + 8e°) Ee, 377) 
0 


—(8-—9e? —8et +4e%)F(e, t7)]...... (23). 
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1 


( \/(1—ePsin® #)sin® foos* Adé— f° 
J 0 


27 sin? cost dd of sin4 fcost 6d 
0 V[1—e%sin? 4] ° 0 p[l—e?sin? 4] 


.. From (12) and (19) by substitution we get, 


f. V (1—e* sin? @)sin? 0cos*6d0 =p ql(B—2Be! +1804 — Be) Fe 2 70) 
0 : 
— (8— 19e? +-9e4 —6e%) Ele, 37)] .... (24). 
am a7 cos* Add 27 sin? AcossAdd 
—e2sjin20 6A 0=f ee —e f : . 
JS, V1 ersin*A)cos ted 0 1/[1—e?sin? 6] ° 0 py [1—e?sin? 6] 


. From (18) and (20) by substitution we get, 


1 
105e6 


f° 1 (1—e®sin? @)cos* #d0-=— + —[(8— 32¢? +58¢4 + 15¢%) Ee, 377) 
0 


—(8— 32e? + 74e*— 45e%)F(e, 37)]..... (25). 


2 
Let n=s in (10,), then Ag=p 1 .A,—A,. 


i { in cosopde 
8 a Jo [1 te? —2ecosp]! 


= ppg [(128+ 40e +8904 4-440 + 6408) Fe, br) 

— (128 +-104e? +-99e4 + 104° + 1288) Hie, a77)]...... (19,). 
f- ant Hagare (128+ 400! + 39¢4-4-44e° + 6408) Fe, 477) 

— (128-+104e2 +.99e# + 104e% + 12808) Ele, d77)] ...-- (26). 
sf [rn oFainF OY] — “Bipgre U128—AVe? ~21et — 1608 — 1668) Be $70) 


—(128—104e2 -- 9e4—7e8 — 88) Fle, 7)]...... (27). 


in sin 6 Acos4 ddé 1 


[tmersin® a) = 3yR 10 [(128—248¢? + 111e*+-5e% + 4e8) Fle, 47) 
0 —_ , 


— (128— 184e? +27e4 + 11e6+8e8) He, d7)]..... (28). 
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i sin4 Host 
s. oteeem2ny = _ Sea Bipero C128— 32862 + 248¢4 —25e6 —10¢8)E(e, 377) 
— (128 —392¢2 +399e4 — 1306 —5e8) Fle, })]. 0.0: (29). 

gin? eos® dd 
f, <Timatelntay = BigeTe [C128— 536e® + 855e4 — 62208 4 175e8) Fe, $77) 


— (128—472¢2 +627¢4 — 334% +35¢8) Ele, $7)]...... (30). 


i cos! °dd4 


TT). 2 ath Al =~. 4 8 
0 1/Li—e®sin® d] aa ——[(128— 616e? +1179e4 — 1126¢* +553¢8)E(e, 47) 


— (128 —680e? + 1479e4 —1691e® +1069e8 —315e!°) Fle, g77)]...... (31). 
in V/[1—etsin®é]sin§ d= =[(16+ 8e? + 12e4+-28¢8 —64e8) Fe, 377) 
— (16+ 16e? + 21e4+40e® — 12868) He, z7)]...... (32). 
se //[1—e?sin?ésin® bcos? dd = =[2(8— 4e” —8e* — 4e8 +88) Ele, 27) 
—-(16— 16e? —38e4 —5e6 + 8e8) Fle, 27)]...... (33), 
f- yll-—e sin? #Jsin4 foos* Ad0-=5-—, [4(4— 100? 460! Le! —e®)F(e, 377) 
— (16-3202 +9¢4 +708 —8e8 )E(e, $0)] ...-. (34). 
f Vv [l—e? sin” sin? fcos* #d0-—= 5 28e2 +338e4 — 10e6+5e8) Ete, 377) 
— (16—64e? +98¢4 —50e8 +-5e8) Fle, t7)]...... (35). 
f /[1—e*sin® H]eos* Ad = =[4(4—22e? +-51e* — 68e8 +35¢°) Fle, 27) 
— (16—80e? + 165¢4— 194¢% —35e8 ) He, t7)]...... (36). 


Thus we can proceed as far as we desire, finding the values of similar ex- 
pressions almost without number. 


[To be Continued. | 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 


120. Proposed by ELMER SCHUYLER, B. Sc., Professor of German and Mathematics in Boys’ High School, 
Reading, Pa. 


How many balls 1 inch in diameter can be put in a cubical box 1 foot in the clear 
each way, putting in the maximum number? [From Greenleaf’s Treatise on Algebra. | 
II. Solution by J. M. ARNOLD, Crompton, R. I. 

In regard to the solution of Problem 120, given in the January number, it 
seems to me that the total number of balls, 2147, is not the maximum number 
that can be placed in the box. 

Suppose we pack it this way: Place 144 balls on the bottom, then a 
layer of 121, and so on alternately until fifteen layers have been put in. 

Now fill with sawdust so that the sawdust is just level with the tops of 
the balls. We have left a clear space of 1212 and a little more than 1 inch in 
depth. Into this space can be placed 150 balls, by first placing arow of 12 balls 
against one side of the box, then a row of 11, and so on alternately until thirteen 
rows are put in; making 7 rows of 12 and 6 of 11 balls each, 150 in all. 

The distance between the center lines of the rows will be 3)/3. 

And 12% 3)//8+1=11.3923. 12—11.3923=—=.6077 inch to spare. 

For the whole box we have : 

Hight layers of 144 each=1152 
Seven layers of 121 each= 847 
One layer of 150 


Total==2149 


124. Proposed by ALOIS F. KOVARIK, Instructor in Mathematics and Science, Decorah Institute,Decorah, 
Iowa. 
At what time between 5 and 6 o’clock is the minute hand midway between 12 and 
the hour hand? When is the hour hand midway between 4 and the minute hand ? 
I. Solution by M. A. GRUBER, A. M., War Department, Washington, D. C. 


Take a and a+1 as the hours between which the conditions are to happen. 
Let «=the distance, after a o’clock, the minute hand must move. 
Let j,2==the distance the hour hand moves. 
(1). The first question of the problem involves two positions. 
(a). In the first position, we readily find a+-,7—2z, 


__ 60a 
88 | 
(b). In the second position we find 6(12—a)—;4,7=—2(60—2). 
7» UG 2 +4) 


23 


v1 


Now put a=5. Then, in the first position, c=13,/,; and the time is 185', 
minutes past 5 o’clock. 

In the second position, +=44,% ; and the time is 44,°,; minutes past 0 
o’clock. | 

(2). In the second question of the problem, take 4=b. 

Then, in general terms, we find 


+ (a— 5b) 


J. t==6(2a—)). 
Plus of the double sign is to be used for b<a, and nunus for b>a. 


Put a=-5, and b=—4. 
Then «=86, and the time is 86 minutes past 5 o’clock. 


II. Solution by J. OWEN MAHONEY, B. E., M. Sc., Professor of Mathematics, Central High School, Dallas, 
Tex.; COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knoxville, Tenn.; and JEN- 
NIE B. BRIDENBAUGH, Student, Nebraska State Normal School, Peru, Neb. 


Let «=the number of minute spaces over which the minute hand passes 
in each case. Then, in the first case, it is easily seen that 


a+14ia—25, or ==1384)5. 
Hence, at 13,1, minutes past 5 o’clock the first condition is satisfied. 
In the second case, 


a— 2(41,04+-5)=20, or 1=36. 
Hence, at 86 minutes past 5 o’clock the second condition is satisfied. 


III, Solution by B. F. FINKEL, A. M., M. Sc., Professor of Mathematics and Physics, Drury College,Spring- 
field, Mo.; and J. T. FAIRCHILD, Principal, Crawfis College, Ohio. 


A. 1, $=distance hour-hand moves past 5. 
2. 2-—=distance minute-hand moves in the same time. 
3. 2+25 minutes=distance from 12 to the hour-hand. 
4. 4. of (+25 minutes)=-2+123 minutes=—distance from 12 to the 
minute-hand, since it is to be half way between 12 and the hour-hand. 
5. .°. t4==3-+123 minutes. 


6. .°, %%=-12% minutes, and 


7. 3== 5 of 123 minutes—%3 minutes, and 
8. 24-24 times %# minutes—13,', minutes, the time past 5, when the 
minute-hand will be midway between 12 and the hour-hand. 
B. 1. 3==distance hour-hand moves past 5d. 


2. 2+5 minutes=distance from 4 to hour-hand. 
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3. 4+10 minutes—distance from 4 to minute hand, since hour-hand 


is half way between 4 and the minute-hand. 


4. 4+30 minutes—distance from 12 to minute hand. 
5. .°, 2#=4+430 minutes. 

6. .°. 22-380 minutes. 

7. ?==,!, of 30 minutes=13 minutes. 

8, 24—24 times 13 minutes—86 minutes=—time past 5. 


IV. Solution by Hon. JOSIAH H. DRUMMOND, Portland, Me.; ALOIS F. KOVARIK, Instructor in Mathe- 
matics and Science, Decorah Institute,Decorah, Ia.; W. MANZILLA, Instructor in Mathematics, Langston Univer- 
sity, Langston, Okla., and JOHN M. COLAW, A. M., Monterey, Va. 


As the minute-hand travels over twelve minute-spaces while the hour-hand 
is going over one, the distance from XII to the hour-hand is 25-++ ;, of the distance 
the minute-hand travels ; and one-half of this is 22+-5!, of that distance. 

Hence, 2,5 is 23 of that distance which is 18,',, and the time is 13,'; min- 
utes past five. 

Second. Of course at two o’clock the hour-hand is precisely half-way be- 
tween IV and the minute-hand. 

Again, while the minute-hand travels from XII to IV, the hour-hand 
goes over 22 minute-spaces. Hence 2%+4!, of the distance the minute-hand 
travels after it reaches [V—one-half of that distance. 

Hence 2 is 3%; of that distance which is four. And the time required is 
twenty-four minutes past four. 


ALGEBRA. 


99, Proposed by CHARLES HALLETTE JUDSON, Professor of Mathematics, Furman University,Greenville, 
Ss. C. 


Seven persons met at a summer resort, and agreed to remain as many days as there 
are ways of sitting at a round table, so that no one shall sit twice between the same two 
companions. They remained fifteen days. It is required to show in what way they may 
have been seated. 


I. Solution by P. H. PHILBRICK, C. E., Chief Engineer for Kansas City, Watkins & Gulf Railway Co., Lake 
Charles, La. 


Each person has six companions ; and the the number of ways of sitting 
are, therefore, equal to the number of ways of selecting two out of six or 6.5/1.2 
—=15 ways. 


II. Solution by the PROPOSER. 


I give below the seating of 6 persons 10 ways, and of 8 persons 21 ways, 
but I have failed to get a correct seating of 7. 


(n—1)(n—2) 
2 


nm persons can be seated in ways. 


1 1A C fo 

2 2 A D 

3 3 A E 

4 C 4 A F 

5 ACF DBE 5 A G 

6 AC E BF D 6 A H 

7ACBED FE A CGE 

8 AD EC BR 8 AOD H G 

9 ADBFOCORE 9 A © E F DH 

10 AEDBCR 10 AC H B GE 
11 A CB G E F 
2 AD AGE BYE 
i3 AD FEG CoH 
14 AD GCB FE 
1b AD EBC FHG 
16 A ECF OD HBG 
7 AED BHGCOF 
i8 AEBGoODF4&SH 
i9 A FHDBEOCG 
20 A FGBODCEH 
21 A GDCFE BH 


In seating the 8 persons, the first six arrangements are quite simple, as 
indicated. Now take 6 reversed, and permute them just as the first 6. This gives 
the next 5. Take any other, as 3, reversed, and permute in same way. Take 4 
in same way rejecting first 1, then 2, then 3, then 4, which have been previously 
arranged, and we finally get 21. 


[Neither of the above solutions show how to seat 7 persons in the 15 ways. 
For the first correct arrangement sent us, we are authorized to offer a year’s sub- 
scription to the Montuiy. Eprror. | 


100. Proposed by W. H. CARTER, Vice President, and Professor of Mathemetics, Centenary College, Jack- 
son, La. 


Solve, a? -vayit, ye =a" 
I. Solution by CHARLES C. CROSS, Meredithville, Va.; P.S. BERG, A. M., Larimore, N. D.; J. D. CRAIG, 


Frankfort, N. J.; JOSIAH H. DRUMMOND, LL. D.. Portland, Me.; ALOIS F. KOVARIK, Decorah, Ia.; P. H. PHIL- 
BRICK, C. E., Lake Charles, La.; and COOPER D. SCHMITT, A. M., Knoxville, Tenn, 


Taking logarithms, we have, (~+ y)logr--4alogy...... (1); 
; and (%+y)logy=alogz ..... (2). 
(1) divided by (2) gives log*a==Alog’y, 


or logy==2logy...... (3); 
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Therefore Ur=Y? se... (4). 
Substituting (3) in (2), and dividing by logy, 

we get aty==2a...... (5). 
Substituting (4) in (5), y*+y=—2a. 
Therefore, y=3[—-Ll+p (8a+])]. 


. e=3[4a+1F71/(8a4+1)]. 


II. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa.; J. SCHEFFER, A. M., Hagerstown, Md.; J. W. YOUNG, Fellow and Assistant in Mathematics, Ohio 
State University, Columbus, 0.; ELMER SCHUYLER, B. Sc., Professor of German and Mathematics in Boys’ High 
School, Reading, Pa. 


(c+y)logr—4alogy..... (1); 
(x+y)logy—alogz...... (2). 
(1)+(2) gives (logx)*=4(logy)?. 
.. logv==+2logy. .°. vy? or 1/y?. 
J. Oy? +y)=4a, .. y? +y-=2a. 


' y==—3[1t7/(1+8a)]; c=2[14+40F 1/(14+ 8a)]. 
When x=1/y?, we get y8+2ay? =—1. 
The roots of this equation can be found by Cardan’s Rule. 
[ZERR, SCHEFFER | 
Rational values are obtained by substituting for a the triangular numbers 
1, 8, 6, 10, 15, 21, 28, etc. The equation y~?+y+2a—0 leads to the cubic 
y>+2ay2+1=—0. In case of a=8, we have the simultaneous sets 
y=2 5 y=—3 5 y=— 6.0275 ; 
w=4 5 @==9 5 w==—.0275 ; 
and two imaginary roots. [SCHEFFER. | 


III. Solution by WALTER HUGH DRANE, Graduate Student. Harvard University, Cambridge, Mass.; and 
CHAS. E. MYERS, Canton, Ohio. 


ge tyaaytt (1). y®t¥—at ..... (2). 

From (1) y=a+/4e, and from (2) y==xW/@tn , 

i Gh@ TY) (Ad gt OTM), (3)... (+ y)/4a=a/(a+y)..... (4). 
afty=+2a...... (9) 

This in (1) gives, taking + value of a, 72¢=y*4, 

oy? By (2) yey y® + y= 2a. 


—14)/(1+8a) 14-444 7/(1+8a) 
Y es 
2 2 
[DRANE, MYERs. ] 
Taking the negative value of 2a leads us to the cubic y* +2ay?+1=—0, and 
a=l1/y’?. Substitute z=y+2a/3, and this reduces to z23—4a?z+1=0. Solving 
this by Cardan’s method gives 


u=a[—1 4/1 —25808)], and o=3[—-1F yp (1—382.48)], 


where us + v3 =<, and ut vt = 4a?/3. .*. Three values of z are, 


(5) 


, —(=1E Va! 4a? 2 
rr (Tea 
(1 tO —388 *)) dary/2 

nu( SS + Tey 0 a 
— of ltVU—*8 oy Aa? p/2 

ae) + esate aa 


a Y,==21—-2a/38, yg =2, —2a/8, and y,=—z,—2a/d, are the three required 
values of y; and v7, —1/y,?, 7, =1/y,°, 4,=1/y,", are the three values of x. It is 
easily seen that the values of y, and hence of «, are all real, one real and two 
imaginary, or real and multiple, according as a®>, <, or =3%%. [DRANE. | 


et 


GEOMETRY. 


—_ 


122. Proposed by G. I. HOPKINS, A. M., Professor of Mathematics and Physics, Manchester High School, 
Manchester, N. H. 


If perpendiculars are dropped from the vertices of a regular polygon upon any diam- 
eter of the circumscribed circle, the sum of the perpendiculars which fall on one side of 
this diameter is equal to the sum of those which fall on the opposite side. [From Chauv- 
enet’s Treatise on Elementary Geomeiry.| 


III. Solution by WILLIAM H. ECHOLS, B. S., C. E., Professor of Mathematics in University of Virginia, 
Charlottesville, Va. 


A very simple proof of this is: 

1°. Let there be a regular polygon of 2n sides, p,, ...... Pon, the perpen- 
diculars from vertices on any straight line. 

Ther if p, is perpendicular from the center, clearly 


2n 


= P-=2np-. 
1 


2°. Form a polygon of n sides by joining the mid-points of alternate sides 
of 1°. Then at once 


Nn 2n 
2 2 p' p= 2 Pp=2np., 
1 1 


where p’, are perpendiculars of n-side. 

This is true whatever integer be n. 

3°. If the line of projection passes through the center, the theorem is 
demonstrated generally. 


125. Proposed by J. SCHEFFER, A. M., Hagerstown, Md. 


To find the locus of a point on the surface of an ellipsoid which has the property that 
the tangent plane at that point is at the given distance, /, from the center of the ellipsoid. 
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Solution by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio University, 
Athens, Ohio. 


The equation to the tangent plane to the ellipsoid 


me . y* 22 _ 
2 + 3 -+ 2 =1..... (1) 
at the point (a’, y’, 2’) is 
2G Vy, ee 
a? + pat c? : (4). 
Then 
1 2 y"? gg! 
pe gd + pa + ae (3), 


is the required locus, an ellipsoid concentric with (1). 
Also solved by G. B. M. ZERR, and ELMER SCHUYLER. 


126. Proposed by GEORGE R. DEAN, Professor of Mathematics, University of Missouri School of Mines and 
Metallurgy, Rolla, Mo. 


Through any fixed point O draw two straight lines at right angles. Let one line cut 
a given circle at Q. the other at R. Find, by Euclidean methods, the locus of the foot of 
‘the perpendicular from O upon the chord QR. Give complete analysis and discussion. 
Solve also by coérdinate geometry. 


I. Solution (Analytical) by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, 
Ohio University, Athens, Ohio. 


Let r—the radius of the given circle, a—the distance of its center from O, 
and take the line through O and the center for the axis of x. Then the codrdin- 
ate axes being rectangular, the equation to the fixed circle is 


(u-—-a)? +y%=r* or xe? +y*%—2ar+a?—r?=—0...... (1). 


If latmy=1 ..... (2) be the equation to QR, the equation to the lines 
OQ and OR is 


a? +y? —2ax(la+my)+(a?—r?)(le+my)?=0...... (3), or 
[1—2al+- (a? —r? 1? Ja® + 2[lm(a? —r?)—am]ay+[1+(a?—r?)m?]y?=0 .... (4). 
The condition that these lines are perpendicular to each other is 
2—2al+(a? —r?)(12+m?)=—0...... (5). 


The line through O and perpendicular to (2) is x/y=i/m...... (6). 
Making (5) homogeneous by aid of (2), we have, 


[2x° —2ax+(a® —r?)]l? +(4ay—2ay)lm+[2y? +(a? —r?)]m?—0...... (7). 


V7 
i and m by (6) being proportional to z and y, (7) easily becomes 
2x24 —2aa3 + (a®—r? )x? + de® y? —Qany? -+-2y4+(a®?—r?)y?=0, or 
2(a? +y?)? —[2ar—(a? —r?)] (a? +y?2)=0...... (8), 


giving the two circles 


a? +y?=0....., (9), a +y?—axv+3(a?—r?)=0 ..... (10) 
for the required loci. 
II. Solution by J. W. YOUNG, Fellow and Assistant in Mathematics, Ohio State University, Columbus, 0.; 


and J. SCHEFFER, A. M., Hagerstown, Md. 


To solve the problem by codrdinate geometry, we may proceed as follows: 
Let the fixed point be the origin, and let the axis of x pass through the center of 
the circle. Its equation is 


a? +y?+2gr+c=0 ..... (1). 


Let the chord, QR, be y=ma-+a...... (2). 
Make (1) homogeneous by means of the relatiou (y—ma)/a=1. The re- 
sulting equation, viz., 


cly— ma)? 
a? a 


+ 


ot by? + 2am) 


represents the lines through O, and Q and R. 
(3) may be written (a? —2agm-+em? )x? + (a? +c)y® +2(ag—cm)xy—0. 
But'the lines OQ and OR are at right angles. The condition for this is 


(a? —2agm+em?)+(a?+e)==0, or 2a? +em?—2agm+c—0...... (4). 


The perpendicular from O and QR is y=—-(1/m)z...... (5). 

We must find the locus of the intersection of (2) and (5), under the condi- 
tion (4). (5) gives m=—2/y. (2) gives a=y—ma—=(y? +27)/y. 

Substitute for m and aJjn (4), and we have 


a2 
2 
Y 


9 (y? +27)? 


- +1 )+2g 


re 


ae? 2\¢ 
Sp 0, or 2(n? fy) + 29x-+0=0, 


the required locus. This is evidently a circle, with center half way between O 
and the center of the given circle. 


NOTE ON PROBLEM 118. 
BY GEORGE R. DEAN, ROLLA, MO. 


The analysis of a geometrical problem has always appeared to me more 
interesting and useful than the mere construction and proof. 

Any problem in maxima and minima may be solved by applying the gen- 
eral principle that a maximum or a minimum value of a variable quantity lies 
between two equal values. Let P be any point in the line FH. At some other 
point Q the angle DQC is equal to the angle DPC. The point Q is obviously 
found by drawing a circle through D, C, and P. The point at which the angle 
is a maximum is situated between P and Q. It is obvious that if the point P 
had been so selected that Q would coincide with it, the required point would be 
determined. A circle drawn through D and C tangent to the given line will cut 
the line in two coincident points between which the maximum point lies, and is 
therefore coincident with them. 

As an example of this kind of analysis I propose the following problem : 

Find a point in a given line such that the sum of its distances from two 
fixed points isa minimum. Gjive the analysis. 


CALCULUS. 


94. Proposed by ALOIS F. KOVARIK, Instructor in Mathematics and Physics, Decorah Institute, Decorah, 
Iowa. 


Find the minimum isosceles triangle that can be described about a given ellipse, 
having its base parallel to the major axis. 


II. Solution by G. B. M. ZERR, A. M., Ph. D.. Professor of Mathematics and Science, Chester High School, 
Chester, Pa.; M. C. STEVENS, A. M., Professor of Higher Mathematics, Purdue University, Lafayette. Ind.; and 
H. C. WHITAKER, M. E., Ph. D., Professor of Mathematics, Manual Training School, Philadelphia. Pa. 

Let x, y be the codrdinates of P. Then a® /a® +y?/b?==1 is the equation 
to the ellipse. 

CD=b?/y. .. GD=b? /y+b= b(b+y)/y. 

AC=a?/x. .. FG=a?(b+y)/be. 

ov. a? (b-+y)? /cy=area—minimum., 

. dy/da=y(y+b)/aly— 6). 

Also dy/dz-=— b?x/a*y, from the equation to the 
ellipse. 


bra YOY) ype OY OTN) 
ay aby,’ ~ bF(b—y) | 


This value of z? in the equation to the ellipses gives, after reduction, 
Qy? +by—b?. 

‘*, y==2b for a minimum. 

~, Altitude==-b(b+-y)/y=8b. Base=2a?(y+b)/br=8a? /a=2ay/3. 

Side=;/ (9b? +8a?). Area=saby)/3. 
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III. Solution by COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knox- 
ville, Tenn. 


Let the equation to tangent DE be (%/a)cos¢+(y/b)sing =1. 
Then CB=asec¢ ; CD=bcosecd. DG==b+bcosecd. 
Area=DG.GE. GE: CB :: DG: DC. Whence 


___ asec@(1+-cosecd) — asecd¢(1-+-cosec@) wa 3 
Cy ecg ~Coseee Od +cosecd)=abtan ¢(1+ cosec¢) 


Hence tan¢(i+cosecd)* is to be examined for a minimum. Differentia- 
ting and equating to zero, we have 


sec? 6(1-+-cosecd)? -- 2tan¢(1+cosecd)cosecdeotd—0, 
whence, sec*® 6(1-+cosecd)= 2cosec¢, or 


1+sing 2 


secdcos?@ sind” 


Solving, sind==3 ; whence cosecé=2. 
Hence DG=—)-+ bcosecd’—=b +2b=—3b., 
Also solved by P. 8. BERG, W. H. DRANE, J. SCHEFFER, and J. W. YOUNG. 


95. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


A ship starts at the equator and sails northeast at all times. How far has the ship 
sailed (in miles) when her latitude is 80°, 45°, 60°, 90°? How far when her longitude is 
90°, 180°, 270°, 860°? Regarding the earth as a sphere, radius 3956 miles. 


Solution by the PROPOSER. 


Let A be the point of the ship’s departure, APQR the ship’s course, P, Q 
two consecutive points on the course, AG=6=longitude of P, PG=¢=latitude 
of P, OP-=r-=radius of the earth, 7 PQN=f=3i7. 

Then PQ=ds, PN-=EPX £2 PEN=rcos¢dl, QN=rd¢. 

oo. ds? =r* (eos? dé? +d@? ). 

.. ds=r(cos? dé? +d?) +....C1). 

PN/QN=tanf=-cosédé/d@. 

‘, d6=tan fdd/cosd...... (2). 7 

(2) in (1) gives ds=)/(1+tan? #\d¢==-rd¢/cosf. ff 


© 
, s=(r/00sB)f do==ro/cosf=r oy 2. 


When $==t7, s=¢7r)\/2=2929.8817 miles. 
When ¢=37, s=477r;/2=4894.07257 miles. 
When @==47, s=47ry/ 2==5858.7634 miles. 
When @-=37, s $7ry/2==8788.14514 miles. 


YQ 
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From (2) dd=cosd¢dé/tanf...... (3). 
(5) in (1) gives 


ds-=rcos¢,’(1+tan? 8)d4/tanf=rcos¢dé/sin£. 


From (2), p—tang f 8, —tanslogitan(ia+46)), 


1+-sind 2 2 
.  p6cotB-—tan/(t 1 fh — ae 
, eScotb—tan(t7+3¢) cos cose efcotB 4.¢ —9cvtB g8 1 ¢—8 
since cot@—1. 
8 GAG 
*, s==2r 2 == 2r)./2(tan—le? — 77). 
| o ef +69 1 =6 *7) 


When @=$7, s=2r)/2(tan—1e"*— $7) =r, 2(.86951857)==6494.764423 miles. 
When @==7, s=2r)/2(tan~le™ —4$7)==r1/ 2(.4725067 )=8804.902620 miles. 
When 627, s=2r)/2(tan-!e2"— 47) =r1/2(.494281 7) =8687.6263841 miles. 
When @==27, s==2r)/2(tan—1¢2"— $7 )=r7/ 2(.4988047 )=8767.1239018 miles. 

Also solved by J. SCHEFFER. A somewhat different solution of this problem is given in Finkel’s 
Mathematical Solution Book, page 344. 


96. Proposed by W. H. CARTER, Vice President, and Professor of Mathemetics, Centenary College, Jack- 
son, La. 


Lf flay=f flayde, find f(z), the constant being zero. 


Solution by W. F. SHAW, 1600 Sabine Street. Austin, Tex. 


fey=f fade. af(ay=flejde. 


a 


ae =de. log f(r)=a. f(7)=e?”. 


Also solved by W. H. DRANE, J. SCHEFFER, and G. B. M. ZERR. 


MECHANICS. 


— 


87. Proposed by H. C. WHITAKER, M. E., Ph. D., Professor of Mathematics, Manual Training School, 
Philadelphia, Pa. 


‘*He on his impious foes onward drove, 
Drove them before him to the bounds 
: And crystal walls of Heaven; which opening wide 
Rolled inward and a spacious gap disclosed 
Into the wasteful deep; headlong themselves they threw 
Down from the verge of Heaven. 
Nine days they fell; Hell at last 
Yawning received them whole and on them closed!’’ 
Paradise Lost, Book VI. 


Assuming Hell to be the center of the earth, and the only force acting on the lost 
spirits to be that of gravity due to the earth’s attraction,—How far is Heaven ? 
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Nine days=9 x 24 x 60 x 60=777600 seconds 
Deduct 475 séconds 


... Time of falling to surface of the earth==777125 seconds. 
The corresponding distance is, 3gt?=16,',(777125)? =97138099188802 feet 
== 1839602119 miles. 


Also solved by H. C. WHITAKER, G. B. M. ZERR, B. F. SINE, J. SCHEFFER, W. H. DRANE, 
and J. B. GREGG. Mr. Gregg furnished a very elaborate solution, indicating the various steps of the 
computation, his result being 360733 miles. Dr. Whitaker gets the same result. The results of the var- 
ious contributors differ widely, due to variously assumed values of the constants, and, in some cases, 
considering the earth a mere point. 


95. Proposed by FLORIAN CAJORI, Ph. D., Author of History of Mathematics, History of Physics, etc., and 
Professor of Mathematics, Colorado College, Colorado Springs, Col. 


Assuming that the velocity is proportionate to the distance described from the state 
of rest, (1) can the body start in motion? (2) If it can, what is its initial acceleration ? 
If we make the additional assumption that the time of fall, from rest, through a finite dis- 
tance is finite, does it follow that the distance is infinite ? 


Solution by WALTER H. DRANE, Graduate Student, Harvard University, Cambridge, Mass. 


1. The statement here is somewhat confusing. No body can start in mo- 
tion unless acted upon by an external force ; if it be meant here then to ask, can 
the body be started, the answer is self-evident. Theoretically, an infinitesimal 
force would be sufficient to put the body in motion though the time might become 
infinite before the velocity became finite. 

9. We have ds/dt-=ks where k is a constant depending upon initial con- 
ditions. Differentiating we get d?s/dt?=k(ds/dt)=k’s ; that is, the initial accel- 
eration is k time the initial velocity and is itself proportional to the distance. 
What the value of this initial acceleration is, depends upon the external force 
acting and the mass of the body. 

3. Nothing is said here about the initial force acting. If we assume it in- 
finitesimal, it follows from 1, that if the time of fall through a finite distance is 
finite, then the velocity must. be infinite. 


ee 


DIOPHANTINE ANALYSIS. 


78. Proposed by COOPER D. SCHMITT, A. M., Professor of Mathematics in University of Tennessee, Knox- 
ville, Tenn. 


Find three square numbers in harmonical progression. 


I. Solution by M. A. GRUBER, A. M., War Department, Washington, D. C. 


The terms of an harmonical progression are the reciprocals of such num- 
bers as form an arithmetical progression. 

Let a?, b?, and c® be three square numbers in arithmetical progression, 
a<b<c. Then b2?2—a2=—c?—b?, or a? +c?==2b%. a, b, andc are rendered ra- 
tional and integral by putting a=p*--q? the difference between 2pq, b=p? +4q’, 
and c=p? —q?+2pq. 
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.. The required harmonical progression is 


1/(p? —q? —2pq)?, 1/(p? +947)*, 1/(p? —g? +2p9q)?, 


in which and gq are any integers, p>4q. 
Put p==2 and gq=1. We then have 1/1", 1/5”, 1/7?. 
Put p=3 and q=2. We then have 1/7?, 1/1387, 1/17?. 


II. Solution by G. B. M. ZERR, A.M., Ph.D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


If a®, b? are two numbers, then will a?, 2a2b?/(a?+0?), b? be in harmon- 
ical progression. Let a=m—n, b==m+n; therefore, (m—n)*?, (m*?—n?)? 
/(m?+n*), (m+n)? will be the required numbers, if m?’-+-n?=O. 

Let m=p? —q?, n=20q. 

2 (gq? +2pq—p*)?, (pt —6p?q? +q*)?/(p? +9q*)*, (p> +2pq—q*)” are the 
numbers required. 


Let p=2, q=1. .°. 1, $2, 49 are the numbers. 
Let a=m, b=7m. Then m?, 49m?/25, 49m? are the numbers required. 
Let m=5n, .*. 25n®, 49n?, 1225n? arethe requirednumbers. This gives 


a series of whole numbers by giving n integral values. 


a 


III. Solution by JOSIAH H. DRUMMOND, LL. D., Portland, Me.; A. H. BELL, Hillsboro, Ill.; and CHAS. C. 
CROSS, Meredithville, Va. 

As the reciprocal of numbers in arithmetical progression are in harmonical 
progression, we may solve the question by obtaining three squares in arithmeti- 
cal progression. 

Let 7° —2ay+y?, wv? +y2, and x? +2cy+y?, be the three squares, and it 
only remains to make «*+y?—Q. This is so when s=p?—q? and y==2pq ; then 
a? +y%==(p?+q*)? in which p and q may be any unequal numbers. 

Take p=-2, and q=1, and the squares are 1, 25, and 49, and the recipro- 
cals are 1, sz, and {y, or if integrals are desired, 1225, 49, and 25. 


Also solved bv 0. S. WESTCOTT. SYLVESTER ROBINS, ALOIS F. KOVARIK, J. W. YOUNG, and 
the PROPOSER. 


79. Proposed by EDMUND FISH. Hillsboro, II. 


Find an integral right triangle in which the bisector of one of the acute angles is al- 
so integral. 


I. Solution by M. A. GRUBER, A. M., War Department, Washington, D. C. 


In any right triangle, let a=altitude, b=base, c=hypotenuse, c, bisector 
of angle opposite base, c,==bisector of angle opposite altitude. 

Put a=tpq, b=t(p? —q?)/2, and c=t(p? +4q*)/2; t, p, and q being any in- 
tegers, p> q. 

Then from solution I, problem 48, page 95, Vol. [V, No. 3, THe AmMeErt- 
cAN MATHEMATICAL MonrHLy, we find 
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ay (2p? +4") 


_ pe OV (p* +9") 
p+4q 


} 2p 

c, will be rational and integral when p?+q?==QO, and t=2p. The general 
values for p and q, in this case, are 2mn and m?—n?, m>n, p>4q. 

Put m=2 andn:=1. Then p=4, q=8, and t=8. 

Whence, a==96, b=28, c=100, and c,=85. 

Put m=8, and 1=2. Then p=12, q=5, and t—24. 

Whence, a==1440, b=1428, c=—2028, and c,=1547. 

c, Will be rational and integral when p?+q9?=-2x O, and t=2(p+4q). 

The general values for » and q, in this case, are m? —n?®+2mn and m?—n? 
the difference between 2mn, m>n and p>q. The numerical results are the same 
as those obtained in case of ¢,, except that a and b have interchanged values. 

Of course, only one of the bisectors can be rational in any one triangle. 


II. Solution by A. H. BELL, Hillsboro, Ill. 


Let the hypotenuse-=h, and the two legs=a and 2c, bisector=b, and seg- 
ments c+s and c—s. 

Then ah=(e+s)(e--—s)+6?.  .. b?=ah—(c? —8?) .... (1). 

a(e+s)=h(e—s). .*. s=ce(h—a)/(h+a)...... (2). 

Substituting the general value of the sides of a right triangle in (1) and 
(2), m?+n?, m?—n?, 2mn 3; s=n3/m, s?==n8/m?. 

b?==(m? +n? )(m? —n? )?/m? =O, if m and n are taken for the legs of any 
integral right triangle. When all the parts are multiplied by m, we obtain inte- 
gral values, and they are m(m?-+n*), m(m?—n?), and 2m°n for the sides; 
Vy bem? +n?) ]|(m? —n?)—bisector ; n(m? +n*>}==segments. 

In the right triangle 5, 4, 3, take m and n=4 and 8; then the required 
right triangle is 100, 28, 96; bisector=35, segments==75 and 21.. In the right 
triangle 18, 12, 5, m and n=12 and 5; then the required sides-=2028, 1428 and 
1440, bisector==-1547, segments==845 and 595. 


III. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Let ABC be a right triangle, right angled at C, AD the bisector of / A. 
Let BC=a, AC=b, ABz==c, AD=d. 

Then écdsingA+bdsingA=sbesinA. cd+bd—2beccossA. 

.. d=2becossA/(b+c). Also d==bsec3A. 

*, sectA==1/[2c/(b+e)].  .°. d=by/[2c/(b+0)]. 


Let a=2pq, b=p?—q?, c=p?+q?. .. 1/[2c/(b+e)]=1/ (p? +9? )/p. 

Let p=m?—n?, q=2mn. .. 7 [2e/(b+0)] = (p? +49?) /p=(m? +n?) 
(m2—n*), 

Let m=s8r, n=r. Then p=—8r*, q=6r?. .. a=96r4, b=28rt, c—100r4, 


d-==-35r*, where r can have any integral value. 


IV. Solution by 0.8. WESTCOTT, A. M., Sc. D., Principal North Division High School, Chicago, III. 
BD: DC i: w +y? 2 «2? —y?, and BD+ DC or BC: DC 2: 2a? se —y?. 
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J. DO=2xy(x? —y? )/2u? =[(2? —y?)/a]y. 

And AD? =(a? —y?)? +y?[(a? —y?)? /aly?. 

AD? =(a? +y? \(a? —y?)? /a?,  AD=[(@? —y*)/2]/@? +y?). 

Put w—=4, y==8, and AD=8%. Increasing each dimension of triangle in 
quadruple ratio AD==385, AC=28, BC—96, AR—100, DC=21. 


Also solved by CHAS. C. CROSS, JOSIAH H. DRUMMOND, and COOPEB D. SCHMITT. 


PROBLEMS FOR SOLUTION. 


ARITHMETIC. 


—_— 


128. Proposed by M. A. GRUBER, A. M., War Department, Washington, D. C. 


At what time is the figure 7, on the face of a clock, midway between the hour and 
minute hands ? 


129. Proposed by J. W. DAPPERT, Civil Engineer and Surveyor, Taylorville, Ill. 


‘*A Minion, agile, in stature small 
Panting came to great Diana’s Hall, 
Bearing a marble globe upon his shoulders, 
Measuring one inch in its diameters. 
He rolled it to the northeast corner of the Hall, 
Left touching the northern and eastern walls; 
Then following came three demi-gods in white, 
Each bearing a globe of lustrous metal bright; 
One of iron, copper one, and one of silver; 
And they placed them in the order given, 
Touching each the other, and at the same time, 
Touching each the side-walls, in a direct line, 
Theiron touching the marble, and its other side 
Resting against the silver, in its glory and pride,— 
All resting upon the oaken fioor; and then 
With heavy tread, and puff, and roar, Atlas came 
Bearing a huge golden sphere, that filled the Hall, 
Touching the four sides, fioor and ceiling, and all 
Radiant with beauty, resting against the silvery ball, 
Making the globe’s diameters in the rooms diagonal.’’ 


‘*Tell me, all ye who mathematics know: 
What size the copper sphere, and oh! 
How large the iron globe? How great 
The golden globe, immaculate ? 
The silver sphere, how great? What size? 
And if presented as a prize, 
What value do you hold 
Would be the sphere of gold ?’’ 


Found in an old volume entitled ‘‘Treatise on Surveying, by Abel Flint’’—published 
in 1838, owned formerly by John E. Stockton, later by 8. W. Baker, and now in my pos- 
session. Written in red ink upon a blank page. 


x*, Solutions of these problems should be sent to B. F. Finkel not later than May 10. 
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ALGEBRA. 


117. Proposed by G.B. M. ZERR, A.M., Ph.D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Rationalize i + m? + nt + 4: + yz +23 = 0. 


118. Proposed by FREDERIC R. HONEY, Ph. B., Instructor at Trinity College, and Lecturer at Smith Col- 
lege, New Haven, Conn. 


An army whose length is equal to a, moves forward. An officer is sent from the rear 
to the van, and is required to present himself at the rear again when the rear has reached 
the point where the van was when.the army began to move. How far did the officer 
travel ? 


y*, Solutions of these problems should be sent to J. M. Colaw not later than May 10. 


GEOMETRY. 


141. Proposed by M. A. GRUBER, A. M., War Department, Washington, D.C. 


The equilateral triangle described on the hypotenuse of a right triangle is equiva- 
lent to the sum of the equilateral triangles described on the other two sides. 
Prove without the aid of the famous Pythagorean proposition. 


142, Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and’ Astronomy, Ohio Uni- 
versity, Athens, Ohio. 


Show that an infinite number of triangles can be inscribed in x? /a? 4- y? /b? 


id b a2? +b2y2—— 
—1=0 whose sides touc are + Y ~~ (a? +b2)2 


148. Proposed by J. T. FAIRCHILD, A. M., Ph. D., Instructor in Mathematics, Crawfis College, Crawfis 
College, Ohio. 


If the centers of three spheres do not lie in the same straight line, their snrfaces 
cannot have more than two points incommon. These points lie in a straight line perpen- 
dicular to the plane of centers and equal distances from this plane on opposite sides. 
[From Phillips and Fisher’s Geometry. | 


x*y Solutions of these problems should be sent to B. F. Finkel not later than May 10. 


CALCULUS. 


108. Proposed by JOHN M. COLAW, A. M., Monterey, Va. 


The hypotenue of s plane right triangle increases uniformly at the rate of 1-12 of an 
inch a second. If the legs are as 2 to 3, at what rate is the area of the triangle increasing 
when the perpendicular from the right angle upon the hypotenuse is 12 inches ? 


109. Proposed by M. KE. GRABER, Heidelberg University, Tiifin, Ohio. 


Find the curve in which the product of the perpendicular drawn from two fixed 
points to any tangent is constant. (To be solyed by using differential equations of the 
first order. ) 
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110. Proposed by B. F. FINKEL, A. M., M. Sc., Professor of Mathematics and Physics in Drury College, 
Springfield, Mo. 


Find the volume removed by boring an auger hole through a right circular cone, the 
radius of the auger being r, the radius of the cone R, and the altitude h, and the axis of 
the auger intersecting axis of the cone at right angles and at a distance c from the vertex. 


xy Solutions of these problems should be sent to J. M. Colaw not later than May 10. 


ee 


MECHANICS. 


105. Proposed by G. B. M. ZERR. A.M., Ph.D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Let 2a, 2b be the diagonals of a rhombus, @ the angle the principal axis 
at the mid-point of a side makes with the diagonals. Prove tan 2m—8tan{/, 
when f is an angle of the rhombus. The principal moments of inertia about 
this mid-point of the side are »;m{5a? +5b? + 1’ [25(a® + b?)? —64a?b?]}. 


106. Proposed by J. D. CRAIG, A. B., New Germantown, N. J. 
The centers of the two wheels of a bicycle are three feet apart. 
(1) If a rider wishes the rear wheel to trace a cirele 14 feet in diameter, what must 
be the diameter of the circle traced by the front wheel ? 
(2) If the rider weighs 120 pounds, and his center of gravity is 4 feet from the ground, 
at what angle must he lean to make one revolution of the circle every 3 seconds ? 


x*, Solutions of these problems should be sent to B. F. Finkel not later than May 10. 


ee 


DIOPHANTINE ANALYSIS. 


85. Proposed by JOHN M. COLAW, A. M., Monterey, Va. 
Find a square proper fraction which if subtracted from unity will leave for remain- 
der a square proper fraction. 


86. Proposed by A. H. BELL, Hillsboro, Ill. 


The edges of a rectangular parallelopiped are within one of the proportion 
3:6: 7, and if they are dz, 6a+1, 7x, then (87)*+(6a4 1)? + (7a)? =the diagon- 
al squared=94e? -12%+1—a. To find four integral values of « in this 
equation. 

x*y Solutions of these problems should be sent to J. M. Colaw not later than May 10. 
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AVERAGE AND PROBABILITY. 


93. Proposed by LON C. WALKER, Assistant Professor of Mathematics, Leland Stanford, Jr., University, 
Palo Alto, Cal. 


In Problem 75, required the average area of the circle inscribed in the triangle. 
94. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Science and Mathematics, Chester High School, 
Chester, Pa. 
Three points are taken at random on the surface of the sphere. Find the chance 
that the triangle thus formed is acute angled. 


x*y Solutions of these problems should be sent to B. F. Finkel not later than May 10. 
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MISCELLANEOUS. 


88. Proposed by COOPER D. SCHMITT, A. M., Professor of Mathematics in University of Tennessee, Knox- 
ville, Tenn. 


re . 7cos3d 9eos5f 
Sum to infinity the series Beost + + ns ee 


89. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 

Find the earth’s average density and mass, having given that the attraction of a 
ball of lead 2 feet in diameter, on a particle placed close to its surface, is less than the 
earth’s attraction is the ratio 1 : 10250000, and that the density of lead is 113 times that of 
water. 


90. Proposed by DR. KE. D. ROE, Jr., Elmira, N. Y. 


I shot my rifle at different ranges and found the following table of elevations e, for 
the vernier peep sight, for the given distances s: 


8 e 

O | 21.0 
100 | 24.5 
200 | 28.5 
300 | 383.5 
400 | 40.0 
AQO | 48.5 


The distances are measured in yards. How shall a table of elevations be construct- 
ed, giving the arguments e, for every five yards up to 500 yards? Do not give the whole 
table, but explain the method, and illustrate by giving a computation, carrying the result 
to three places of decimals. An actual problem. 


x*s Solutions of these problems should be sent to J. M. Colaw not later than May lo. 


BOOKS AND PERIODICALS. 


Synthetic Arithmetic. By Merritt S. Cook, C. EH. 177 pages. Madison, 
Wis. Tracy, Gibbs & Co. 1899. 


The following is the remarkable summary on the title page: ‘“‘Containing many new 
principles and improved methods for computation of both simple and compound numbers, 
multiplication by methods of ‘aliquot parts,’ complements and partial products, division 
by substituted divisors, etc.; new method for squaring both simple and compound num- 
bers, also mixed fractions; the ‘basic’ system of computing simple interest, by which no 
direct multiplication by the rate or time is required; also a symmetrical, comprehensive 
presentation of the Metrical System, aided by the use of algebraic symbols, together with 
new methods for conversion to and from the English system; finally brief articles on ele- 
ments and problems connected with electro-motive and water power. Also various mis- 
cellaneous problems and new solutions both interesting and useful.”” We donot think 
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that the author’s “improved methods” of solution will be very favorably received. In his 
attempt at brevity the writer of the book has ‘“‘gone off on a tangent’’ until he is far away 
from anything that is practical for use in a good text-book. There are some good things 
in the book, but what is new is for the most part bad, at least for teaching purposes. 
J.M.C. 

Supplement to Advanced Arithmetic. By A. W. Plummer, M. D., Principal 
of Olivet Street School. Los Angeles, California. 86 pages. Price, 30 cents. 
Boston: D.C. Heath & Co. 1898. 

This book was prepared to supplement the shortcomings of the Advanced Arith- 
metic in the California State Series. It contains a practical summary of advanced work, 
and willno doubt prove very satisfactory to teachers who need to supplement their work 
in various ways. J.M.C. 


Primary Exercises in Arithmetic. Nos. 1, 2, 83and4. By H. J. Silver. 
New York, Cincinnati and Chicago: American Book Company. 1899. 

These exercises are intended to supplement those of the text-books. They contain 
no problems, only the mechanical drill in the fundamental operations. The examples are 
already set down on the printed page, and the pupil needs only to record the answer in the 
blank space provided for the purpose. These exercises are well-suited for the little ones. 

J. M.C. 
Solution Book. By J. T. Fairchild, A. M., Ph. M., Instructor in Mathe- 
matics, Crawfis College, Crawfis College, Ohio. 255 pages. Published by the 
Author. 1898. 


In this book solutions are given of a great number of problems that usually give 
teachers trouble. It covers less ground than some other books of its class, and is more 
particularly intended to give aid to the common school teacher. The problems have been 
taken from text-books, mathematical journals, and county examination tests. Several 
problems and solutions are reproduced from the Monthly. Many teachers will want to add 
this book to their collection. J. M. C. 


Advanced Arithmetic. By William W. Speer, District Superintendent of 
Schools, Chicago. 261 pages. Price 60 cents. Boston: Ginn & Co. 1899. 
In the series of which this is the Advanced book experiences in “‘relating’’ are at the 
basis of the treatment. Great prominence is given to the idea of relutive magnitude, and 
hence ‘‘ratios”’ are kept constantly in view. The book has many excellent features, but in 
the attempt to make simple ratios the key to the solution of all problems the ‘‘ratio’’ 
method has been overworked. J.M.C., 


_ Advanced Arithmetic. By E. McN. Carr. 3738 pages. Prices, 45 cents. 
Richmond, Va.: B.F.Johuson Publishing Company. 1899. 

Primary Arithmetic. By the same Author. 245 pages. Price, 25 cents. 

The treatment of arithmetic as given in these books does not break from the ‘‘old 

methods.’’ The arrangement is topical, and the plan of presentation proceeds upon the 

theory that principles should be clearly stated, and then illustrated by a reasonable num- 

ber of appropriate examples and problems. The Primary book would have been better if 
classification had been made subordinate to gradation, at least in the earlier pages. 
J.M.C. 

Essemtials of Arithmetic. By Gordon A. Southworth, Superintendent of 

Schools, Somerville, Mass. Book I, for Lower Grades, 186 pages, 40 cents; 

Book II, for Upper Grades, 311 pages, 60 cents. Boston: Thos. R. Shewell 


& Company. 
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These books have been received with remarkable favor. In the selection and ar- 
rangement of topics the author has shown a vigorous independence while his methods of 
presenting the material satisfactorily meets the requirements of the present time. The 
books are strong in oral work, up to date in business practice, and copious and varied in 
the supply of practical work and problems. J.M.C. 


The Public School Mental Arithmetic. By J. A. McLellan, A. M., LL. D., 
and A. I. Ames, A. B. 1388 pages. Price, 25 cents. New York: The Mac- 
millan Company. 1899. 

This book completes the series and completes the method of the text-books by the 
same authors based on the ‘‘Psychology of Number.’’ The treatment is in strict line with 
the idea of number as measurement, and perhaps undue prominence is given to the measur- 
ing idea in some of the lessons. The exercises are varied and well graded. J. M.C. 


American Elementary Arithmetic. By M. A. Bailey, A. M., Professor of 
Mathematics in the Kansas State Normal School, Emporia, Kansas. 208 pages. 
Price 85 cents. New York: American Book Company. 1898. 

The pictures in this book are exceptionally good. The grading is not always well 
done—too much being required of the child in some places. The separate treatment of 
the fundamental operations is as unhappy as the combined treatment of the Grube meth- 
od. The book has many valuable suggestions. J. M.C. 


Plane Trigonometry and Tables. By Daniel A. Murray, B. A., Ph. D., 
Instructor in Mathematics in Cornell University, and formerly Scholar and Fel- 
low at Johns Hopkins University. Crown 8vo., 219+95 pages, with a Protract- 
or. Cloth, $1.25. New York, London and Bumbay : Longmans, Green and 
Co. 1899. 

The book deals with the subjects considered in the ordinary course in plane trigon- 
ometry, in colleges and secondary schools. Careful consideration has been given to the 
early difficulties and possible future needs of the beginner. In the practical applications, 
marked attention has been given to the graphical method of solution, as well as to the 
method of computation. The historical notes throughout the work are a valuable feature. 


The book is accurately written, and has many points of excellence that justify its appear- 
ance. J. M. CO. 


The following periodicals have been received : The American Journal of 
Mathematics, January, 1900; The Educational Times, March 1, 1900; Journal de 
Mathématiques Elémentaires, 1°" Mars, 1900 ; L’ Intermédiaire des Mathématiciens, 
Décembre 1899 ; The Kansas University Quarterly, October, 1899; The Mathemat- 
ical Gazette, February, 1900 ; Notes and Queries, February, 1900 ; Journal of Ed- 
ucation, January-March, 1900. J. M.C. 
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A POPULAR ACCOUNT OF SOME NEW FIELDS OF THOUGHT 
IN MATHEMATICS. 


By DR. G. A. MILLER. 


Read at the regular Winter Term Meeting of the Alpha Chapter of Sigma Xi, Cornell University. 


At the beginning of the nineteenth century elementary arithmetic was a 
Freshman subject in our best colleges. In 1802 the standard of admission to 
Harvard College was raised so as to include a knowledge of arithmetic to the 
‘Rule of Three.’ A boy could enter the oldest college in America prior to 1808 
without a knowledge of a multiplication table.* From that time on the entrance 
requirements in mathematics were rapidly increased, but it was not until after 
the founding of Johns Hopkins University that the spirit of mathematical 1 inves- 
tigation took deep root in this country. 

The lectures of Sylvester and Cayley at Johns Hopkins University, the 
founding of the American Journal of Mathematics and the young men who receiv- 
ed their training abroad codperated to spread the spirit of mathematical investi- 
gation throughout our land. This has led to the formation of the American 
Mathematical Society eight years ago as well as to the starting of a new research 
journal, The Transactions of the American Mathematical Society, at the beginning 
of this year. While these were some of the results of mathematical activity, 
they, in a still stronger sense, tend to augment this activity. 

In Europe such men as Descartes, Newton, Leibniz, Lagrange and Huler 


*Cajori, The History and Teaching of Mathematics, 1890, page 60. 
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laid the foundation for the development of mathematics in many directions. 
These men, as well as a few of the most prominent names in the early part of 
the nineteenth century, were not specialists in mathematics. They were familiar 
with all the fields of mathematical activity in their day and some of them were 
well known for their contributions in other fields of knowledge. The last three- 
quarters of a century and especially the last two or three decades have witnessed 
a marvelous change in the mathematical activity of Hurope. Mathematical per- 
iodicals have sprung up on all sides. A number of mathematical societies have 
been organized and many of the leading mathematicians have confined their in- 
vestigations to comparatively small fields of mathematics. 

The rapid increase of the mathematical literature created an imperative 
need of biblhographical reviews. .This need was met in part by the establish- 
ment at Berlin, in 1869, of a year-book devoted exclusively to the reviews of 
mathematical articles, Jahrbuch tiber die Fortschritte der Mathematik. The 28th 
volume of this work reached our library a short time ago. It contains over 900 
pages, and gives a review of over 2000 memoirs and books. With a view 
towards further increasing the facilities to keep in touch with the growing litera- 
ture, the Amsterdam Mathematical Suciety commenced the publication of a semi- 
annual review, Revue Semestrielle, in 18938. In the last number of this, 286 per- 
iodicals are quoted, each of which contains, at times, mathematical articles that 
are of sufficient merit to be noted. Hach of the four countries, France, Germany, 
Italy, and America publishes over thirty such periodicals. : 

One of the characterestic features of our times is the prominence of the 
spirit of cooperation, The mathematical periodicals and the mathematical so- 
cieties are evidences of this spirit. In quite recent years international mathe- 
matical congresses have given further expression of the wide-spread desire to 
codperate with even the most remote workers in the same fields. The first of 
these congresses was held in Zurich in 1897, and the second is to be held during 
the coming summer in connection with the Paris Exposition. The same spirit 
led in 1894 to the starting of a periodical, L’intérmediaire des Mathématicvens, 
which is devoted exclusively to the publishing of queries and answers in regard 
to different mathematical subjects. 

This desire for extensive codperation is tending towards unifying mathe- 
matics and towards laying especial stress on those subjects which have the wid- 
est application in the different mathematical disciplines. This explains why the 
theory of functions of a complex variable and the theory of groups are occupying 
such prominent places in recent mathematical thought.* 

Before entering upon a description of some of the fields included in these 
subjects and the interesting problems which they present, it may be well to state 
explicitly that our remarks on mathematics will have very little reference to its 
application to other sciences. To the pure mathematician a result that has ex- 
tensive application-in mathematics is just as important and useful as one which 
applies to the other sciences. Mathematics is a science which deserves to be de- 


*Cf. Klein, Chicago Mathematical Papers, 1893, page 134. 
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veloped for its own sake. The thought that some of its results may find appli- 
cation in other sciences is, however, a continual inspiration, and those who in- 
vestigate such applications sometimes add materially to the development of 
mathematics. 

The curve representing a function of a single variable was the principal 
object of investigation during the eighteenth and a great part of the nineteenth 
century.* The investigations of Abel and Cauchy on power series during the 
early part of the nineteenth century furnished the foundation for the modern 
theory of analytic functions—a theory which has been adorned by the labors of 
some of the most brilliant mathematicians of the preceding generation and which 
is claiming the attention of some of the foremost thinkers of the present time. 
Quite recently this theory has been made more accessible to English readers by 
the treatises of Forsyth and Harkness and Morley. 

The critical spirit of our age is, in a.large measure, due to the study of the 
theory of analytic functions. ‘‘Newton assumes without hesitation the existence, 
in every case, of a velocity in a moving point, without troubling himself with 
the inquiry whether there might not be continuous functions having no deriva- 
tive.’+ When it was discovered that such functions exist and that the works of 
some of the greatest mathematicians of the preceding centuries had to be modi- 
fied in some instances, mathematicians naturally became much more exacting in 
regard to rigor, and thus ushered in an age which may be compared with the 
times of Euclid with respect to its demands for rigor. Whether our critical age 
will produce a work which, like Euclid, will serve as a model for millenniums 
cannot be foretold, but it seems certain that works which can stand the critical 
tests of this age will stand the tests of all ages. 

The critical spirit of our times is the foundation of what has been styled 
the arithmetization of mathematics. This movement which the late Weierstrass 
knew so well to lead is pervading more and more the whole mathematical world. 
We are rapidly banishing from our treatises the term quantity and replacing it 
by the word number. Our geometric intuitions are forced into the background 
and logical deductions from intuitions are taking their places. Who can conceive 
of curves which have no tangent at any of their rational points in a given inter- 
val? Nevertheless it is well known that such curves exist. An account of such 
functions was first published by Hankel in 1870.f 

Mathematicians find themselves in a great dilemma at this point. 
Geometric intuition has been such a strong instrument of research and has given 
so much life and beauty to mathematical investigation that mathematicians cling 
to it as to their own lives. It is an enormous price when rigor can be purchased 
only with geometric intuition. Yet, in the present stage of mathematical 
thought, this seems to be the only thing that will be accepted, and mathemati- 
cians stand helpless before this decree. 

A few examples may throw some light on this subject. What do we un- 


*Lie, Leipziger Berichte, Vol. 47, page 261. 
tKlein, Eveston Colloquium, 1894, page 41. 
tCf. Pierpont, Bulletin of the American Mathematical Society, Vol. 5, page 398. 
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derstand by the length of a continuous curve? The intuitionalist says, if we 
connect different points of the continuous curve by straight lines and find the 
sum of the lengths of these straight lines, then the length of the curve will be the 
limit of this sum as the number of the points is indefinitely increased. Jordan 
was the first to call attention to the fact that this sum need not have a limit. 
Hence there are continuous curves which do not have any length according to the 
ordinary definition of length. In fact a number of area-filling curves have 
recently been studied, and Cantor has shown that a multiplicity of any number 
of dimensions can be put in a one to one correspondence with a multiplicity of 
one dimension. 

These are some of the facts which have compelled mathematicians to con- 
struct their own worlds—the number worlds. Conclusions drawn in one number 
world do not necessarily apply to another. When a problem is under considera- 
tion the number world is so chosen as to meet the demands of the problem. For 
instance, the constructions and demonstrations of Euclid’s geometry seem to re- 
quire only a space composed of quadratic numbers.* Hence it appears that we 
do not need to assume that space is continuous in order to demonstrate the the- 
orems of elementary geometry. Similarly in algebra, we are laying more and 
more stress upon a distinct statement of the number world (the domain of 
rationality) in which we are uperating. Such specifications add a clearness and 
rigor to our work which would otherwise scarcely be possible. 

This refinement which the mathematical thought of to-day is so actively 
cultivating is not restricted to the finite region. Mathematical infinity is re- 
ceiving its share of attention. It is well known that it is sometimes desirable to 
regard the infinite region as a single point. This is, for instance, the case in the 
transformation known as inversion. Again, in ordinary projective geometry, it 
is generally convenient to regard the infinite region as of une lower dimension 
than the finite, so that the infinite region of a plane is merely a line and the in- 
finite region of space is a plane. The student of differential calculus is, moreov- 
er, familiar with the infinite variable and the many simplifications which its use 
makes possible. 

The most fruitful investigations along this line are those on multiplicities 
(Mengenlehre, ensembles). Any total of definite and clearly defined elements is 
said to form a multiplicity. If two multiplicities are simply isomorphic, +. ¢., if 
there is a 1, 1 correspondence between the elements of the multiplicites, they 
are said to be equivalent, or to have the same power. For example, it 18 easy 
to prove that all the positive rational numbers are equivalent to the natural 
numbers. To do this we may associate all the rational numbers p/q for which 
the sum p+q=—n, any positive integer. We thus have the »—1 numbers. 

n—1 n—2 n—3 2 1 


1’ 2° 300 m2 nh 


We may let 1 correspond to 1; the numbers for which ns correspond to 


*Cf. Strong, Bulletin of the American Mathematical Society, Vol. 4, 1898, page 443. 
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2 and 8; the numbers for which n—4 correspond to 4, 5 and 6, etc. We thus 
obtain the following 1, 1 corresponding between all the rational numbers and 
the positive integers : 


1-2 1-3 2 1.4 8 2 Jd. 6 4 3 2 1. 
19 19 29 19 29 389 19 29 89 4 3 1) 99 89 4s 7 
1; 2,3; 4, 5,6; 7, 8, 9, 10; 11, 12,18,14,15; ... 


It may be observed that we do not need to reduce the rational fractions 
to their lowest terms to effect this correspondence. This method of proof is due 
to Cantor, who has also proved that all algebraic numbers are equivalent to the 
natural numbers.* How important and far-reaching the investigations along 
this line are may be inferred from the fact that Jordan has employed them to 
serve as a foundation of the elementary part of the second edition of his magistral 
‘Cours d’analyse.’ | 

A large number of mathematical problems may be reduced to equations 
involving a single unknown. The solution of such equations has occupied 
a prominent place in the mathematical literature for centuries. The problem is 
so difficult that it has been attacked from a number of different points and by 
means of a large variety of instruments. The instrument which has proved to 
be the most powerful and far-reaching is substitution groups. By means of it 
Abel succeeded in 1826 to prove that an equation whose degree exceeds four can- 
not generally be solved by the successive extraction of rootst and Galois a few 
years later sketched a far-reaching theory of equations which rests upon the the- 
ory of these groups. 

In recent years it has been recognized (especially through the labors of 
Sophus Lie) that the theory of groups has very extensive and fundamental ap- 
plication in a large number of the other domains of mathematics. About a year 
ago the great French mathematician H. Poincaré, showed in an article, publish- 
ed in the Chicago Monist,t how this concept may be employed in laying 
the foundations of elementary geometry. It should be observed that the theory 
of groups is intrinsically based upon the fundamental concepts of mathematics. 
It is not a superstructure. It stands on its own foundation and supports more or 
less a number of other mathematical structures. 

As this theory is less known than most of the other extensive branches of 
mathematics it may be desirable to enter into some details. It is evident that 
there are rational functions of n independent variables (%,, 4%, %3, ...... , Xn) 
which are not changed when these variables are permuted in every possible man- 
ner. Such functions are said to be symmetric in regard to these variables. The 


sum of any given power of these variables (7,%+%,%+a,7+...... t,") 18 an in- 
stance of a symmetric function. These functions occupy one extreme. The 
other extreme is furnished by functions such as v7, +2%,+8%,+...... nt, which 


change their value for every possible interchange of the variables. Most of the 
functions are of neither of these extreme types. 
*Cantor, Crelle, Vol. 77, page 258; cf. Vol. 84, page 250. 


tCrelle, Vol. 1. 
{October, 1898. 
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Suppose that a function @(%,, %), .... , %) is not changed by either ot 
two interchanges of its independent variables. Such interchanges are called sub- 
stitutions and they may be represented by S, and S,. Since ¢ is not changed 
by either of the substitutions S,, S,, it cannot be changed by the substitutions 
which are equivalent to the succession of these substitutions taken in any order. 
All such substitutions may be represented by S,* 8,8 8,7 8,°...... * Since on- 
ly a finite number of permutations are possible with n letters it follows that 
S,* 8,8 SY S,° 0.2... can represent only a finite number of distinct substitu- 
tions. The totality of these substitutions is said to be a substitution group. 
Hence we observe that every rational function belongs to some substitution 
group. 

It was soon observed that an infinite number of functions belong to the 
same substitution group and that all of these functions can be expressed rational- 
ly in terms of one of them. The researches of Abel, Galois, and Jordan were 
based upon these facts and they show that the most important problems in the 
theory of equations involve the theory of substitution groups. The theory of 
groups was thus founded with a view to its application to a subject of paramount 
importance. A broad mathematical subject can, however, not grow vigorously 
and harmoniously as long as it is studied with a view to its direct applications to 
other mathematical subjects. It must be free to expand in all directions. That 
freedom for which the human race has ever been struggling must be vouchsafed 
to such fundamental subjects before they will exhibit their great fertility and far 
reaching connections. Less than three years ago the first work on the theory of 
groups that does not consider its applicationt was given to the public, but the 
mathematical journals have been publishing a large number of memoirs along 
the same line for a number of years. 

In defining a substitution group we implied only two conditions; viz, no 
two substitutions of the group are identical and if we combine the substitutions 
in any way we obtain only substitutions which are already in the group. Sub- 
stitutions obey per se some other conditions ; 7. e., when they are combined 
(multiplied together) they obey the associative law and if we multiply a substi- 
tution by (or into) two different substitutions the products will be different. In 
general we say that any finite number of operations which obey these four condi- 
tions constitute a group; e. g., all the rotations around the center of a regular 
solid which make the solid coincide with itself constitute a group, the n nth roots 
of unity constitute a group with respect to multiplication but not with respect to 
addition, etc. 

While the bulk of the mathematicians are reveling in the new fields of 
thought which are opening up on all sides, without any thought in reference to 
any immediate practical application of their results, there is fortunately a good- 
ly number whose main efforts are devoted towards making some of these new 
results useful to the investigators in some of the other sciences. As an instance 


*The exponent indicates the number of times the substitution is employed in succession. 
tBurnside, Theory of Groups of a Finite Order, 1897. 
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of fairly recent work of the latter kind, we may mention the study of linkages 
with a view towards describing a straight line. Although the straight line is of 
such fundamental importance both in pure and applied mathematics, yet it seems 
it was not until the latter half of the nineteenth century that a mechanical device 
has‘been discovered by means of which such a line can be described. 

In 1864 M. Peaucellier, an officer of engineers in the French army, discov- 
ered the well known device to describe a straight line by means of an instrument 
composed of seven links. ‘‘His discovery was not at first estimated at its true 
value, fell almost into oblivion, and was rediscovered by'a Russian named Lip- 
kin, who got a substantial reward from the Russian government for his supposed 
originality. However, M. Peaucellier’s merit was finally recognized and he has 
been awarded the great mechanical prize of the Institute of France, the Prix 
Montyon.’’* 

Although the straight line and the circle occupy such a prominent place in 
elementary geometry and have been before the eyes of the mathematicians for 
thousands of years, yet less than half a century has passed since the invention of 
a mechanical device by means of which the straight line’-can be drawn. Such 
discoveries go far towards emphasizing the need of investigations even in 
the most elementary subjects. Such investigations should, however, be preced- 
ed by a thorough knowledge of what has been done along the same lines. 

If elementary mathematics is to continue to furnish the best possible pre- 
paration for the study of advanced mathematics, it is evident that it has to adapt 
itself to the rapid changes which are going on in the different branches of math- 
ematics. A need is thus created for elementary text-books which meet the new 
requirements, and we are happy to be able to state that such books are being 
produced in our midst. How radical such changes may become cannot be fore- 
told. In his address before the New York Mathematical Society, Simon New- 
comb said, ‘‘The mathematics of the twenty-first century may be very different 
from our own; perhaps the schoolboy will begin algebra with the theory of sub- 
stitution groups, as he might now but for inherited habits.’’} It is to be ,hoped 
that our inherited habits will not furnish an insurmountable barrier to progress 
in this direction. 

In modern times the continent of Europe has always been the most pro- 
gressive and most of the new theories were first developed in these countries. 
The theory of invariants seems to be an exception to this rule. The two great 
English mathematicians, Cayley and Sylvester, developed this theory with great 
vigor; when their important results became generally known on the continent 
(largely through the work of Clebsch), they aroused a great deal of interest and 
they furnished a starting point for many important investigations. 

One of the fundamental processes of mathematics is transformation—the 
deducing of truths from given facts and relations. The expressions which 
remain invariant when given transformations are performed are naturally objects 


*A. B. Kempe, How to Draw a Straight Line, page 12. 
tBulletin of the New York Mathematical Society, 1894, page 5. 
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of great interest and of fundamental importance. Imbued with this thought Lie 
once said, ‘‘What do the natural phenomena present to us if it is not a succession 
of infinitesimal transformations of which the laws of the universe are the 
invariants ?”’ 

It need scarcely be added that all mathematical thought even on the same 
subject is not running in the same channel. Klein has divided mathematicians 
into three main categories,* viz, the logicians, the formalists, and the intuition- 
ists. The term logician is ‘‘intended to indicate that the main strength of the 
men belonging to this class lies in their logical and critical powers, in their abil- 
ity to give strict definitions and to derive rigid deductions therefrom. The great 
and wholesome influence exerted in Germany by Weierstrass in this direction is 
well known. The formalists among the mathematicians excel mainly in 
the skillful formal treatment of a given question, in devising for it an algorithm. 
Gordan, or let us say Cayley or Sylvester, must be ranged in this group. To 
the intuitionists, finally, belong those who lay particular stress on geometrical 
intuition, not in pure geometry only, but in all branches of mathematics. What 
Benjamin Peirce has called ‘geometrizing a mathematical question’ seems to ex- 
press the same idea. Lord Kelvin and von Staudt may be mentioned as types 
of this category.’’ 

' In his address before the Zurich International Congress Poincaré says,{ 
‘‘Mathematics has a triple end. It should furnish an instrument for the study 
of nature. Furthermore, it has a philosophic end, and, I venture to say an 
esthetic end. It ought to incite the philosopher to search into the notions 
of number, space, and time; and above all, adepts find in mathematics delights 
analogous to those that painting and music give. They admire the delicate har- 
mony of numbers and of forms ; they are amazed when a new discovery discloses 
for them an unlooked-for perspective ; and the joy they experience has it not the 
esthetic character although the senses take no part in it? Only the privileged 
few are called to enjoy it fully, it is true, but is it not the same with all the nob- 
lest arts? Hence I do not hesitate to say that mathematics deserves to be culti- 
vated for its own sake and that the theories not admitting of application to phys- 
ics deserve to be studied as well as others. Moreover, a science produced with 
a view single to its applications is impossible; truths are fruitful only if they are 
concatenated ; if we cleave to those only of which we expect immediate results 
the connecting links will be lacking, and there will be no longer a chain.” 

In closing we may remark that no effort has been made to mention all the 
new fields of mathematical thought. Mathematics, like the other sciences, seems 
to offer inexhaustable fields of investigation. As it expands its perimeter 
increases and hence there is a continually increasing demand for investigators. 
The fields that have been examined present many difficulties which cannot at 
present be surmounted. Some of the old difficulties are being removed by the 
light of the new discoveries. Still we know only a few things even about the 


*The Evanston Colloquium, page 2. 
tRevue Generale des Sciences, Vol. 8, page 857. 
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fields which have been investigated. It is the exception that something can be 
done by known methods, the rule is that it cannot yet be done. 

When we study the literature of some of the older subjects we are some- 
times surprised by the large number of known facts, but when we come to study 
the subjects themselves and ask independent questions we are generally surpris- 
ed to learn that so few properties are known. Hence it seems very desirable 
that the advanced student, at least, should study subjects rather than the known 
facts in regard to these subjects. In this way a more accurate idea of the true 
state of knowledge can be obtained. Besides the knowledge of having discovered 
facts and relations which will enter into the structure of a growing science is the 
greatest source of pleasure that the student can obtain. 


Cornell University, March 9, 1900. 


AN ELEMENTARY DERIVATION OF THE SERIES FOR 
sinz and cost. 


By H. C. WHITAKER, Ph. D., Philadelphia, Pa. 


Cea! 


Assume Sinvg=t+a4,03 4-A,t5 4+ ook eee cece cece ee eee (1), 
Cose==1+a,07 +4084 Loe cece eee Lecce eee eee (2). 
Then = siny=y+tasy®tagy?t iccccc ee vec cc eee eee ee eee ees (3), 
Cosy==lTtagy= tagy® to cece cece cece cee eee eee 1... (4, 
Also sin(a+y)=a+tyta,(aty)? +ag(aty)at irre ce cece ewes (5), 
cos(aty)=l+tag(aty)*+a,(aty)tt voce cee eee eee (6). 
But sin(a+y)=sinxcosy+Cosxsiny see eee cee eee eee eee (7), 
cos(a+-y)-=cosHcosy—SiNUSINY 2... ec eee eee eee (8). 
Hence the coefficients ay, @3, @,...... can be determined by equating (5) 


to (1)x (4)+(2) x (8), and by equating (6) to (2)x (4)—(1) x(8). In the expan- 
sion, in each case, pick out only the terms containing the first power of y, In 
(5) and (7), the terms are 


ytda,u*y +0a,r4 y+ 
YOu y+ a,xty 


In (6) and (8), the terms are 


2a,xcyt4a,x y+ 6agx5y+ 


—ry— a,c? y—apxoyt 


Hquating coefficients of like powers, 24,——1, 8a,==a,, 4a,==—a,, and 
5d g==(4. 
Solving for ag, a,, @,, a@;, and substituting in (1) and (2), 


‘ 3 45 
ing==a— 

5! 5! 

ae m4 


cose== 1 — ——~ + 
O41 


INTEGRATION OF ELLIPTIC INTEGRALS. 


By G. B. M. ZERR, A. M., Ph. D., Professor of Science and Mathematics, Chester High School, Chester, Pa. 


{Continued from March Number. | 


Writing s+s~! for cos2@ in (B), (C), (D), (E) we get ° 


2(1 +e? —es-— es!) t= A, +A ,(s+81)+A. (8? + 8-7) +A 3 (83 + 879) 


+o... +A,(s?+s-™+ ........ (37). 
2(1+-e? — es —es~")-?=B, + B,(s+87!)+B,(8? +8) + B, (83 +8) 

tieeee, LB Ass) eee, (38). 
2(1+e? —es—es}) #=Cy +C, (8-¢871) + Cy (8? + 8?) +C; (8? +879) 

te, +C,(s"ts-™) 4+ ol... (39). 


2(1+e? —es—es—!) =D, +D, (s-+s—!) + D, (8? +877) +D, (8? + 873) 
+o... + Dyj(sPtse-™ + oe... en. (40). 


Differentiating (87), (38), and (39) we get 


e(1—s—2)(1+e2 —es—es-!)-$=A ,(1—8-?) +2A,(s—s-3) +34 ,(8? —s-4) 
tel. +nA,(sr~t—s-t )+....(41). 


8e(1—s-?)(1+ e? —es—es—!) 2=B, (1—s8-?)+2B,(s—s—%)+3B,(s8? — 8-4) 
Piven +nB,,(s"—t— s--1)4+ teas (42). 


5e(1—s—?)(1 +e? —es—es—!)—-?=C,, (1—-s~*) + 20, (s— 88) + 80 (8? — 8-4) 
+l... +n, (s?—1— s-™-1 y+... (48), 


101 
From (58) and (41) we get 


2e(1—s-*)[B, + B,(sts1)4+B,(s8,+38-%)+...... + B,(s"+s-® +. ..... ] 
=A ,(1—s~*)+2A,(s—s—8)484,(8? —s-4)+...... +nA,(s"—t—s-™—1)4 21... 


Kquating coefficients of s”-! we get 
‘ 2nAn==€( By 1~— Byvy).... eee. (44). 
Writing (n+1) for n we get 


26 + 1)Ayniy=e(B,-—- Ry +2) Lees (45). 

From (387) and (88) we get 

(1+-e? —es—es-})[B, + B, (sts) + B,(s?+8)+...... + B,(s? +s") + .... 
=A,+A,(sts1)+A,(s?*+8-2)+ ©... 4An(s"4+8-"%)+...... 
HKquating coefficients of s” we get 

Anz=(1 +e? )By—6(By1t Brat): cceceeee. 2. (46). 

Writing (n+1) for n we get 
Aniyi=(l te?) By -1—e(B, + By +2) a (47). 


Hliminating B,_; between (44) and (46) we get . 
(Q2n+1)A,=(1te?)By,—2eByiy oo ccc eee een (48), 


Hliminating By+. between (45) and (47) we get 
(2n4 1)Angi=—(CU+e2)Byyi42eB, 0... 0000. (49). 


Hliminating By, 11 between (48) and (49) we get 
2n-+1 


B, Gey [(1+e?)An—2eAngi] oo ee eee eee, (50), 
2n+8 
Bur aGeal $e) An 26d na] coeceea, (51). 
From (89) and (42) we get 
8e(1—s-*)[C, + C,(s4+8)+C,(s? +872) 4+ ...., + C,,(s"+ 8-™) 4+ ..... 
-=B,(1—s~*)+2B,(s—s-3)+...... +nB,,(s"—1—s-"®-1) 4 on, 


Kquating coefficients of s”—! we get 
2nb,-=8e( Cy_1—Cn 41) ee (52). 


Writing (n+ 1) for n we get 
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2(+-1)Byy1=Be(On—Onga)  ccececcccececees (53). 


From (88) and (89) we get 
(1-+-e? —es—es—)[C, +C, (sts) + C, (8? +82) +. 00... +O, (8 +8-™+ oo... 
=B,+B,(stsH+B,(s? +8 2)+...... +B,(s"+s-") + 1.2... 


Hquating coefficients of s” we get 


Bu=(1+e?)O,—e(Cn_1t+ Cngi)iceccccee ee eeee (54). 
Writing (n+1) for n we get | 

By a1 (1 +e? Cn 1 (Cn + Cn ya). ccc eee (55). 
Hliminating C,_; between (52) and (54) we get 

(2n + 3)B,=3(1 +6?) C,— Ben a1 cece cee eee (56). 


Hliminating C,,2 between (538) and (55) we get 
(2n—1) By -1==—3(1 +e? )Cn14+6eC, .....0005. (57). 
Hliminating C,41 between (56) and (57) we get 


1 , 
Cn= BG eeye Ln +8) +e?) By, —2e(2n—1)Byyi] oe. eee. (58). 
Similarly, 
—_— 1 ‘ ir 
Dn FTm gaye Len $9) +e? On —2e(2n— 3) Cn +1] ce ee eae (O>9), 
And generally, 
1 
On =i F 1y dete 2m + 2am + 1)(1 + e?)P,—2e(2n—2m + 1) Pratl a (60). 
(50) and (51) in (58) gives us 
2n+3 \ ° 9 
Cn= BEE gaya LAN +1)(1+-e*)? A,—8en(1+e?) An 414-406? (2n—1)An yo] ...(61). 
Cua gees [On 81-68} An sr Bel 1)(1+e? Anse 
+46? (Qn4+-L) Anis]... eee ee eee. (62), 
(61) and (62) in (59) will give us 
NT an-48)(2n-4 1) (1-be2)8A — 6e( 1+ e?)?(2n+3)(2Qn—-1)A 
n 15(1 —¢2)6 n n-+l1 
+126? (1+-e? )(4n? —5) Ani2— 8e8 (2Qn+ 1)(2n—3) An +3] Lee eee (63). 


Knowing the values of A,, Ani1, etc., we can find the values of B,, Ba+i, 
ete.; Cr, Cri, ete.; Dn, Dn+1, etc. 
|To be Continued. | 
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DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 


120. Proposed by ELMER SCHUYLER, B. Sc., Professor of German and Mathematics in Boys’ High School, 
Reading, Pa. 


How many balls 1 inch in diameter can be put in a cubical box 1 foot in the clear 
each way, putting in the maximum number? [From Greenleaf’s Treatise on Algebra.| 


III. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Science and Mathematics, Chester High School, 
Chester, Pa., and H. C. WHITAKER, Ph. D., Professor of Mathematics, Manual Training School, Philadelphia, Pa. 


The maximum number of balls is not 2149, as given Vol. VII, No. 3, but 
2151, as demonstrated below. 
Put in 4 rows of 12 balls. Then in the space 8X12 can be put 9 more 
rows of 12 and 11 alternately ; for 8x 31/34 1=7.928. 
8—7.928=—.072 of an inch to spare. 
This gives in the first layer 9 rows of 12 each=108, and 4 rows of 11 each 
==44, .*. 152 in all. 
In the other space 12X12x11 we can put as before eight layers of 144 
each and 7 layers of 121 each. 
*, Hight layers of 144-1152 
Seven layers of 121= 847 
One layer of 152 = 162 


Total==2151 


125. Proposed by F. M. PRIEST, Mona House, St. Louis, Mo. 


A Quaker once, we understand 

For his three sons laid off his land, 
And made three equal circles meet 

So as to bound an acre neat. 

Now in the center of the acre, 

Was found the dwelling of the Quaker; 
In centers of the circles round, 

A dwelling for each son was found. 
Now can you tell by skill or art 

How many rods they live apart? 


I. Solution by M. A. GRUBER, A. M., War Department, Washington, D. C. 


The centers of the circles three 
With straight lines let united be; 
Where touch the arcs, respectively, 
These lines will cross the tangency. 
Just twice the radius is each line, 
And they in trigon space confine 
Each circle’s sixth and ‘‘acre neat,’’ 
No more nor less. With pencil fieet, 
From trigon’s several vertices 

To circles’ opposite tangencies, 
Respectively, three uprights trace, 
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And at their intersections place 

The Quakers’s dwelling. For we find 

These uprights are in each combined 

Just two-thirds from the trigon-points 

And one-third from the tangent-joints. 

Kach upright we can plainly see 

In radius times square root of three; LTy3] 
And root of three times radius squared [r?y3} 
Is trigon’s area unimpaired. 

A semicircle interjoined 

With the Quaker’s acre can be coined 

An equal to the trigon’s space. [darr? +160] 
Now equal to each other place 

The areas of the trigon found; 

And if the work is true and sound, 

We’ll find the half of sixty-three [31.50-+ | 

Is a trifle less than in rods should be 

The radius of each circled bound 

Wherein the sons their dwellings found. 

Just twice the radius, or sixty-three, [63.0-+ | 
As the rods apart the sons must be. 

Two-thirds of the upright, as shown above, 

The sons to their father will have to rove; 

This distance, in rods, will two decimals run 

In one-eighth of two hundred ninety-one. [36.37 4-] 
Now we’ve told by skill and rhyming art 

The number of rods they live apart. 


II. Solution by J. M. HOWIE, State Normal School, Peru, Neb.; LESLIE J. LOCKE. M. A., Fredonia Insti- 
tute, Fredonia, Pa.; 0. 8. WESTCOTT, Chicago, Ill; J. W. DAPPERT. C. E.. Taylorviile, Ill; B. L. REMICK, 
Bradley Institute, Peoria, Ill.; W. MANZILLA, Langston University, Langston, Okla. 


Let ABC be the triangle formed by joining the centers of the farms, CE 
the altitude. Since the circles are equal, the triangle ACB is equilateral, and 
therefore AC=AB—BC—2r, where r is the radius of the equal circles. 

Area of triangle 4BC=3AB x CE=3.2r.1/ (4r? —r? )=r? 3. 

The area of the three circular sectors included in the triangle=3.37r° 
—$7r*, 

... The area of the curvilinear triangle EFJ= /8r? — 3ar? 160 sq. rods. 


_ 020 _ ( i) \ on 
r=yl(5y-5)= ay aca) = 8t rods. 


2r==AC=75.4 rods—distance between sons’ houses, and 3,3r—43.5323 
rods=distance from father’s to sons’ house. 


Solved in a similar manner by G. B. M. ZERR, J. SCHEFFER, C. C. CROSS, H. C. WHITAKER, 
ELMER SCHUYLER, ALOIS F. KOVARIK, JOHN T. FAIRCHILD, J. M. COLAW, HON. JOSIAH H. 
DRUMMOND, P. 8S. BERG, H. I. HOPKINS, COOPER D. SCHMITT, and J. O. MAHONEY. 

Solutions of problem 124 were received from CHAS. C. CROSS, P. 8S. BERG, J. SCHEFFER, G. B. 
M. ZERR, ELMER SCHUYLER, and H. C. WHITAKER. 


ALGEBRA. 


101. Proposed by G. B. M. ZERR, A.M., Ph.D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Prove that (1+2+38+....+n)+ 5 i(l? +2243" +....$n?y+ mr) 
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n(n—1)(n— 


(194234384...,4+n%) +— a *) (4449843440. 4ntydt.... 


n(a—1)(n 


+ 41 Apna fons 4 gna .+n” ~3) +n) 1) (17—- 21 9n—2_1 on?) 


+... 2 tn" 455 rican 11 9n— 11 3n— It. . etn 1)+(17 4274374 ee +n”) 
=(n-+1)"—1, and substitute for n==2, 8, 4, 5, and 6. 


Solution by the PROPOSER. 


nm(n+lje? § n(nt+1)(n—1)23 
A emtat slaps + MOE bet | mint Diabet 
4 wat) @-Dr—2)st 
“ap 
_ Utara - a La n(n—1)x?  n(n—1)\(n—2)28 } 
m+] ] 5 3 a 4} +.... ° 
Let aE mn sinniieas €tC.,==@;, Ay, Gs, etc., respect. 


C+ 0yta I 


—a(1-+a,t+agnr? +agr? + .... ann”), 


n+l 
on 1] 
When v1, ap! +0, + Ag +0g+....+4y. 
orri— | 
When 2=2, rye ae +23a,t2ta,+...,+2"4Ha,. 
" 
; > 47-1, | 
When «<3, “wtl dABr a, +33a,+384a,+....+8"771a@,, 
nu 


a eS i i a a i rs 


(vt 1yett—q 


m+) 


When rn, =N +N? a,+niag+ntag+t....u™+H1a, 


Adding. we get at once, 


(QP et Lon tt deste a +(n+1)?ti—n 
(n+1) 


=-(14+24+344+4+ ...4+n)+(1° +2248? +42+....4n?)a,4+(1?4+23433+43 


eo Am yay ECMO eB tare Ae An aga 
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+ (In gnti 4p getty qe tnt ya,,. 


Transposing the last quantity in parenthesis, reducing, and replacing the 
values of @,, Gg, @,, we get, 


mn 


(IF 243-4+.... +m) $y p(lF$2°48% 4... +n) + OT 8 +294 88a 18) 


a 


+. a en mint). (1%—2- Qn—21 Bn— at, . tn + 5 5p Int or 14 3n— —1 


fee tnm 4 (17427484. +n”) =(n+1)"—1. 


When n=2, we get (1+2)+ (1? +2? )=3* —1==8. . 

When n=8, (1+2+8)4+2(17 +2?+38?) + (13 4-23 +33)=—4? —1=68. 

When n=4, (1+24+8+4)12(17 +2218? + 42)12(134+23 +83 448) 
+(14+24434 4+ 44)—54—1=-624. 

When n=5, (14248444 5)+8(12 42243244? +5%)119(18 423433 
FAP +58) PHA RAT BATE LBA) LE 95435+45455)—65—1—7775. 

When n=6, (14+2+8+4+5+6)+3(12+22+82+42+52+6?)+5(18+234+82 
448453463 )+5(14+244+84+44+54+64)+8(15+25 485445 +55 +65) +(16428 +38 
+.49+56+68 )—=75—1—117648. 


Also solved by HELMER SCHUYLER. 


102. Proposed by J. MARCUS BOORMAN, Woodmere, N. Y. 
Solve 2a+ )/|[v?—7]=5. 


I. Solution by COOPER D. SCHMITT. A. M., University of Tennessee, Knoxville, Tenn.; M. A. GRUBER, A. 

M.. Washington, D. C.; J. SCHEFFER, A. M., Hagerstown, Md ; and G. B. M. ZERR, A. M., Ph. D., Chester High 
School, Chester, Pa. 

Transposing, 1/(2? —7)=5—2z2. . 

Squaring, 7? —7=25—20%+4a" ; whence 3x? —207%+82-=0. 

Solving, v=-4 or 8. | 

Neither of these satisfies the original equation, but by writing it thus, 2x 
— ,/(“%? —7)==5, both values will satisfy it. 


II. Solution by H. C. WHITAKER. M. E., Ph. D., Professor of Mathematics, Manual Training School, Phila- 
delphia, Pa. 


Denote 2—5 by y; then the given equation reduces to 
+ 7/(y? + 10y—38)==— 
Divide by y, +4/(14+ 10/y—3/y? )=—2...... (1). 


But this equation is absurd, since it makes a positive square root equal to 
a negative number. 
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Assume the symbolism +-71/j=—1, 7 being an impossible quantity, the root 


of the equation +1/x4+1=—0. 
Square (1), 1+10/y—3/y? =47, y?(47—1)—10y+8=0, from which 


_10) + VW —8)) 
4j—1 


III. Solution by the PROPOSER. 
Transpose and square. 
. 4a? —20%4+25-=0? —7...... (B), an obvious quadratic. 
Apply its roots, 4 and 8, to the given (A); hence 2(4)+[—3]=8—3=5 


= 20+ {—[p (16—7)]}..... (C); and 


yo=9 Lee ee ==2x+ {—[q/ SA 


2(3) +(—}3)=83— —S3)]}} oo... (D); 
Could extracting 1/(%?—7) positive here also yield roots, then (A)’s 


satisfy it. 
dominant quadratic (B) is bt-quadratic, which is absurd. 


Also solved by P. S. BERG and CHAS. C. CROSS. 
—— 


GEOMETRY. 


127. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio Uni- 


versity, Athens, Ohio. 
The equation to the plane through the extremities, (2%;, 91, 21), (Ve, Yo 22) 


(%5, Y2, 23), Of conjugate diameters of the ellipsoid, 


2 y? oie Mitte thy tis TY 4 Zy 2a +23 
ye pet eh nr 


Solution by the PROPOSER. 


If lat+my+nz=p ..(1) be the required plane, we should have 


la, +my,+nz,=p...... (2), 
lea + myn +N%g=p..... (3), 
leg + my3+nz,—=p..... (4). 


Solving these for l/p, m/p, n/p, we have 


% 


7 Yas *1 vio Yay 2 
l/p== 11, Yo, 2 | + | Voy Yas 2 | eeeeee (5). 
1 Yas 4s v3, Ys, %3 


m/p-=-ete., n/p=etc.,..... 
Reducing (5), making use of 
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Yr 2,” wo Uo 

—— == ] = -=-+..... = 7), 
a? be Ge ae ae ) 
and ©1Y, +%2Yo+%3Yg==Y 121 betc., =z, 4, -petc.,=0..... (8), 


prs uaa m/p=ete., n/p=ete., ...... (9). 
These must be put into (1). 


Also solved by G. B. M. ZERR, J. W. YOUNG, LON C. WALKER, J. SCHEFFER, and GEORGE 
LILLEY. 


128. Proposed by W. H. CARTER, Vice President and Professor of Mathematics, Centenary College, Jack- 
son. La. 


Given F=A" 1+(n—1)!.A,.A,..... An, Where A=the determinant 
(a, byeg..... kn)and A,Ag...... A, are the minors of the elements of the nth 
column ; and ay. bm, Cm...+-- ete... (m=l1, 2,3..... mn) are the coefficients of 1 


given equations containing n—1 variables. Show (1) that n=8, F—=the area of 
a triangle, and (2) if n=4, F=the volume of the tetrahedron. 


Solution by J. W. YOUNG, Student in Ohio State University. Columbus. O. 


1. Let n==3. The points of intersection of the three lines represented by 
the given equations, are 


— A, OA, A, 
nr or » Uy- 0,’ U3 == C, ’ 
B, B, B, 
Yai > Ya DS U3 - ; 
Y | C, Yo C, Y3 C, 


where, by the usual notation, A; equals the co-factor a;, in the determinant A. 
The area of the triangle formed by these points Is 


A 
in ] 
om Cy! 
Ti, Y1, 1 A, B A,, By. C, 
Area==% | %). Y., 1 | =2 O° a Lj==3 | Ay, By, Cy | +O, C20, 
C3, Ys, I ° ® A;, Bs, Cs 
— A, Bs 1 
Cy, OO; 


and this, by a well-known theorem in determinants, 
=$A?+C,C,C,=F. 


2. Let n=4. The intersections of the four planes given by the equations 
are found precisely as above. 


109 
The volume of the tetrahedron found by the points is 


V4 y Yi1: a4) 
ves Yas 2a: 
oO | Ue, Yes e324 
Lay Yas way 


ae a ee ee ae 


or substituting the values of #,y,z,, etc., we have 


A,, B,, C,, D 
A,, B,. Cy, D, 

Volume= A. B,. C.. D, | +D,D,D,D, 
A,. By, C4, D, 


Also solved by G. B. M. ZERR, WALTER H. DRANE, and the PROPCSER. 
Professor Carter asks: Whatdoes F represent when n is greater than 4? 


CALCULUS. 


—— 


97. Proposed by ARTEMAS MARTIN, A.M., Ph.D., LL.D., United States Coast and Geodetic Survey Office, 
Washington, D.C. 


An auger hole, radius r, is bored through a prolate spheroid ; the axis of the auger 
passing through the center, perpendicular to the major axis. Find the volume removed. 


Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


2 2 2 
Let aa + Taal, be the equation to the prolate spheroid. 
a” ; 


oe? +y2==r*®, the equation to the cylinder. 


/p2—x2) 
vasa s /[b? (a2 — 2 \—a®y* |dady 
=4/a{ 9/{(r? 2% )La2(b? 72) 4 (a? = B® ye} de 
0 


Ab? (¢" oN: | a, I( ry? —x ) 
2»? —l} _. a 
+73 AG ae” )sin i Vga? tx 


=A/af yy ((02 <2? ya (b 1?) + (a? —b? a? |p 


Ab? (a? —r?) Si. a? da 
a 


+ “{(r? —2*)[a2(b? — 72) + (a? — b® a? nD 


5) 


Sab? (a? —r Lf eda 
+ 3 0 (a> —a?)/ f(r? —a* )[a? (b? — 7?) +(a? — b? rx? J} 
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r® (a? —b2) re 


Let x—=reosh, ‘bP (qbapty ? ) 


az—r* 


Abr? (a2—r2 aT . . 
a om id Lf » (1 —e?sin? @)sin? dd6 
0 


4. Abr? | ior a cos? ddd 


VU —e®sin? 4) 


4 Sabr? (" eos? Add 
dy (a? —r?) Jo (Ltesin? #),/(1—e® sin? © 
= Sabr* r*(e-+1) Sbr?(a? — 72) , 
~ Bey/ (a2 — 72) 2) IT (e, ¢, 37) rn E (e, 47) 
Abr? 


F Beek (ab mae LO pete? ae —n")— 2a%ety Fe, 3x) 


83 b Shr? (a? —r?) 
== > .—__— I (e, ¢, $2 ——-._—. ff (e, $7 
by (a? --7? ) \ + 3a ee 


Pune Tp ete? )--2a%e?] F(e, 37). 


Also solved by J. SCHEFFER. 


MECHANICS. 


87. Proposed by H. C. WHITAKER. M.E., Ph.D., Professor of Mathematics, Manual Training School, Phila- 
delphia, Pa. 


‘*He on his impious foes onward drove, 
Drove them before him to the bounds 
And crystal walls of Heaven; which opening wide 
Rolled inward and a spacious gap disclosed 
Into the wasteful deep; headlong themselves they threw 
Down from the verge of Heaven. 
Nine days they fell; Hell at last 
Yawning received them whole and on them closed.’’ 

Paradise Lost, Book VI. 
Assuming Hell to be the center of the earth, and the only foree acting on the lost 


spirits to be that of gravity due to the earth’s attraction,—How far is Heaven ? 


II. Solution by the PROPOSER. 


The published solution of No. 87, Mechanics, assumes (page 82, line 4) 
that s=4gt? is the formula for falling bodies for great distances. 

Neglecting the change in passing from the surface to the center, the 
gr?t® 


2 wr 


formula is s?== (See Watson’s Theoretical Astronomy. page 46, eq. 28). 
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This formula gives a result somewhat greater than 90 radii of the earth. 
Assuming 90 radii as correct, the distance the spirits fell in the first second is, 
%: 16.1 3: 1? : 90? 
a being .0237 inch. 


Assuming that 460,000 radii was correct, the distance fallen in the first 
second would be .000,000,000,007,2 inch. 


NOTE ON PROBLEM 95. 
BY FLORIAN CAJORI, PH. D., PROFESSOR OF MATHEMATICS, COLORADO COLLEGE, COL- 
ORADO SPRINGS, COLO. 


The problem arose in a discussion carried on in the Nation, Vol. 68, page 
3/6, between Mr. C. S. Peirce and myself, relating to the validity of an argument 
given by Galileo and intended to refute the hypothesis that the velocity of a fall- 
ing body varies as the distance described from a state of rest. Galileosays: ‘‘If 
the velocity with which a body overcomes four yards is double the velocity with 
which it passed over the first two yards, then the times necessary for these pro- 
cesses must be equal; but four yards can be overcome in the same time as two 
yards only if there is an instantaneous motion.’? Mr. Peirce argues that Gali- 
leo’s reasoning is sound, a claim which I cannot admit. 

The assumption that the velocity shall be proportional to the distance de- 
scribed from the state of rest can be expressed by the formula 

ds 


—==as, where a is a constant. 


dt 


_ . ds) ae | 
Hence the acceleration is —~-=a?s. Now initially the distance passed 


28 
dt? 
over is zero, 7. €. s=0. Hence the initial accelleration is zero and the body can 
never begin to move. This conclusion stands even when a is infinitely large, 
for when absolute zero is a factor, then the product must be zero, no matter how 
large the other factor may be.* This is the point on which the whole discussion 
turns. Since Galileo concludes that instantaneous motion is the result, when 
really there can be no motion at all, his reasoning is fallacious. 

But Peirce argues that Galileo used both assumptions stated in the prob- 


lem, viz., (1) © as, and (2) ¢ finite for a finite distance. Peirce says: ‘*, ... 


the solution of the differential equation Ot as is s=Ce“, In order that s and 


t should both be zero together, C must be infinitesimal. Then, for a finite value 
of s, either a or t must be infinite. Thatis, either the acquired velocity or the 
time of fall must be infinite. Galileo’s argument first adduces the fact that the 
time is finite, and on that assumption concludes that the hypothesis would in- 


***Tn putting together naughts to arrive at 1, we never make any way at all; the second thousand pro- 
cesses gives no more than the first.’’ De Morgan. 
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volve an infinite acquired velocity, which is absurd.’’ In this way Peirce justi- 
fies Galileo’s conclusion. 

The error in Peirce’s reasoning seems to me perfectly apparent. When 
s==0 he takes C to be an infinitesimal, while really C is an absolute zero. When 
sand tare both zero, e” is not zero, hence e”, multiplied by an inflnitesimal, 
cannot be equal to absolute zero. An infinitesimal is a variable whose limit is 
zero, but the variable never reaches its limit. If we consider an infinitesimal an 
extremely small quantity, we must still remember that it is a quantity. Now, if 
(is absolute zero, then s can never be different from zero, no matter how large 
e may be. 

It is easy to illustrate my conclusion by physical examples. A particle is 
placed in a smooth tube which revolves horizontally about an axis through its 
center. With what velocity will the particle move? The only force impelling 
the particle along the tube is the centrifugal force due to rotation. Hence we 


—=w’*s and ows, where w is the uniform angular velocity. Here the 
velocity is proportional to the distance from the axis. Suppose now that the 
particle lies initially at rest an the azts. Will it begin to move? There is no 
reason why it should move one way any more than the other. 

The two assumptions in our problem are contraries. The first excludes 
the possibility of motion ; the second declares that motion exists. From assump- 
tions that are contraries no conclusion can be drawn. 


have 


DIOPHANTINE ANALYSIS. 


80. Proposed by M. A. GRUBER, A. M., War Department, Washington, D. C. 


Find three square numbers whose reciprocals form an arithmetical progression. 


I. Solution by the PROPOSER. 

When three numbers are in arithmetical progression, the products of these 
numbers, taken two at a time, will give three numbers whose reciprocals are in 
arithmetical progression. , 

Let x—a, x, and «+a=—three numbers in arithmetical progression. Then 
a(a—a), (vw—a)(x+a), and x(a+a)—the three numbers whose reciprocals are in 
arithmetical progression. 


For, ————-— oF — 
’ ea—a) (a—-a)(e@+a) (a—-a)(a+a) aat+a) a(x—a)(ata) 


The general values for three squares in arithmetical progression are 
(p?—q? ~—2pq)*, (p?+47)*, and (p?—q?+2pq)?, where a=(p*?+q?)*, and a 
the common difference—4pq(p? —q?). 

Put p=2 and q=1; then 1”, 5°, and 7? are three squares in arithmetical 
progression. Whence the three squares whose reciprocals form an arithmetical 
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progression are 5°==1? X5?, 7*==-1?x7*, and 35°=—5? <7; and the progression 
IS 5. go. 12 E5- 
Put p==8 and g=—2; then the required progression is (44,)”, (¢4s)*, (s41)?. 


II. Solution by 0.8. WESTCOTT, A. M., Sc. D., Maywood, IIl. 

Let x*?, y?, 2? represent the numbers. Then 1/2? —1/y?=1/y? —1/2’. 
And 1/2? + 1/4? =2/y?, or y? (a® +2? )=22?2, or y? /a®z® = 2/(x? +27). 

Since the first member of this equation is a square, the second must be. 

2/(a? +2? )==4[2(4? +2?)], and we have to make 2(x?-+-z?) a square. 

Put v==7 and z==1; then 2(a?-+<2? = 2A 110%. Hence the numbers 
are 49, $2, 1; the progression being 75, 78, 1. 

Or put 74 and z=1; then 2(4? +2? )==2[(q,)+1]=()” 
bers are 75, 3's, 1; the progression being 49, 25, 1. 


, and the num- 


III. Solution by SYLVESTER ROBINS, North Branch, N. J. 


Let a?, x? and 6b? represent three squares whose reciprocals i/a?, 1/2z?, 
and 1/b? are in arithmetical progression. 

Then at r/o a2 /a" and «*==-2a7b*/(a?-+b?), a square. 

Expand 1/2=-1, $. $5, 183, os’, Svat, ete. 

Say a=1; b=7, 41, 289, 1898, 8119, ete. 


Then 1%, (2x12 x72)/(12+72), 72 .....1, $8, 49. 
12, (212 X412)/(12 +412), 4120.0... 1, 7,681, 1681. 
12, (2x 12% 2392)/(12 +2392), 2392...... 1, 87221 57121. 


COOPER D. SCHMITT and G. B. M. ZERR refer to Problem 78. See solutions of that problem in 
Monruzty for March, pages 82—83, by CHARLES C. CROSS, JOSIAH H. DRUMMOND, M. A. GRUBER, 
and G. B. M. ZERR, who also solved the above problem. 


AVERAGE AND PROBABILITY. 


84. Proposed by L. C. WALKER, Associate Professor of Mathematics, Leland Stanford, Jr.. University, Palo 
Alto, Cal. 


From a point in the circumference of a circle two chords are drawn; find (1) the 
average radius, and (2) the average area of the circle which touches the two chords and 
the given circle. 


Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School 
Chester, Pa. 
Let AB=A¥F==r, HE=GE=FE=2, ZPBD 
=6, 7 PBC=@. 
Then BD—2rsin#, BC=—2rsing, AK=rcusg, 
AN=rcos#, BH=BG=BK+KH=BN+NG 
KH=ME=,/ [(r—2)? —(reosp—x)? | 
=1/ [r?sin® p—2rz(1—cos@)]. 
NG=LE=y ((r—2)? —(reosé+<2)? | 
== 1/[r? sin? 6—2ra(1+cos6@)]. 
', rsing+ 1 [r?sin® p—2rxr(1—cosP) |] 


> 
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==rsin@-+7/[r? sin? 6—2ra(1+cosé)]. 


__2r[(sind—sing)sin(6+ g)—(sind—sing)?] 
Ses F008)? 


—=2r[sin3(¢+ p)sin3(6— p)sec? 3(4— p)—tan? 3(6—¢@)]. 
ma” —Arr®[sin3(6-+ p)sin3( 6— pm)sec? 3(6—p)—tan? 3(6—¢—)]?. 


Let L=average length, A average area. 


SS S, add op fe 
vs S dod ("aap ™ J, J, 2d0ag 
p 


° 346—sind + sinflogsec} ))d0-——"-(? — 8)=.3789r, 
7E 


7 6 
1 2dAd 
fi Sis P y} 7 6 
a asf f 2? ddd 
7. 6 7 0 0 
f f déd@ 
0 0 
O2r? 


= ao f (6Acost 34—36cos? 3—6sin}4cos® 244-2sin® 34cos36 
0 


—12sin36cos? 3Alogcos$ 6)dé= — 


85. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Science and Mathematics, Chester High School, 
Chester, Pa. 


(37? --28)—.21747r2, 


Two points are taken at random in a circle and a chord drawn through them; a point 
is then taken at random in each segment. Find the average area of the quadrilateral 
formed by joining the four points. 


Solution by the PROPOSER, 

Let P, Q, &, S be the four random points taken 
as indicated in the problem, NN’ the chord through 
PQ, MM’, TT’ the chords through S, R, respectively. 

Draw CD perpendicular and CD’ parallel to 
NN’. Let CD=r, CE=u, CF=v, C@=w, NQ=z:, 
PQ==y, NF=\/(r? —v?)=2, TG =)//(r? —w?)=t, ME 
=)/(r?—u*)=s, 2 D'CA'’=0 

An element of the circle at P is dvdz; at Q 
ydédy ; at R, 2tdw; at S, 2sdu. 


’ 
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The limits of 6 are 0 and $7 and doubled; of v, +7 and —r; of x,’ 22 and 
0; of y, 0 and « and doubled ; of w, v and r and doubled ; of wu, —r and v and 
doubled. Area PRQS—3y(w—u). 

The whole number of ways four points can be taken in the circle is z#r8. 


16 am r 22 x a v 
478 sf f f f f sy(w—u)didedxydy2tdw2sdu 
0 —7r 0 0 v —_/¢ 
x ’ 
4 nat. f s- f { [4(a*—v?)3 + 6vw)/(a* —v?)+ 6a? wsin: (v/a) 
O70 r 0 7 y 


+ 37a? w|ty? dédudadydw 
22 
—~ B73 wrod, i J, S (a®—v?): y? dadudady 


iw 22 
= sm a “S. JS. 2— vy?) ei dAdudx 


er gu 35r? 
—— — 2 — fA— 
Sea), “f We v2 ys dédy= 7s. d 367 


MISCELLANEOUS. 


74. Proposed by S. HART WRIGHT, M. D., A. M., Ph. D., Penn Yan, N. Y. 


The longest diameter of a horizontal ellipse is CB==2u=6 feet. Its shortest diame- 
ter is HF =2b—4 feet, their intersection being at D. Find in an indefinite vertical plane 
passing through CB, a point A=5 feet=c from D, the ellipse being seen from 4 as a circle. 


III, Sélution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 

To find a point # in the vertical plane AEB at which DC, AB subtend 
the same angle, we proceed as follows: Let DF=FC=b:-=2, AF=FB=a=:3, 
FE=c=—6, AK=2, BE=y, DE=CE=2z, 2 DEC= 7 AEB=#. 

Then c=47/ (20? +2y? — 4a? p= 3,/ (x? +y? +2aycosA). 

". 2(a® +c? )—=a? +y? 5 4c? =a? +y? + 2rycosA, 


* w® ty? —=2a?+2c? ..... (1). 
2xycosA#=2c? — Qa? ..... (2). 
But c=} yp (42? — 4b? ) == 91/(22? +22? cosh), 


2b? 
7 el ye 2 2 € 9 — 6 
y(b2 +e?) and cos Pb 
__ 2(c® —a® )(c? +b?) 21/7 (ct —a?b?) 2,’ (a? —b?) 
ory = cz — 2 BY (ce? —b?) ? a ny (c*» —b*) 
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pV (ot — a? b?) + cya? — 8°) VV (e4—a?b?)—c¢ 1/(a? —b?) 
oO V (c?—b?) an V/(c2 —b?) 


Substituting numbers we get cos@==31, 6=43° 36' 9”. 


6589) +5 (5) 
V (21) 


=:7.73575 feet, ye =2. 85625 feet. 


z—=y/ (29) =5.38516 feet. 


IV. Solution by A. H. BELL, Hillsboro, Ill. 


Let the vertical plane be ABK, A the vertex and BK the base of a right 
cone. The horizontal cutting plane BC is the major axis of 
the ellipse with D the projection of the minor axis, the cut- 
ting plane GJ passing through D, and parallel to the base 
BK, is a circle and contains the minor axis of the ellipse. 
Revolving the circle 90° with the diameter GJ as an axis, 
the chord HF is the minor axis of the ellipse; and s, 8’ are 
the foci. LC is acircle and parallel to the base BK of the 
cone, 


BD=DC=a=3 feet, ED=DF=b==2 feet, AD=c=5 feet. 


The properties of an ellipse give s, ’=BE=CK...... (1). 
BK XCL=EF?=4b2..... (2). 
BC?=BL?+BKXCL. .. BL=2(a? —b?)* =4.4721360...... (3). 


In the right triangle ADF, AF=AI=AG=(b? +c?)? = / (29) =5.385 1648. 

BG=GL:=CI=} BL=2.2360680. 

AC==AI—CI, AB=AI+ CI =7.6212828, AC=8.1490968, and the point 
A is determined. 

Nore. Radius, GH=(%!)! =2.198484326 + —( 

DH=(G H? — b*)2 ==(4)2 -=0.9128709. 


b2(b? +¢?) ). 
26? +e? —a® J 


75. Proposed by J. C. NAGLE, A. M., M. C. E., Professor of Civil Engineering, State Agricultural and Me- 
chanical College, College Station, Texas. 


The water tank at the Nacogdoches River on the H. E. & W. T. By. is filled by a 3- 
inch pipe from a reservoir in which the water level is 6 feet above water in tank when full. 
The top diameter of tank is 17 feet, the bottom diameter is 19 feet, 8 inches, and the pipe 
projects 10 inches through the bottom. The depth is 13 feet, 6 inches. Find the time re- 
quired to fill tank, taking the pipe as clean and free from sharp bends, except the right- 
angled one directly under tank. This bend is 12 feet below outlet of pipe, so that the total 
length of pipe is 1972 feet. Compare the result with the time of filling if the inlet pipe 
projected over top of tank instead of entering at the bottom. 
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I. Solution by G.B. M. ZERR, A. M.. Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Altitude of cone with top of tank as base==-86,, feet ; altitude of cone with 
bottom of tank as base 9,%, feet ; altitude of cone with section 10 inches from 
bottom as base=-9838 feet. 

V==volume of tank=7{[(59)3—(51)3]/(4)3}=1186.875a cubic feet ; 
V,=volume of portion 10 inches from bottom—=7{[(4779)3 —(4789)?] /(824)3 }= 
79.906145517 cubic feet. V,—V—V,—1056.46885449 cubic feet. 

Let v=velocity of discharge in feet per second, d=diameter of pipe in 
feet. |-=length, h=head of water, W—weight of water in pounds discharged per 
second, f=coefficient of friction, 6=coefficient of resistance at entrance of pipe, 
0=coeflicient of contraction at elbow. 

Then h=(v?/2g9)[( fl/d)+6+6+1]. (Hydromechanies). 

‘v= {2ghd/[fl+d(B+é+1)]}}. 

g==82.16, 1=1972, d=+4, f—=.030268, G=.505, h==183, 0—.9846. 

J. u=,516851)/h. Q=i7d?v=.0348587 cubic feet, quantity discharged 
per second. 

W=623Q=MQ. 

If m is the distance of the top of the tank above the outflow, the resistance 
or pressure of water in tank on outflow 


—aywet. “ aMn 
IM) dx —T98 . 


nw Sl (Ee to41) wp Re | 


', Qgh=v/ (to +6+oO+1+ 8g) 
J. 0, =2.21788, since n=128. .°. Q,=4d?v;,=-.0846547 cubic feet per 
second, 
T=time=(V,/Q)+(V,/Q,)=(9. 906145517/, 0348587) +(1086.468854497 
/. 0346547). 


. T=82778.538 seconds=9 hours, 6 minutes, 18.53 seconds. 
If filled from the top we will not consider the bend, but suppose pipe 1960 
feet long and h==6 feet. 
Then h==(v,?/29)[( f l/d)+6+1]. 
V=y (ghd/| PI +d B+ Di = 1.27138. 
.. Q,==47d? v,=.019867 cubic feet. 
t=time =(V/Q, )==1186 8757/.019867==57219.3 seconds. 
*, =15 hours, 53 minutes, 39.3 seconds. t—7T=6 hours, 47 minutes, 
20.77 seconds. 


118 


II. Solution by P. H. PHILBRICK, M.S., C.E., Chief Engineer for Kansas City, Watkins & Gulf Railway Co., 
Lake Charles. La. 


First. To find the time of filling the lower 10 inches of the tank. The 
head is h==138.5+ 6—2=18% feet. Let v=velocity at the outlet, and s=the area 
of the cross-section of the pipe==(477)(4)? ==.0491. 

Then hv? /2g+m/(v?/2g), or v=[2gh/(A+m)]? ...... (1), in which m is 
the sum of the resistances to the entrance and movement of water in the pipe. 

The diameter of the tank 10 inches from the bottom is 19.5 feet. Hence 
the volume of the lower 10 inches of the tank=(,'57)[(19.67)? +(19.5)? + 19.67 
X19.5J}=V...... (2). 

Then from (1) and (2), t=V/vs..... (3). 

According to Bowser, Articles 110 and 112, m may be taken=.038 x 1972+ 
44+1.54+ .98==238.48. 

Second. ‘To find the time of filling the remainder of the tank. Let x be 
the height in feet of the top of the reservoir above the surface of the water at the 
time t. The diameter of the tank at the surface of the water is 17-+({8)(@—6)= 
15.815+.1975x. Hence the area is A=(47)(15.815+ .1975x7)? =196.4+4.9062-+ 
080622. Let dz be the rise in the water in the time dt. Then Adz is volume 


of water admited in time dt ....(4). 

We also have, as shown above, v=[2gr/(1-+m)]? , and, therefore, the vol- 
ume of water admitted in time dt is equal to [2gh/(1+m)]* Xsdt...... (5). 

From (4) and (5) we have, dt=[(1+m)/2g]? x 1/s==[(196.4+4.906x 
+.03806x? )da|/zt ..... (6). 

Integrating between v==-4==-183 and «=h==6, we have t’=[(1+m)/2g]? x 
.0491[892.8(H2 — ht )+8.271( AH? — h? )+.0122(H2 — hi? )......(7). 


t+t’=the total time required to fill the tank. 
Third. If the inlet pipe projected over the top of the tank, we would 


have, aS in equation (1), v;=[2gh,/(14+m)]}2 ...... (8), in which h,=6 feet. 
Also volume of tank is V=(47)[(19.67)? +17? +17 X19.67]......(9). 
Then T=V/v,8...... (10). 


76, Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio Uni- 
versity, Athens, Ohio. 


Show that 
logle—a—by/(—1)]="log[(a— ay? +b? |—y/(— tan, 
Naperian logarithms being used. 


I. Solution by J. 0. MAHONEY. B.E.,M.Sc., Central High School, Dallas. Tex.; F. ANDEREGG, A. M., 
Oberlin College, Oberlin, 0.; ARTHUR C. LUNN, University of Chicago, Chicago, Ill ; COOPER D, SCHMITT, A.M., 
University of Tennessee, Knoxville, Tenn.; BURKE SMITH. University of Washington, Seattle, Wash.; H. C.WHIT- 
AKER, A. M., Ph. D., Manual Training School, Philadelphia, Pa. 

Let (c—a)—ib=r(cos¢—rsing). 

Then r?=(a--a)? +b?, tand=b/(#—a). 

Thus log|vz—a—ib]=log[r(cos¢— isin ¢)=logr + loge—4%=logr—7¢ 
=tlog[(a—a)? +b? —itan—[b/(a—a)]. 
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II. Solution by HENRY HEATON, M. Sc., Atlantic, Ia.; WALTER H. DRANE, Harvard University, Cam- 
bridge, Mass.; and G. B. M. ZERR. A. M., Ph. D., Chester High School, Chester, Pa. 


VA) bde 4) tant a aby) 
J (a—-a)?+b? | y°(— Dotan w— a. 3 Carre rvesr ) 


—1 


1] (fam ov!) 


b 
—_ 1 /(— 1 
. x log a2—a+by(—1) )= \/(—1)tan —_ 


*. logja—a—by/(—1)]—Hog[(#— a?) + b? J=—7/(—1)tan—![b/(a—a)]. 


*. log[w—a— bj/(—1)]=$glog[(a—a)? +b? ] —|/(—1)tan-1[b/(a—a)]. 


PROBLEMS FOR SOLUTION. 


ARITHMETIC. 


130. Proposed by H. C.WHITAKER, M.E., Ph.D., Professor of Mathematics, Manual Training School, Phila- 
delphia, Pa. 


How many balls | inch in diameter can be put in a cubical box 2 feet in the clear 
each way, putting in the maximum number ? 
131. Proposed by M. A. GRUBER, A. M., War Department, Washington, D.C, 


A right frustum of a cone whose radii of the bases are r and s, 7>s, is to be divided 
into n parts of equal volume by sections parallel to the bases. What are the altitudes of 
the respective parts ? 

y*y Solutions of these problems should be sent to B. F. Finkel not later than June 10. 


GEOMETRY. 


144, Proposed by L. C. WALKER, Assistant in Mathematics in Leland Stanford, Jr., University. Palo Alto, 
Cal. 
Find the equations of four cones that pass through three given straight lines inter- 


secting in the same point. 
145. Proposed by FRANK GRIFFIN. Graduate Student, State University, Boulder, Colo. 
If 4 and B be the points of contact, upon two circles X and Y, of tangents drawn 


from any point of their circle of similitude, then the tangent from 4 to Y is equal to the 
tangent from B to X. [From Casey’s Sequel to Huclid, Part I., page 114.] 


y*, Solutions of these problems should be sent to B. F. Finkel not later than June 10. 


AVERAGE AND PROBABILITY. 


—— 


95. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 
Three random points are taken in an ellipse, one on each side of the major axis and 
the third anywhere in the ellipse. Find the average area of the triangle formed by join- 
ing the three points. 
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96. Proposed by B. F, FINKEL, A. M., M. Sc., Professor of Mathematics and Physics in Drury College, 
Springfield, Mo. 


A random straight line is drawn across a square; find the chance that it intersects 
two opposite sides. [From Byerly’s Integral Calculus, page 209]. 


x*» Solutions of these problems should be sent to B. F. Finkel not later than June 10. 


MECHANICS. 


107. Proposed by M. E. GRABER, Student, Heidelberg University, Tiffin, 0. 


Two particles attracting each other inversely as the square of their distance apart, 
are constrained to move in straight lines which intersect each other at right angles. How 
long will it take for the particles to meet and how far does each particle move ? 


108. Proposed by F. P. MATZ, M. Sc., Ph. D., Professor of Mathematics and Astronomy in Irving College, 
Mechanicsburg, Pa. 


Can it be shown, as a result of Kepler’s third law, that the distances are inversely 
proportional to the squares of the velocities ? 


y*y Solutions of these problems should be sent to B. F. Finkel not later than June 10. 


BOOKS AND PERIODICALS. 


The Teaching of Elementary Mathematics. By David Kugene Smith, Prin- 
cipal of the State Normal School at Brockport, New York. 8vo. Cloth, xv+812 
pages. Price, $1.00. New York: The Macmillan Company. 

In this book may be found the answer to such questions as these: Whence came 
the subject of mathematics? Why amI teaching it? Howhas it been taught? What 
should I read to prepare for my work? Any book which answers these questions to the 
entire satisfaction of the teacher and the student is worthy of a high place in the category 
of educational works. One will find in this work an excellent treatment of the various 
methods of teaching arithmetic,algebra, and geometry, and in this respect itis of inestima- 
ble value to all teachers of elementary mathematics. 

Not only is this book of great value to teachers of mathematics, but to all those who 
have under their direction the formulation of courses of study. It is to be hoped that this 
work will help to dispel that insane notion yet quite prevalent even among professed edu- 
cators that mathematics has only utilitarian value, that only so much of it ought to be 
studied as will be used in the general affiairs of life. Yet these very same educators see 
no incongruity in spending five or six years in the study of Greek, or Sanskrit, or Hebrew, 
or Archeology, even though the student expected to study medicine. It is admitted that 
a large part of practical arithmetic is not generally applicable to ordinary business, and 
hence is quite impractical, yet it by no means follows that it may not serve a valuable 
purpose. ‘‘Hamlet may bring us neither food nor clothing, and yet a knowledge of 
Shakespeare is valuable to every one. It isa matter of no moment in the business affiairs 
of most men that they know where the Caucasus Mountains are, or which way the Rhine 
flows, or who Cromwell was, and yet we cannot afford to be ignorant of these facts.”’ This 
is the proper view. Mathematics should be studied and cultivated for its own sake; for 
the culture and discipline it gives the mind; for the ethical effect its study produces on 
the mind of man. Since mathematics is becoming more and more the means by which the 
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phenomena of nature are interpreted, the time is not far distant when one who is ignorant 
of the principles and processes of the differential and integral calculus will be ignorant of 
all the advances yet to be made in the fields of natural sciences. Lord Kelvin says that 
the phenomena of nature are the asymptotes towards which mathematics may approach as 
near as we please. B. F. F. 


Plane and Solid Geometry—Revised Edition. By G. A. Wentworth, Au- 
thor of a Series of Text-Books in Mathematics. 12mo. Half morocco, 386 
pages. Price, $1.25. Boston: Ginn & Company. 1899. 

This book has stood the supreme test—successful classroom use, and is recognized 
as one of the very best works published. In the revised edition the author has retained 
all the strong points and has added some new ones. The printed page is exceedingly at- 
tractive. Full, long-dashed, and short-dashed lines of the figures indicate given, result- 
ing, and auxiliary lines, respectively. Bold-faced, italic, and roman type has been skil- 
fully used to distinguish the hypothesis, the conclusion to be proved, and the proof. The 
reason for each step is now indicated in small type between that step and the one follow- 
ing, thus avoiding the necessity of interrupting the logical train of thought by turning to 
a previous section. This help is gradually disgarded as the pupil gains more skill and be- 
comes acquainted with a greater number of geometrical truths. The demonstrations are 
very clear, and the exercises abundant and interesting. J. M.C. 


Algebra for Schools. By George W. Evans, instructor in Mathematics in 
the English High School, Boston. 427 pages. Price, $1.12. New York: 
Henry Holt & Company. 1899. 


We note in this book with favor the careful classification of problems, and the em- 
phasis given to the several types of equations arising from them; the scheduled explana- 
tion of steps in the reduction of equations; the thorough study of literal equations and 
generalized problems; the application of factoring to the solution of equations; the sepa- 
ration of Elimination into two parts suitable for linear systems and for linear-quadratic 
pairs respectively ; and the great number of graded examples and problems—some 8500 in 
all—many of which are new. There is some lack of accuracy of statement. ‘ Algebra is 
a method of abbreviating the explanations of problems in arithmetic. It is also used to 
abbreviate the statement of rules and the demonstration of theorems.” ‘‘ If equal quali- 
ties are multiplied or divided by the same amount, they remain equal.’’ He speaks of 
‘‘nests’’ of parentheses. We regard the treatment of negative quantities as especially 
defective and unscientific. In other respects the work is unusually good in arrangement, 
material, and method of presentation. J. M. C. 


Infallble Logic. A visible and automatic system of reasoning. By 
Thomas D. Hawley, of the Dominion Company, Chicago. 1897. 

To the readers of Tue American Matrrematicay Montnuuy the advances made in re- 
cent times in Logic are of interest, for they have brought it within the sphere of exact, if 
not of mathematical analysis. De Morgan started the movement with his Formal Logic 
and his Memoirs on the Syllogism and the Logic of Relatives. Boole advanced it greatly with 
his Laws of Thought, which he considered his best work; Jevons made a negative advance 
with his logical machine, and the same may be said of Venn with his Symbolic Logic. At 
the present time Prof. Peano and his colleagues in Italy are applying the Mathematical 
Logic to express in a concise and exact form all the fundamental definitions and theorems 
of mathematics. If a young mathematician wishes to become an investigator, he ought 
by all means to make himself acquainted with the works of the mathematical logicians. 

As regards the above work ‘‘ Infallable Logic,” a young mathematician will not get 
any benefit out of it. It is put forth as a new system, and the author says that “‘ probably 
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the time is not far distant when it will take the place of the syllogistic and algebraic sys- 
tems now in current use.’”’ It is both amusing and amazing to find that an author who 
puts forward such claims is ignorant alike of the old logic and of the most elementary 
mathematics. To prove the former point it is sufficient to mention that he says that the 
old logic derives by immediate inference from All S is P that Some P is not S; and that 
he does not see the truth of the fundamental principle of all syllogizing, namely that If 
all Ais Band all Bis C then all Ais C. To prove the latter point it is sufficient to men- 
tion that he gives asan instance of areal proposition ‘‘ the angles of any triangle are to- 
gether equal to three angles,’’ and in making an extract from Jevons he confounds differ- 
entiation with deduction and integration with induction. 

His system is nothing but Jevons’ method of writing down all the possible combina- 
tions of a number of qualities and their opposites, striking out the combinations which 
are negatived by the premises and taking what remains as the conclusion. Jevons wrote 
the combinations in columns on a “ logical slate ;’?? Hawley writes them in the form of a 
multiplication table, which he calls a Reasoning Frame. 

Let us see what this invention of a Reasoning Frame can acomplish. Applied (by the 
author) to the propositions Washington is the capital of the United States. 

Salt is chloride of sodium; it yields the following along with two other equally im- 
portant conclusions: 

Either Washington and the capital of the United States or neither is salt and chlo- 
ride of sodium or neither. 

‘He applies it to elucidate the fallacy “‘ what you bought yesterday you eat today ; 
you bought raw meat yesterday; therefore you eat raw meat today.’’ He puts A=you, 
B=bought, C=what. D=yesterday H=eat, /=today, G=raw meat, and makes an ABCD 
E'FG table. The conclusion yielded by the Reasoning Frame is rather weak, if indeed, it 
means anything: , 

You eat or do not eat today or not today, raw meat. He fails to observe that the 
combinations he here makes are in no sense whatever the names or characters of one 
thing. 

The Reasoning Frame strikes a snag in the numerically definite syllogism. He 
quotes the example ‘‘ If 70 per cent of M are P and 60 per cent are S, then at least 30 per 
cent are both S and P; and adds ‘‘ Of course this reasoning is correct, but I am unable to 
demonstrate its validity by the Reasoning Frame.”’ As a matter of fact the simplest kind 
of logical diagram suffices. Let the square represent MJ. Take the most unfavorable 
case. Suppose that the M which are p are all to the left, and the M which are s are all to 
the right; there is then 30 per cent of overlapping, hence the M which is both p and s is at 
least 80 per cent. This principle is written algebraically. 

sp>s--p—100 

Also sp<s and <p. 

This single principle is worth more than all that is contained in the ‘‘ Infallible 
Logic.” Dr. ALEXANDER MACFARLANE, 

Gowrie Grove, Chatham, Canada. 
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NON-EUCLIDEAN GEOMETRY. 


By GEORGE BRUCE HALSTED. 


In writing of ‘‘The Wonderful Century,’ Alfred Russel Wallace says of 
all time before the seventeenth century: ‘Then, going backward, we can find 
nothing of the first rank except Euclid’s.wonderful system of geometry, perhaps 
the most remarkable mental product of the earliest civilizations.”’ 

But of late all men of science and intelligent teachers have been hearing 
more and more of non-Euclidean geometry, and are naturally anxious to know 
how these new doctrines are related to the traditional geometry which they were 
taught and perhaps now are teaching. 

The new departure is absolutely epoch-making, but fortunately it has in- 
tensified admiration for that imperishable model, already in dim antiquity 
a classic, the immortal Elements of Euclid. 

But without assumptions nothing can be proved, and Euclid stated his 
assumptions with the most painstaking candor. He would have smiled at the 
suggestion that he could ever claim for his conclusions any other truth than per- 
fect deduction from assumed hypotheses. 

And so his system is forever safe. Each one of his axioms may tarn out 
to be inconsistent with external reality ; each of his fundamental assumptions 
may be replaced in our final explanation of the space in which we live and move ; 
in reference to our space, all his theorems may be shown to be only approxima- 
tions; and yet his work will remain a perfect piece of pure mathematics, the 
exact, eternal geometry of Huclidean space. 

For two thousand years no one ever doubted the truth of any one of this 
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set of axioms, far the most influential in the intellectual history of the world, 
put together by Euclid in Egypt, but really owing nothing to the Egyptian race, 
nothing to the boasted lore of Egypt’s priests. 

The Papyrus of the Rhind, belonging to the British Museum, but given 
to the world by the erudition of a German Egyptologist, Eisenlohr, and a Ger- 
man historian of mathematics, M. Cantor, gives us more knowledge of the state 
of mathematics in ancient Egypt than all else previously accessible to the mod- 
ern world. Its whole testimony confirms with overwhelming force the position 
that geometry as a science, strict and self-conscious deductive reasoning, was 
created by the subtle intellect of the same race whose bloom in art still overawes 
us in the Venus of Milo, the Apollo Belvidere, the Laocoén. But though for 
twenty centuries the truth of the axioms of the Greek geometer remained 
unquestioned, there was one of them of which the axiomatic character was doubt- 
ed even from far antiquity. Elementary geometry was for two thousand years 
as stationary, as fixed, as peculiarly Greek as the Parthenon. But among 
EKuclid’s assumptions is one differing from the others in prolixity, whose place 
fluctuates in the manuscripts. 

Peyrard, on the authority of the Vatican MS., puts it among the postu- 
lates, and it is often called the parallel postulate. Heiberg, whose edition of 
the Greek text is the latest and the best (Leipzig, 1883-1888), gives it as the 
fifth postulate. 

James Williamson, who published the closest translation of the Euclid 
we have in English, indicating, by the use of italics, the words not in the orig- 
inal, gives this assumption as eleventh among the Comnion Notions. 

Bolyai speaks of it as Kuclid’s Axiom XI. Todhunter has it as twelfth 
of the axioms. Clavius (1574) gives it as axiom 18. The Harper Euclid sepa- 
rates it by forty-eight pages from the other axioms. 

It is not used in the first twenty-eight propositions of Euclid. Moreover, 
when at length used, it appears as the inverse of a proposition already demon- 
strated, the seventeenth, and is only needed to prove the inverse of another prop- 
Sition already demonstrated, the twenty-seventh. 

Geminos of Rhodes (about 70 B. C.) speaks of it as needing proof. The 
astronomer Ptolemy (A. D. 87-165) tried his hand at provingit. The great Lam- 
bert expressly says that Proklus demanded a proof of the assumption because 
when inverted it is demonstrable. The Arab Nasir-Eddin (1201-1274) tried to 
demostrate it. 

No one had a doubt of the necessary external reality and exact applica- 
bility of the assumption. Until the present century the Kuclidean geometry was 
supposed to be the only possible form of space-science; that is, the space ana- 
lyzed in Euclid’s axioms was supposed to be the only non-contradictory sort of 
space. But could not this assumption be deduced from the other assumptions 
and the tweth-eight propositions already proved by Euclid without it? Euclid 
demonstrated things more axiomatic by far. He proves what every dog knows, 
that any two sides of a triangle are together greater than the third. 
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Yet after he has finished his demonstration, that straight lines making 
with the transversal equal alternate angels are parallel, in order to prove the in- 
verse, that parallels cut by a transversal make equal alternate angles, he brings 
in the unwieldy assumption thus translated by Williamson (Oxford, 1781)! 

‘11. And ifa straight line meeting two straight lines make those angles 
which are inward and upon the same side of it less than two right angles, the 
two straight lines being produced indefinitely will meet each other on the side 
where the angles are less than two right angles.’’ 

As Staeckel says, ‘‘it requires a certain courage to declare such a require- 
ment, alongside the other exceedingly simple assumptions and postulates.’’ 

In the brilliant new light given by Bolyai and Lobachevski we now see 
that Kuclid understood the crucial character of the question of parallels. 

There are now for us no better proofs of the depth and systematic cohe- 
rence of Kuclid’s masterpiece than the very things which, their cause unappre- 
ciated, seemed the most noticeable blots on his work. 

Sir Henry Savile, in his :Praelectiones on Euclid, Oxford, 1621, p. 140, 
says: ‘‘In pulcherrimo Geometriae corpore duo sunt naevi, duae labes . . .”’ 
etc., and these two blemishes are the theory of parallels and the doctrine of pro- 
portion; the very points in the elements which now arouse our wondering 
admiration. 

But down to our very nineteenth century an ever renewing stream of 
mathematicians tried to wash away the first of these supposed stains from the 
most beauteous body of geometry: First, those in which is taken a new defini- 
tion of parallels. Second, those in which is taken a new axiom different from 
Kuclid’s. Third, the largest and most desperate class of attempts, namely 
those which strive to deduce the theory of parallels from reasonings about the 
nature of the straight line and plane angle. Hundreds of mathematicians tried at 
this. All failed. That eminent man Legendre was trying at this, and contiually 
failing at it, throughout his very long life. Thus the experience of two thousand 
years went to show that here some assumption was indispensable. Every spe- 
cies of effort was made to avoid or elude it, but without success. From a letter 
of Gauss we see that in 1799 he was still trying to prove that Euclid’s is the only 
non-contradicting system of geometry, and that it is the system regnant in the 
external space of our physical experience. The first is false; the second can 
never be proven. 

Yet even in 1831 the acute logician De Morgan accepted and reproduced a 
wholly fallacious proof of Kuclid’s assumption, recently republished, Chicago, 
1898. A like pseudo-proof published in Crelle’s Journal (1834) deceived even 
our well known Professor W. W. Johnson, who translated and published it in 
the Analyst (Vol. III, 1876, p. 108), saying, ‘‘this demonstration seems to have 
been generally overlooked by writers of geometrical text-books, though appar- 
ently exactly what was needed to put the theory upon a perfectly sound basis.”’ 

The most interesting, and perhaps the most extended of such attempted 
proofs was by the Italian Jesuit Saccheri, born the fifth of September, 1667, who 
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joined the Society of Jesus at Genoa on the twenty-fourth of March, 1685. He 
became teacher of grammar in the Jesuit ‘‘Collegio di Brera,’’ where the teacher 
of mathematics was Tommaso Ceva, a brother of the well-known mathematician 
Giovanni Ceva (1648-1787, who published in 1678 at Milan a work containing 
the theorem now known by his name. 

Saccheri was in close scientific communion with both brothers and re- 
ceived his inspiration from them. He used Ceva’s ingenious methods in his 
first published work, 1693, solutions of six geometric problems proposed by 
Count Roger Ventimiglia. His attempt at proving the parallel-postulate is his 
last work. 

‘‘Kuclid vindicated from every fleck,’’ which received the ‘‘ Imprimatur’’ 
of the inquisition the thirteenth of July, 1738, that of the Provincial of the Jes- 
uits the sixteenth of August, 1733. Saccheri died the twenty-fifth of October, | 
1733. All preceding attempts were alike in trying to give a direct positive proof 
of the postulate ; all were alike in their assumption open or hidden, conscious or 
unconscious, of an equivalent postulate. 

Saccheri tries a wholly new way, and thus his book marks an epoch. He 
never doubted the absolute necessary truth of Kuclid’s postulate, and so he 
thinks that the two alternatives, possible if it be taken as not true, must each 
lead to some contradiction, to some absurdity. He tries the reductio ad absurd- 
um. Ninety years later, 1823, Bolyai Janos reached the astounding conviction 
that these alternatives lead not to any contradiction but to the ‘‘science absolute 
of space,’’ a generalization of Euclid’s universe. In a letter dated the third of 
November, 1828, written in the Magyar language, and fortunately preserved for 
us at Maras Vasdrhely in Hungary, Bolyai Janos writes to his father Bolyai 
Farkas: ‘‘I have discovered such magnificent things that I am myself aston- 
ished at them. It would be damage eternal if they were lost. When you see 
them, my father, you yourself will acknowledge it. Now I cannot say more, 
only so much: That from nothing I have created another wholly new world.” 

Suppose we take a few steps into this new universe on the path which 
opened before Saccheri without his ever suspecting whither it led. 

1. If two points determine a line it is called a straight. 

2. Iftwo straights make with a transversal equal alternate angles, they 
have a common perpendicular. 

od. <A piece of a straight is called a sect. 

4. Iftwo equal coplanar sects are erected perpendicular to a straight, if 
they do not meet, then the sect joining their extremities makes equal angles with 
them and is bisected by a perpendicular erected midway between their feet. 
[Proved by folding the figure over, along the third perpendicular. | 

5. Considering figures where the right angles made by the equal perpen- 
diculars may be said to be not alternate, and where no two perpendiculars to the 
same straight meet, the equal angles made with the joining sect at the extremi- 
ties of the two equal perpendiculars are either right angles, acute angles, or ob- 
tuse angles. Distinguish the three cases as hypothesis of right, hypothesis of 
acute, hypothesis of obtuse. 
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6. According to these three hypotheses respectively, the join of the ex- 
tremities of the equal perpendiculars is equal to, greater than, or less than the 
join of their feet. [Saccheri, Prop. III. Translated by Halsted in the Ameri- 
can Mathematical Monthly. ' 

7. Inversely, according as the join of the extremities is equal to, or less 
than, or greater than the join of the feet, the equal angles will be right, or ob- 
tuse, or acute. [S. P. IV.] 

8. Corollary. In every quadrilateral containing three right angles and 
one obtuse, or acute, the sides adjacent to this oblique angle are less than the 
opposite sides, if this angle is obtuse, but greater if it is acute. 

9. The hypothesis of right, if even in a single case it is true, always in 
every case it alone is true. [S. P. V.] 

10. Assuming the principle of continuity, and referring only to figures 
where no two perpendiculars to the same straight meet; The hypothesis of ob- 
tuse, if even in a single case it is true, always in every case it alone is true. [S. 
P. VI] 

11. With like limitation; The hypothesis of acute, if even in a single 
case it is true, always in every case it alone is true. [S. P. VII.] 

12. The sum of the angles of the rectilined triangle is a straight angle in 
the hypothesis of right, is greater than a straight angle in the hypothesis of ob- 
tuse, is less than a straight angle in the hypothesis of acute. [S. P. 1X.] 

13. The excess of a triangle is the excess of the sum of its angles over a 
straight angle. The deficiency of a triangle is what its angle-sum lacks of being 
a straight angle. 

14. Two triangles having the same excess or deficiency are equivalent. 

15. Even with the assumption that two straights cannot intersect in two 
points, the three hypotheses give rise to three perfect systems of geometry, the 
hypothesis of right to Euclid, the hypothesis of acute to Bolyai- Lobachevski, the 
hypothesis of obtuse to Riemann. 

16. Inthe hypothesis of acute the straight is infinite. Two coplanar 
straights perpendicular to a third diverge. on either side of their common perpen- 
dicular. The angle-sum of any rectilineal triangle is less than a straight angle. 

17. In Euclid and Bolyai, parallels are straights on a common point at 
infinity. | 

18. In Bolyaifrom any drop point PPCa 
perpendicular to a given straight AB. If Dmove 
off indefinitely on the ray CB the sect PD will 
approach as limit P# copunctal with AB at in- 
finity. PF is said to be at P the parallel to AB 
toward B. PF makes with PC an angle CPF 
which is called the angle of parallelism for the 
perpendicular PC. It is less than a right angle by an amount which is the 
limit of the deficiency of the triangle PCD. On the other side of PC an equal 
angle of parallelism gives us the parallel at P to BA toward A. 
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Thus at any point there are two parallels to a straight. A straight has 
two distinct separate points at infinity. 

Straights through P which make with PC an angle greater than the angle 
of parallelism and less than its supplement do not meet the straight AJ at all, 
not even at infinity. 


19. A straight maintains its parallelism at all its points. [Lobachevski, 
Geometrical Researches on the Theory of Parallels, Translated by Halsted, §17.] 

20. If one straight is parallel to a second, the second is parallel to the 
first. [L. §18.] 

21. Two straights parallel toa third toward the same part are parallel 
to each other. [L. §25.] 

22. Parallels continually approach each other. [L. §24.] 

23, The perpendiculars erected at the middle points of the sides of a 
triangle are all parallel if two are parallel. [L. §30.] 

24. Ifthe foot of a perpendicular slides on a straight, its extremity de- 
scribes a curve called an equi-distant curve or an equidistantial. An equidis- 
tantial will slide on its trace. 

25. <A circle with infinite radius is not a straight but a curve called the 
boundary curve, which is a plane curve for which all perpendiculars erected at 
the mid-points of chords are parallel. [L. §31.] It is an equidistantial whose 
base line is infinitely removed. 

Circles, boundary-curves, equidistantials cut at right angles a system of 
copunctal straights, of parallel straights, of perpendiculars to a straight, re- 
spectively. 

Three points determine one of these curves; that is through any three 
points not costraight will pass either a circle, a boundary-curve, or an equidis- 
tantial, and only one such curve. 

Any triangle may be inscribed in one and only one of these curves. 

26. Boundary-surface we call that surface generated by the revolution of 
a boundary-curve about one of its axes. Principal plane we call each plane 
passed through an axis of the boundary-surface. 

Every principal plane cuts the boundary-surface in a boundary-curve. 
Any other plane cuts the boundary surface in a circle. 

Boundary-triangles whose sides are arcs of the boundary-curve on the 
boundary-surface have the same interdependence of angles and sides and the 
same angle sum as rectilineal triangles in Euclid. Geometry on the boundary 
surface is the same as the ordinary Euclidean plane geometry. [L. §84.] 

27. Triangles on an equidistant-surface are similar to their projections 
on the base plane; that is, they have the same angles and their sides are pro- 
portional. 

28. In the hypothesis of obtuse, a straight is of finite size, and returns 
into itself. This size is the same for all straights. Any two straights can be 
made to coincide. Two straights always intersect. Two straights perpendicular 
to a third intersect at a point half a straight from the third either way. 
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29. A straight in the hypothesis of obtuse does not divide the plane into 
hemiplanes. Starting from the point of intersection of two straights and passing 
along one of them over a certain finite sect, we come again to the intersection 
without having crossed the other straight. 

This sect is the whole straight, and so a straight has not really two sides. 
There is one point through which pass all the coplanar perpendiculars to a given 
straight. It is called the pole of that straight, and the straight is its polar. 

A pole is half a straight from its polar. A polar is the locus of coplanar 
points half a straight from its pole. Therefore if the pole of one straight hes on 
another straight, the pole of this second straight is on the first straight. 

The cross of two straights is the pole of the join of their poles. The 
equidistantial is a circle with center at the pole of its basal straight. 

Three straights each perpendicular to the other two form a tri-rectangular 
triangle. It is self-polar, each vertex being the pole of the opposite side. 

30. In the hypothesis of obtuse, any two straights enclose a plane figure, 
adigon. Two digons are congruent if their angles are equal. 

31. In the hypothesis of obtuse, all perpendiculars to-a plane meet at a 
point, the pole of the plane. It is the center of a system of spheres of which 
the plane is a limiting form when the radius becomes equal to half a straight. 

Figures on a plane can be projected from similar figures on any sphere 
which has the pole of the plane for center, They have equal angles and corres- 
ponding sides in a constant ratio depending only on the radius of the sphere. 

Geometry on a plane is therefore like two-dimensional spherics, but the 
plane corresponds to only a hemisphere. 

The plane is unbounded but not infinite. It is finitein extent. The uni- 
verse is unbounded but not infinite. It is finite in extent, or content, or volume. 

Now of these three possible geometries of uniform space, Euclid’s has the 
unexpected disadvantage that it can never be proved to be the system actual in 
our external physical world. To establish Huclid, it would be necessary to show 
that the angle-sum of a triangle is exactly a straight angle; and no measurements 
can ever reach exactitude. 

To prove one of the others, we have only to show that the sum of the an- 
gles of some triangle is less than, or greater than a straight angle, which may 
conceivably be done even by inexact measurements. 

What changes ought to be made in teaching elementary geometry in conse- 
quence of these later discoveries and the principles of the non-buclidean geom- 
etries ? 

We are given a new criterion for questions of method, of exposition. For 
example, surface spherics attains a new importance. When properly founded 
and expounded, pure spherics, two-dimensional spherics, while giving all the 
old results and laying the foundation for spherical trigonometry, gives also a 
picture of the planimetric part of Riemann’s geometry, and becomes a touch- 
stone for detecting the fallacies and assumptions in the many pseudo-proofs 
accepted in the past, such as attempts to found parallelism on direction, attempts 
to prove all right angles equal, etc. 
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As another example, we see a new stress laid on the incalculable advan- 
tages, educational and scientific, of Kuclid’s procedure in deducing from three 
assumed constructions every other construction before he uses it in any demon- 
stration. 

The glib method of supposed solutions to all desired problems, of hypo- 
thetical constructions, is now seen in its deformity and danger. Huclid says, 
under the heading ‘‘ Postulates :”’ 

‘J. It is assumed, that a straight line may be drawn from any one point 
to any other point. 

‘II. And that a terminated straight line [a sect] may be produced in a 
straight line continually. " 

‘TIT. And that a circle may be described with any center and radius.”’ 

From these Euclid rigidly deduces every problem of construction he wishes 
to use. Says Helmholtz: ‘In drawing any subsidiary line for the sake of his 
demonstration, the well-trained geometer asks always if it is possible to draw 
such a line. It is notorious that problems of construction play an essential part 
in the system of geometry. 

At first sight these appear to be practical operations, introduced for the 
training of learners; but in reality they have the force of existential proposi- 
tions. They declare that points, straight lines, or circles, such as the problem 
requires to be constructed, are possible under all conditions, or they determine 
any exceptions that there may be.’’ 

HKuclid’s first three propositions are problems. 

The most popular American geometry, Wentworth’s, (1899), puts Eu- 
clid’s two first postulates on page 8, and the third postulate a whole book later, 
and then never has a single problem of construction until page 112, where he 
says: ‘* Hitherto we have supposed the figures constructed.’’ 

Meantime, on page 88, he gives as a ‘‘theorem:’’ ‘‘ Through three 
points not in a straight line one circumference, and only one, can be drawn.”’ 

He gives as his ‘‘Proof. Draw the chords AB and BC. At the middle points 
of AB and BC suppose perpendiculars erected. These perpendiculars will in- 
tersect at some point O, since AB and BC are not in the same straight line’’’ 

Now the tremendous existential import of the problem, to draw a circle 
through three non-costraight points, will be recognized when I say that in gener- 
al itis not possible. In the Lobachevski geometry not every triangle has its 
vertices concyclic. Granting that every three points must be costraight or con- 
cyclic, we could prove the parallel-postulate. 

Of the possible geometries we cannot say a.priort which shall be that of 
our actual space, the space in which we move. 

The hereditary geometry, the Euclidean, is underivable from real exper- 
ience alone, and can never be proved by experience. Euclidean space is, 
at least in part, a creation of the human mind. Its adequacy as a subjective 
form for experience has not yet been disproved. 

It can never be proved. 
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The realities which with the aid of our subjective space form we 
understand under motion and pesition, may, with the coming of more accur- 
ate experience refuse to fit in that form. Our mathematical reason may decide 
that they would be fitted better by a non-Kuclidean space form. 

Comparative geometry finally overthrows that superficial method which 
pretends to found a logically sound exposition of geometry on ‘‘ direction,”’ un- 
defined. 

For more than twenty years Wentworth gave as his definition ‘‘ A straight 
line is a line which has the same direction throughout its whole extent.’’? [1877, 
Def. 8. 1886, p. 4; 1888, §17.] 

At last he discards his aged error, and takes the definition of non- Euclidean 
geometry, ‘‘a straight is the line determined by two points.”’ [1899, §§36 and 46.] 

Though the Bolyai and the Riemann geometries are founded on the 
straight, yet to say in them of two straights that they have the same direction 
has no ordinary meaning, since in Riemann every two straights cross and inclose 
a space, while in Bolyai every two parallels continually approach each other. 
So as to direction, Wentworth has reformed, after twenty years in the land of 
Nod. But he still says, 1899, §49: ‘‘ A straight line is the shortest line that 
can be drawn from one point to another.’’ 

Now a relation of equality or inequality between two magnitudes must 
have some foundation, and be capable of some intelligible test. In the tradi- 
tional geometry the foundation of all proof by Euclid’s method consists in estab- 
lishing the congruence of magnitudes. To make the congruence evident, the 
geometrical figures are supposed to be applied to one another, of course without 
changing their form and dimensions. But since no part of a curve can be con- 
gruent to any piece of a straight, so, for example, no part of a circle can be 
equivalent to any sect from the definition of equivalent magnitudes as those 
which can be cut into pieces congruent in pairs. 

In any comparison of size by congrtence, we must be able to place one of 
the magnitudes or portions of it in complete or partial coincidence with the other. 
No such direct comparison can be instituted between a straight and a line no 
piece of which is straight. 

Thus the whole of Kuclid’s Elements fails utterly to institute or prove any 
relation as regards size between a sect and an arc joining the same two points. 
The operation of measurement we cannot effect, rigorously speaking, either for 
curves or for curved surfaces, since the unit for length is a sect, and the unit for 
area, the square on that sect. In fact, however little may be the parts of a curve, 
they do not cease to be curved, and consequently they cannot be compared 
directly with a sect; just as parts of a curved surface are not directly comparable 
with portions of a plane. 

We cannot even affirm that any ratio exits between a circle and its diam- 
eter until after we have made some extra-EKuclidean and post-EKuclidean assump- 
tion at least equivalent to the following: 

No minor arc is less than its chord; and no arc is greater than the sum of 
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the tangents at its extremities. If the curve be other than a circle we assume 
that on 1t one can always take two points so near that the arc between these 
points is not less than its chord, nor greater than the broken line formed by the 
two tangents touching its extremities. Some such assumption is, in fact, neces- 
sary, but it destroys by itself the primitive idea of measuring curves with 
straights, 

Duhamel gives the assumption the following form: The length of a curve 
shall be the limit toward which the length of a broken line made up of consecu- 
tive chords of that curve approaches, when the number of chords is increased in 
such a manner that the chords all approach zero asa limit. Thus the elevation 
of the length of a curve represents not at all an attempt at rectification strictly ; 
but it has for aim the finding of a limit to which another magnitude would ap- 
proach. 

In geometry one proves that as the subdivisions are increased and the 
sides tend toward the limit zero, the perimeter of the polygon inscribed in a cir- 
cle increases, circumscribed decreases, toward the same limit, which then is 
assumed for the magnitude of the circle. 

Therefore when Phillips and Fisher, of Yale, give as their definition of a 
straight (1898, p. 4, §7. Def.] ‘‘A straight line is a line which is the shortest 
path between any two of its points,’’ they pass through and beyond Euclid’s 
Elements to give us his simplest element; they institute a comparison not only 
with circular ares, but also with all curves known and unknown; they presup- 
pose a foreknowledge of all lines in a definition of the simplest line. Is it still 
needful to say this is grossly bad logic, bad pedagogy, bad mathematics ? 

The same Yale geometry blunders strikingly on p. 23, where it says: ‘‘In 
fact, Lobatchewsky in 1829. proved that we can never get rid of the parallel axiom 
without assuming the space in which we live to be very different from what we 
know wt to be through experience. Lobatschewsky tried to imagine a different 
sort of universe in which the parallel axiom would not be true. This imaginary 
kind of space is called non-Huclidean space, whereas the space in which we really 
lave is called Euclidean, because Kuclid (about 3800 B. C.) first wrote a systematic 
geometry of our space.”’ 

The scientific doctrine of evolution postulates a world independent of man, 
and teaches the outcome of man from lower forms of life in accordance with 
wholly natural causes. In this world of evolution experience is a teacher, but 
man is a creator, and the mighty examiner is death. 

The puppy born blind must still be able, guided by the sense of smell, to 
superimpose his mouth upon a source of nourishment. The little chick, respond- 
ing to the stimulus ofa small bright object, must be able to bring his beak into 
contact with the object so as to grasp and then swallow it. The springing goat 
that misjudges an abyss is lost. 

So too with man. His ideas must in some way correspond to this inde- 
pendent world, or death passes upon him an adverse judgment. But it is of the 
very essence of the doctrince of evolution that man’s metric knowledge of this 


© 138 


independent world, having come by gradual betterment and through imperfect 
instruments, for example the eye, cannot be absolute and exact. 

The results of any observations are always with certain definite limitations 
as to exactitude and under particular conditions. Man the creator replaces 
these results by assumptions presumed to have absolute precision and gener- 
ality, such as, for example, the so-called axioms of Euclid. 

Iftwo natural hard objects, susceptible of high polish, be ground together, 
their surfaces in contact may be so smoothed as to fit closely together and slide 
one on the other without separating. If now a third surface be ground alter- 
nately against each of these two smooth surfaces until it accurately fits both, 
then we say that each of the three surfaces is approximately plane, is a piece of 
a plane. If one such plane be made to cut through another, we say the common 
line where they cross is approximately a straight. The perfect, the ideal plane, 
is a human creation under which we seize the imperfect data of experience. 

If three approximate planes on real objects be made to cut through a 
fourth approximate plane, then three approximate straights are formed on this 
fourth plane, and in general they are found to intersect, and the figure they make 
we may call an approximate triangle. Such triangles vary greatly in shape. But 
no matter what the shape, if we cut oft the six ends of any two such, and place 
them side by side on a plane with their verticles at the same point, the six are 
found with a high degree or approximation just to fill up the plane about the 
point. Ifthe whole angular magnitude about any point ina plane be called a 
perigon, then we may say that the six angles of any two approximate triangles 
are found to be together approximately a perigon. 

Now does the exactness of this approximation to a perigon depend only 
on the ‘straightness of the sides of the original two triangulars, or also upon 
their size? 

If we know with absolute certitude that the size of the triangles has noth- 
ing to do with it, then we know something that we have no right to know accord- 
ing to the doctrine of evolution, something impossible for us ever to have learned 
evolutionally. 

Yet before the epoch-making ideas of Bolyai Janos and Lobachevski, 
every one supposed we were perfectly sure that the angle-sum of an actual ap- 
proximate triangle approached a straight angle with an exactness dependent only 
on the straightness of the sides and not at all on the size of the triangle. But if 
in the mechanics of the world independent of man we were absolutely certain 
that all therein is Euclidean and only Euclidean, then Darwinism would be dis- 
proved by the reductio ad absurdum. 

All our measurements are finite and approximate only. The mechanics of 
actual bodies in what Cayley called the external space of our experience, might 
conceivably be shown by merely approximate measurements to be non-Euclidean, 
just as a body might be shown to weigh more than two grams or less than two 
grams, though it never could be shown to weigh precisely, absolutely two grams. 

The outcome of the non-luclidean geometry is a new freedom to explain 
and understand our universe and ourselves. 
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ON THE PROJECTIVITY OF STRESSES IN A PLANE. 


By ARNOLD EMCH, Ph. D., The University of Colorado. 


1. For geometrical purposes we may assume that a solid having the shape 
of a slab and subjected to stresses parallel to its forces reduces to a plane surface 
of infinitesimal thickness. If we now consider any point A of the plane, and 
the pencil of rays passing through this point, every ray represents a section 
which is subject to definite strains. Let s be such aray and As a small line- 
element of s at the point A, and 
A Ff the resultant of the strains 
acting upon As; then 5 is 
called the specific stress in the 
line element As and is evident- 
ly also expressed by 


= im(-45,)— ga 
dR N\A R/O 8Y 


In general the quantity p 
is different for every section and may assume a maximum and minimum at a 
point A. The laws of specific stresses of all sections through A may easily be 
obtained by the methods of graphic statics* and are as follows: 

(a). If p is the specific stress acting at A upon a section S, then the specific 
stress p’ acting upon a section S’ which is parallel to p, is parallel to S ; 2. e€., uf 
S' vs parallel to the direction of p, then p' 18 parallel to the direction of S. 

(b). All pairs of rays S and S' defined by (a) form an involution of rays. 
As each involution contains a rectangular pair, r perpendicular tor’, it follows that 
at each point A there are two perpendicular sections each of which is perpendicular 
to 1ts corresponding specific stress. 

(c). If the involution has double rays, it 1s evident that there are only shear- 
ing stresses along these sections. These rays separate the sections in which the ma- 
terial is only subjected to tensions from those subjected to compression only. If one 
ray S is subjected to tension, then the corresponding ray 8’ 1s subjected to compres- 
sion only. The same is true of the rectangular patr (7, 7’). 

(d). If the double rays of the unvolution are imaginary, then all sections are 
snbjected to only one kind of stresses, either tension or compression. In this case 
there are two perpendicular sections at A which are subjected to normal stresses of 
the same kind. 

2. In both kinds of involution it,is now possible to construct two systems 
of curves in a plane, so that all tangents of these curves, representing sections 
through the material, are perpendicular to their corresponding stresses. 


*See Ritter, Anwenendungen Graphischen Statik, Vol. I, pages 1—25, Zurich. 
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In the case of an hyperbolic involution (c) these curves consist of two or- 
thogonal systems of curves of normal compressions and tensions. Ifthe involu- 
tion is elliptic the orthogonal systems consist of curves whose tangents are all 
subjected to the same kind of normal stresses, 2. e., either to tension or to com- 
pression only. The first case is well known in graphic statics. Little attention 
has, however, been paid to the elliptic involution of stresses in a plane, and it 
will be interesting to illustrate this case by a few examples which strikingly ex- 
hibit the character of orthogonality of the curves of normal tensions. 

If the material of a slab is only subjected to external tensions, the curves 
of normal tensions will resemble those of the adjoining figure. 

As soon as the stresses in certain portions of the material exceed the 
strength of the material, the rupture of the material will take place along the 
curves of normal tensions, as it is evident from the figure. 

This fact is beautifully illustrated by the cracks that form in a drying mass 
of mud along a river, where by the contraction of the mass only tensions are 
produced. It may also be observed on a heavily varnished surface, and in num- 
erous other examples which depend only on tension. 

In a future article the author intends to find orthogonal systems of normal 
stresses for a number of cases where the law of the distribution of specific stresses 
in a plane is a given function of the codrdinates and of the angle of inclination of 
the line-element at a point. 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 


126. Proposed by G. B. M. ZERR, A.M., Ph.D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Bought 150 head of stock for $300, paying for each kind $2 5-6, $1 5-9, and $5-7, re- 
spectively. Find number of each kind bought. 


I. Solution by MARCUS BAKER, U.S. Coast and Geodetic Survey, Washington, D. C.; H. C. WHITAKER, 
Ph. D., Professor of Mathematics, Manual Training School, Philadelphia, Pa.; COOPER D, SCHMITT, A. M., Pro- 
fessor of Mathematics, University of Tennessee, Knoxville, Tenn.; and CHARLES C. CROSS, Meredithville, Va. 


The conditions are ety+2z=150, 28¢+138y+32=300, and these to be 
solved in positive integers. 
Kliminating x we have 23y+43z—125; or 
1383 — 106z 
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27 — doa. 
a—_—b 4 BOT) Put 9—17b=55e. 
55 
7 baa Bef Put 9—4c=174d. 
l—d 
, c==2— 4d-+-——, Put 1—d—4n. 


*, d==1—4n; and by substituting through the various steps, , 
c==lin—2, 
b=7—455n, 
a==106n—18. 


2=21—161n 
y=638-+267n Here n may have any value, but n=0 alone gives pos- 
«= 66—106n itive integral values for 2, y and z. 
Therefore he bought of the 

First kind, 66 at $28, $187 

Second kind, 65 at $18, 98 

Third kind, 21lat$ 3, 15 


150 $300 


II. Solution by S. F. NORRIS, Professor of Astronomy and Mathematics, Baltimore, Md.; SYLVESTER 
ROBBINS, North Branch, N. J.; P.S. BERG, B. 8., Principal of Schools, Larimore, N. D.; M. A. GRUBER, A. M., 
War Department, Washington, D. C.; and ARCHIE C. MURRY, Baltimore, Md. 


Ist 2nd-——+———, Res’t 


26 8 54 || B88 322 || 66 || 
Average price =-=$2. i | 16 63 63 
3 35 || 21 | 21 : 


Balancing gains and losses : 


On 1 animal at $22, lose $2 ; hence buy 8 animals at $23. Ist 
On 1 animal at $18, gain $35 hence buy 16 animals at $13. 


On 1 animal at $22. lose $2; hence buy 54 animals at $23. ond 
On 1 animal at $5, gain $2; hence buy 85 animals at $8. 


Nots.-—To get required number, multiply Ist column by 44, and 2nd col- 
umn by . 
Answer. 66 animals at $28—$187 
63 animals at 13== 98 
21 animals at ?= Ilo 


150 animals for $300 
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ALGEBRA. 


108. Proposed by WALTER H. DRANE, A. M., Graduate Student, Harvard University, Cambridge, Mass. 


Given the equation 2”-+9,0" 2 +p,a™-? +....Dm—1%+pm—0 freed from 
multiple roots. Prove that its discriminant is positive or negative according as 
the number of pairs of complex roots is even or odd. 


I. Solution by the PROPOSER. 


We have A—(a,—2,)*(%, —%)?(%,—%4)?..- «(44 — Um)? 
(% —2%3)?(4,—%4)*...- (4g —Um)’ 
(Ga--% 4)... . (83 —Bm)* 


ae @ © we es + © © ee © 8 FF © 2 Be 8 


There are seven cases to be considered : 
I. Differences of real roots. 
II. Differences of a real and a complex root. 
III. Differences of a real and a pure imaginary root. 
IV. Differences of two pure imaginaries. 
V. Differences of a pure imaginary and a complex. 
VI. Differences of two complex roots not conjugate. 
VII. Differences of two conjugate complex roots. 

I. It is evident at once, since each difference is squared, that the real roots 
alone can not affect the sign. | 

II. If c be a real root, and a+bi a complex, for every difference of the 
form c—(a-+bi) we shall also have one of the form c—(a—bt) and as the product 
of these two is positive, their square is also positive, and hence case II can not 
affect the sign of A. 

By exactly the same reasoning it can be shown that cases III, V, and VI 
cannot affect the sign of A. 

IV is a special form of VII, so we shall pass to the last. Let a+b7a and 
a-—bi be two conjugate complex roots. Then the difference is + bi whose square 
is —b. Hence for every pair of roots we use in forming a difference, we change 
the sign of A, and hence A is positive or negative according as the number of 
pairs of complex roots is even or odd. 


II. Solution by J. W. YOUNG, Fellow and Assistant in Mathemetics, Ohio State University, Columbus, 0. 


The discriminant is equal to the product of squares of the differences of 
roots taken in all possible combinations, 4. e.: A=II(a,—2,)? [%, wg, 3... 4p 
-=roots of equation |. 

For every complex pair of roots, there will be a factor of the form 


[(5 +17) ~—(6 —in)]? =[209]? =— 47”. 


That is, for every complex pair there will be a negative factor in the discriminant. 
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Moreover the remaining factors will give you a positive product. 
For, if one of the factors be 


LS, +47; )—(S, +27) ]?=(6, —S2) +407, —72)]? 
there will be a corresponding factor 
[CS —-47,)— (5, — tM.) |? =[(6, — Se) 17, -- 72) ]”- 


When multiplied these give 


[(e, 2)? +(, —m2)°]?, 


which is clearly positive. So all the factors containing complex roots may be 
taken in pairs which give a positive product, and, of course, the factors contain- 
ing real roots only are positive. Hence corresponding to every pair of complex 
roots there will be one and only one negative factor. Therefore, if the number of 
pairs be even the discriminant will be positive ; if odd, negative. 


Note.=Mr. Harry S. Vandiver should have been credited as a joint author of the solution of prob- 
lem 102. 


GEOMETRY. 


129. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio Uni- 
versity, Athens, Ohio. 


Show that at no point of an ellipse will the circle of curvature pass through 
the center, if the eccentricity be less than 2)/2. 


I, Solution by F. ANDEREGG, A.M., Professor of Mathematics, Oberlin College, Oberlin, 0.; W.H. CARTER, 
A. M., Professor of Mathematics, Centenary College, Jackson, La. 


Since for the ellipse the radius of curvature is 


= (aty? +b42? 3 


a‘*b4 ) 
and the center of curvature is the point 


(6a =b? xt _ ey, 


at ’ b4 


the equation of the circle of curvature is 


; (a®—b?)x8 2 , (a®—b?)y8\? Caty? + b4a?)8 
(wv — at )+(y+ bt J 88 


This circle passes through the origin 


(a? —b*)2(b8 x8 +a%y®)=(aty? +bh4x7)3, 


1389 
This equation is easily simplified, and assumes the form 


a 1+¢é? 
az — 8e? * 


It follows at once that the least value of 3e? is 1+e?, or the least value of 
eis 3,2. 


II. Solution by the PROPOSER. 


If ¢ be the eccentric angle of any point of the ellipse a?y? + b? 7? ==a?2b*, 
the equation to the corresponding circle of curvature is 
8 9sin3 


+a? (cos? p—2sin? p)—b?(2cos? p—sin? p)=0. 
This passing through the center, requires that 
a® (cos? é—2sin? p)— b? (2cos? p— sin? p)=), 


a?®—b?* 2. 1 
or ————— == ¢* ==>———-_>— 
a 2—8sin’@p’ 


which is a minimum for ¢=0 or 7; that is e?=34. 


Excellent solutions were received from J. W. YOUNG, G. B. M. ZERR, J. SCHEFFER, and W. HH. 
DRANE. 


CALCULUS. 


— 


98. Proposed by CHARLES CARROLL CROSS, Meredithville, Va. 


Of the circumference of a fixed circle radius F rolls a circle radius 7. Required the 
length of the curve described by a point on the circumference of the rolling circle; (1) 
when the circle rolls on the inside; (2) when the circle rolls on the outside of the circum- 
ference of the fixed circle. 


Solution by COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knoxville, 
Tenn.; WALTER H. DRANE, A. M., Graduate Student, Harvard University, Cambridge, Mass.; J. SCHEFFER, A. 
M., Hagerstown, Md.; M. E. GRABER, Student. Heidelberg University, Tiffin, 0.; and G. B. M. ZERR, A.M., Ph.D., 
Professor of Science and Mathematics, Chester High School, Chester, Pa. 


We have here the epicycloid and hypocycloid. The equation of the 
former is 


r—(R4r)cos$—reos +" g, and y=(R-+r)sing—rsin 2 . 
de = _(R4rsind-+(R4nsinn ~Q. 


ie 
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R+r 


6. 


(Rt neos$—(R-+1)008 


r 


ds? dx® | dy? __ a: 9 & 
Buta = de age fet) Sin 9, %: 


... Length of curve between cusp and cusp 


24+7/R oR By 
25 ‘i --r) sins ¢ =p (Rr), 
In the case of the hypocycloid we have in its equation only to put —?r in 

lieu of r, and by proceeding in the same way we obtain the length of the curve 


or 


AVERAGE AND PROBABILITY. 


86. Proposed by L. C. WALKER, Assistant in Mathematics in Leland Stanford, Jr., University. Palo Alto, 
Cal. 


Two points are taken at random in a circular annulus formed by two concentric cir- 
eles. Find the chance that the straight line joining the points will not cut the inner 
variable circle. 


Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Let P, Q be the two random points, MN the 
chord through P, Q 

Let AC=r. CE=w, MQ=2, PQ=y, Z ACD’ 
—-6, CG, the radius of the variable circle-=u, »==re- 
quired chance. 

An element of the circle at Q is dwdz, at P 
ydfdy. The limits of wu are 0 andr; of w, rand wu; 
of x, 2\/(r?—w?) and 0; of y, O and # and doubled ; 
of 6, 0 and 27. ; 


y) Yr T 2y (r?—w?) x Q0r 
aa). J J. f. s. dudwdxydydé 
f du 
0 


4 f f poe f dududaud 
= - LUAU ALY 
1 he 0 4» 0 0 J / 


op 
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y) wy T 2y (r?—w?) 
= | f f ev? dudwdx 
| ar 0 u 0 


=p f { (r?—w?)? dudw 
0 u 


1 r . 5 . hoy U 
=s7f- [dart —10r2wy/ (7? —u? )+4u3 py (r? —u?)—6ré sin vy du 
16 5: 
= FE 8899. 


87. Proposed by-G. B. M. ZERR, A. M., Ph. D., Professor of Science and Mathematics, Chester High School, 
Chester, Pa. 


Find the mean distance of a random point in a sphere from a point, (1) within, (2) 
without the sphere. 


Solution by the PROPOSER. 
Let J? be the given point. AB=c, AC==a, 
AD==+4%. 
Then DB=c—2=BC, CH= ;/(a?—AE?) 
= [(e—2)? —(¢c—AE)?*]. 
(a? +2cr—x*) 


2¢ 
(a? —2?) 


DE=AE-—1r= 
2c 


Area of film CDM=:27DB. DE=272(c—2)(a? —2? )/2c. 
Also let BG-y. Then the area of the surface of this sphere is 47ry?. 


“AR = 


2c —a a—e 
f 2a DB?.DEdx+ {— day%dy 
(1). Distance Dew 


4743 
Ama 


Da 


Aare 


O 
3 


a 


2c—a 
f (e—2x)? (a® — 2? )da+ 


a—c 
{ yr dy. 
"0 


{> 2xDB?.DEdz 


(2). D, = =f (c—x)*(a® —a? )da. 


4 3 


', D,==c+ (a? /5e). 
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MISCELLANEOUS. 
77. Proposed by T. E, COLE, Columbus, Ohio. 
It is said that a base-ball pitcher throws curves. Give a scientific explanation of 
how it is done. 


Solution by WALTER H. DRANE, A. M., Graduate Student, Harvard University, Cambridge, Mass. 


When a ball pitcher wishes to throw a curve, in addition to the onward 
motion given, he sets the ball to revolving rapidly about its own axis. Now the 
resistance the air offers to a moving body depends upon its velocity, and the on- 
ly resistance besides gravity which the ball encounters in its motion is this re- 
sistance of the air. Consider the ball as revolving from right to left as in the 
figure, and let us regard it as two bodies, the line of division 
being the line of its own motion onward. The particles 
of the right half of the ball are moving around either directly 
in the same direction as the onward motion, or in oblique di- 
rections ; but these oblique velocities may all be resolved into 
two velocities. One parallel to and in the same direction OF’, 
and one perpendicular to OF’, which last has no effect on the 
onward velocity. Consequently the particles of the right half 


have, in addition to the onward velocity of the ball, a velocity 

due to their revolution about O, this increase of velocity depending upon the dis- 
tance of a particle from the center. Now in exactly the same way it can be 
shown that the velocity of particles on the left is decreased in proportion as that 
of those on the right is increased. Hence the resistance of the air offered to par- 
ticles on the sight is shghtly greater than that offered on the left. The result is 
that in effect a backward force is brought into play on the right which does not 
act on the left. Resolve this force parallel and perpendicular to OF. That par- 
allel to OF does not effect the direction of motion. But combining that compo- 
nent perpendicular to F' with F itself, we get that the total effect is to change the 
direction of the onward velocity, and since both the onward velocity and the rev- 
olution of the ball about its axis change at every instant of time, this change in 
direction must vary at any instant, and hence the ball moves in a curved line to 
which OR is a tangent. 

This is merely a case of constrained motion as the above shows. 
Also solved by ALOIS F. KOVARIK. 


78. Proposed by WALTER H. DRANE, A. M., Graduate Student, Harvard University, Cambridge, Mass. 


The center of a regular polygon of n sides moves along a diameter of a given circle, 
the plane of the polygon being perpendicular to the diameter, and its magnitude varying 
in such a manner that one of its diagonals always coincides with a chord of the circle; find 
the surface and the volume generated, and thence deduce the formulae for the surface and 
the volume of a sphere. 


Solution by the PROPOSER. 
Let AB bea side of the polygon in an initial position; CD the side after 
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it has moved an infinitesimal distance ON: Then ABCD is an elementary por- 
tion of 1/nth the required area, and the prism AOB gags 

— DNC an elementary portion of 1/nth the required 

volume. The equation of the plane ADKO is 
2—=cot(a/n).y. Let the equation of the sphere of 
which the circle KBE is a great circle be 


a? +y? + 2%@——-q?, 

Combining the equation of the plane and 
sphere gives x* +sec?(a/n)z? =a*, which is the equa- 
tion of ESRK, the projection on the plane zz of the 
curve of intersection of the plane and sphere. Now let P be any point in 
the area. CN=)/(a?—2?). CM=MPtanMPC=MPtan(a/n)=ztan(7/n). 

PF=y; CN=CM+PF or 1/(a®? —x?)=ztan(2z/n)+y, which is the equa- 
tion of the surface. 


a allio’ 
2n df 
dy 


f" fee V La?sec? (2/n)—x*? tan? (2/n)] ded 
_ VOL Bee AEE OE NOES ddr 
0 


0 yla*—2?] 


cos(m/n).f V/La? sec®(a/n)—a*? tan? (a/n)|dx 
0 


a rin) E cot( /n)+(7a*/nyoosec® (a /n) | 


A-<=na®cos(2/n) +. 
sin(z/n) 

Evaluating this when n= «a, by reducing to a common denominator, and 
then differentiating both numerator and denominator four times, this becomes 
4a”, the area of a sphere. 

For volume we have, 


V/2a=sin(2/n)cos(2/n) ic — x" \dy=fa'sin(z/n)cos(a/n). 
0 


. V=sna'sin(z/n)cos(a/n)=fna3 sin(27/n). 
Throwing this in the typical form, and evaluating when n= o by differ- 
entiating twice, gives 47a3, the volume of a sphere. 
Also solved by G. B. M. ZERR. 


144 


79. Proposed by 8. HART WRIGHT, M. D., A. M., Ph. D., Penn Yan, N, Y. 


In latitude 42° 80’ N.=A, a tree 100 feet long:-=a, leans in the direction 
S. 60° W.= 8, with an angle of elevation with the level ground, of 30°=;~. The 
sun’s declination being 1° 86’ 24” N.==0, in what direction will the shadow of 
the tree point, when the sun is on the meridian ? 


I. Solution by the PROPOSER. 


Let TR=100=a, be the tree, the top at R, TM a south line from T. 

Draw a radii from & to A, and AT will be a sub-projection of #7, on the 
ground, the triangles TAR and CAR being vertical. Angles MTR, and MTA= 
60° each==f, the triangle CAT being horizontal. Angle ATR=-3U0°==;, being 
the elevation of TR. : 

The shadow of & made by the sun at S must be 
cast north of A, and appear on the ground at C, and all 
the termini of shadows of all other points from R to 7 
must be cast and visible on the line C7, as the sun is 
practically south of all points on the tree. 

Angle ACR==90° --14+6—49° 6’ 24" —c-—the sun’s 
meridian altitude. AR—=asiny—50 feet—e, AC=ecotc 
=43.30138 feet=6, A T—acosy—86.6025 feet—b. 

Whatever angle CT makes with 7M, counted from the south westward, 
will give the direction of the shadow. 

CA must be parallel with TM.  .:. Angle CAT=ATM=60°. ~=‘Then in 
triangle ACT we have given AC and AT, and the included angle of 60°, to find 
the angle CTA, which, by Plane Trigonometry, is easily found to be 80°, ACT 
becoming in this particular case aright angle. Adding the angles CTA and ATM 
gives MTC=90°, and therefore the shadow points west. 


II. Solution by J. SCHEFFER, A. M.: Hagerstown, Md. 


Let NS be a north and south line on the ground, AB the projection of the 
tree upon the ground, AW the west line on the ground, BL 
perpendicular to AW, AC the shadow, /NAC==a, and 
LBAS=f. AB=—acosy, BD==acosycos/. 

Since 90°—A+ 6 is the meridianal altitude we have BC 
—=asinytan(A— 0). 

‘, CD=asinytan(A —d)—acosycos/. 


CD asinytaniA—d)—acosycosf 


. cot F D- acosysin 
tanytan(A— 0) 
; <=. — cot fs. 
2 cote sin 6 cot fF 
, A—O — 
Putting tanytan (A= 0) cote, we get cote SIN P= ®) 


sin sinfsine 
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For the given numerical values, 780°, @=60°, A—d=40° 53’ 36”, we get 
e=60°. 1°. f—e=60°. .°. cotz—0. .*. a==90. Consequently the shadow falls 
due west. 


, III. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
hester, Pa. 


Let OP=100 feet—a be the tree, AB the meridian, CD’ the parallel of 
latitude. OD the projection of the tree on the plane, O# the 
shadow, ZPOD=80°=y, Z DOB:=-60°=6, ZPHD=sun’s 
altitude--37—(A—0), ZRDO=8, 7 DOE=i37—/, 2 PDO= 
L£ PDE L DEO=372 

. PD-zasiny= 50 feet, DO=acosy==507/3. 
+. DO=86.60 feet, DE=DOcosf—48.30 feet, DRk= 
P Dtan(A—d)==asinytan(A—6)=43.30 feet. .«. DE=DR and E and R coincide. 


‘. The shadow is due west. 
Also solved by EDMUND FISH and A. H. BELL, and H. C. WHITAKER. 


80. Proposed by the late SYLVESTER ROBINS, North Branch, N. J. 


Exhibit ten initials in that infinite series of integral, rational rnombuses wherein 
the area of every term is one unit less than the square of its side. 


Solution by M. A. GRUBER, A. M., War Department, Washington, D.C. 


Let 2a and 2b=the respective diagonals of arhombus. As the diagonals 
of a rhombus bisect each other at right angles, we then have, side of rhombus= 
Vy (a® +5"), and area=2ab. 

. From condition of problem, 9ab==a? +b? —1, or a? --2ab+b?—1. 

Whence a—b=+1. 

-. The side of rhombus must be the hypothenuse of a reght triangle whose legs 
are consecutive integers. 

Several methods for finding successive right triangles of this kind are giv- 
en in THe AMERICAN MATHEMATICAL Montuty, Vol. IV, No. 1, pages 24—27. 

Whence we find, for the first ten integral, rational rhombuses, the 
respective— 


Diagonals, Sides, and Areas. 

2a 2b = 4 7(a? +b?) 2ab=-a? + b? —1 
8.1... Oo. . eee eee. rr 24 
re AQ... 2... eee 7h: 840 
240......... 238.0... 0008 169.0... eee eee. 28460 
1894........ 13892......... 985.0... eee eee. 970224 
8120........ 8118........ BT4AL. LL. ee eee 32959080 
47322 ...... 47320....... 33461 ...  ....1119638520 
275808..... 275806 ..... 195025 ........ 880384750624 
1607522..... 1607520..... 1136689 . .. .1292061882720 
93693820..... 9369318..... 6625109 ..... 43892069261880 


54608394... 54608392... .38618965....1491088298021224 
The general formula for finding sides is 68n—1—Sn—2= Sn. 
Also solved by A. H. BELL, CHAS. C. CROSS, and G. B. M. ZERR. 
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PROBLEMS FOR SOLUTION. 


ALGEBRA. 


119. Proposed by HARRY 8. VANDIVER, Bala, Montgomery Co., Pa. 

205 1747 6249 

3x51 B2xX5KT ) BPKBKTKO 
Find the general term and interval of convergence of this series. 


, x3 
Given tanv=a-+ 5 a 


120. Proposed by JOSIAH H. DRUMMOND, LL. D., Portland, Me. 


A hollow sphere has within it a solid sphere; aquantity of water equal to 1/m of the 
capacity of the hollow sphere is poured in and just covers the solid sphere. Prove that 
there are two solid spheres, either of which answers the conditions; also find the maxi- 
mum value 1/m, beyond which the question is not possible. 


y*y Solutions of these problems should be sent to J. M. Colaw not later than July 10. 


CALCULUS. 


111. Proposed by G. B. M. ZERR, A.M., Ph.D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 
(a). Find the dimensions of a cup, capacity ¢, in the form of a frustum of a pyramid 
regular, of n faces, so that its internal surface is a minimum. 
(b). Find the dimensions of a cup, capacity ¢, in the form of a frustum of a hyper- 
bolioid or of a paraboloid, whichever it is, so that its internal surface is a minimum. 


x* Solutions of these problems should be sent to J. M. Colaw not later than July 10. 


MISCELLANEOUS. 


91. Proposed by ARTEMAS MARTIN, LL. D., U.S. Coast and Geodetic Survey Office, Washington, D. C. 


The following sides and area are given for a rational triangle in the table of rational 
scalene triangles on page 167 of Dr. Halsted’s ‘‘Metrical Geometry”’ (Boston, 1881), viz. : 
sides, 21, 61, 65; area, 420. The same sides and area are given in Septimus Tebay’s ‘‘Men- 
suration’’ (London and Cambridge, 1868), in a table on page 118. - 

The sides of this triangle can not all be correct because they are all odd. 

Assuming that the area given is correct, it is required to determine the error in the 
sides. 


92. Proposed by J. T, COLE, Columbus, Ohio. 


A staff a=60 feet high, casting a shadow on a horizontal plane due north b=20 feet 
long, falls due northeast. Find the area covered by the shadow. 


x*y Solutions of these problems should be sent to J. M. Colaw not later than July 10. 
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NOTE ON THE SOLAR ECLIPSE OF MAY 28TH. 


This eclipse was witnessed bv the editor and his friend, Mr. Abel, from the 
campus of Tulane University of New Orleans, La. The atmospheric and mete- 
orological conditions for observing this interesting phenomenon was most favor- 
able. In the morning, at sun rise, the eastern sky was skirted with clouds, but 
by the time the first contact occurred, these had sunk nearer the horizon so as to 
leave the sun in a perfectly clear sky. First contact occurred at 6:25 A. M.; 
the second at 7:30; the third at 7:31 minutes 12 seconds, and the fourth at 8:43. 
Thus the period of totality was 1 minute and 12 seconds. Such a short period 
of totality did not give much time for the observation of those interesting phe- 
nomena attending an eclipse, viz., the ‘‘shadow bands’’ or ‘‘fringes,’’ the corona, 
prominences, etc. 

Prof. Ayers of the Tulane University had been making extensive prepara- 
tions for the event for several months and during the time of the eclipse, took 
every precaution to eliminate ag far as possible all sources of error. To this end 
it was ordered that visitors should not be allowed to approach the observatory 
nearer than 100 yards. This precaution was taken, since the motion, caused by 
the moving about of the visitors on the shallow crust of the earth here floating 
on a watery bed would be easily transmitted to the observatory and thus effect 
the instruments used in making observations. Professors Hume, Fulton, and 
Johnson, of the University of Mississippi, brought their astronomical instru- 
ments with them to Tulane University and codperated in their observations with 
the Tulane University men. 

It was through the courtesy of Prof. Hume that the editor was admitted 
to the sacred precincts of that eager and enthusiastic band of scientists, and 
through the courtesy of Professor Johnson was also permitted to take a view of 
the eclipsed sun with the instrument with which he was working. 

The darkness was not as intense as one might suppose and notas dark as on 
previous occasions. The corona was very beautiful, though perhaps not so 
beautiful as has been seen during previous eclipses. Instead of streaming out 
on all sides, radiant filaments, beams, and sheets of pearly light, forming an 
irregular stellate halo. there appeared this time only a broad band of light lying 
in the direction in which the moon crossed the sun. The corona, therefore, had 
a marked resemblance to the corona of 1867. The ‘‘shadow bands’’ were quite 
clear to be seen at the time of totality. Whether a satisfactory explanation of 
their origin and nature has been discovered remains to be seen. Mr. Abel made 
several photographic exposures, but with what success is not yet known. Thor- 
ough and detailed accounts of this eclipse together with the results of the numer- 
ous observations made throughout the country, of course, will be given in the 
various Astronomical journals. 


May 29, 1900. 
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EDITORIALS. 


Mr. Sylvester Robins, of North Branch, N. J., one of our valued contrib- 
utors, died suddenly and very unexpectedly, on Wednesday evening, April 25. 


Mr. T. M. Putnam, Instructor in Mathematics in the University of Texas, 
has applied for a leave of absence to accept a Fellowship in the University of 
Chicago. 


Dr. L. EK. Dickson has resigned his position as Associate Professor of 
Mathematics in the University of Texas, to accept a call to the University of 
Chicago. 


The B. F. Johnson Publishing Company, Richmond, Va., have in press a 
new two-book series of Arithmetics, by J. M. Colaw, Associate Editor of the 
Montuiy, and J. K. Ellwood, Principal of the Colfax School, Pittsburg. 


Thomas Craig, Ph. D., Professor of Pure Mathematics at Johns Hopkins 
University, a distinguished and widely-known mathematician, died in Baltimore, 
on May 8. Death was due to heart trouble. His wife and two daughters sur- 
vive him. Professor Craig was born in Pittston, Pa., in the year 1855, and was 
in the very prime of life. He graduated from Lafayette College as a civil engin- 
eer in 1875, and took the degree of Doctor of Philosophy at Johns Hopkins in 
1878. From his connection with the University, Professor Craig began his work 
in mathematics, which he continued to the time of his death, having borne a 
most important part in the work of the mathematical department. For many 
years he was editor of The American Journal of Mathematics. His more import- 


ant works include ‘‘A Treatise on Linear Differential Equations,’’ ‘‘A Treatise 
on Projections,’’ and ‘‘Motions of Fluids.’ At the time of his death he was en- 
gaged on a new work entitled ‘‘Advanced Theory of Surfaces.’’ Professor Craig 


was a frequent contributor to the different mathematical journals. 


BOOKS AND PERIODICALS. 


Rational Elementary Arithmetic. By H. H. Belfield, A. M., Ph. D., Di- 
rector of the Chicago Manual Training School, and Sarah C. Brooks, Supervisor 
of Primary Grades, St. Paul, Minn. 268 pages. Price, 45 cents. Chicago : 
Scott, Foresman and Company. 1899. 

This book contains an abundance of concrete work and graphic illustration. It is 
rich in suggestion and in thought-arousing matter. The book in the hands of an intelli- 
gent and skillful teacher should produce excellent. results, but we should hesitate before 
placing it in the hands of an untrained or ‘‘unsupervised”’ teacher. J. M. OC. 


Bavley-Wremer Series—First and Second Books in Arithmetic. By F. M. 
Wiemer, Principal of First District School, Milwaukee, Wis., assisted by M. A. 
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Bailey, A. M., Professor of Mathematics, Kansas State Normal School. 96 and 
176 pages. New York: American Book Company. 1899. 

These books abound in figures and indicated operations, but are deficient in objective 
work. If figure processes were the end, instead of the means to the end, these little vol- 
umes would be especially meritorious. However, with an expert teacher to supply the 
needed concrete work, they should give good results. J.M.C. 


Manual of Experimental Physics. For Secondary Schools. By Fred R. 
Nichols, Charles H. Smith, and Charles M. Turton, Instructors in Physics in 
Chicago High School. 8 vo., cloth, 824 pages. Chicago: Ginn & Co. 

This book embraces a thorough course in Laboratory work in Physics for High 


School and Academies. The work aims to make laboratory work inductive as far as 
possible. B. F. F. 


Nine Ninety-Nine Graded Problems in Arithmetic. By Fred V. Lester, A. 
M., Superintendent of Schools, Ticonderoga, N. Y. 94 pages. Syracuse: C. 
W. Bardeen. 1899. 


This little book gives a serviceable collection of problems for review work. 
J. M.C. 


Lessons in Arithmetic—Primary Number. By C. lL. Howard, of the Co- 
lumbia School, St. Louis, 72 pages. Price, 25 cents. St. Louis: W. S. Bell 
& Son. 1899. 

The author puts forth this small volume as the result of his experience and the 
growth of trial. It seems to be well suited for use at the stage when children are acquir- 
ing their first knowledge of numbers and number relations. J M.C. 


Graded Lessons in Arithmetic. Books II—VIII. By Wilbur F. Nichols, 
A. M., Principal Hamilton Street School, Holyoke, Mass. Price, 25 cents each. 
Boston : Thompson, Brown & Co. 1897-1899. 

The plan of the author is to present the elements of many topicsin the lower grades, 
and then to make the work in each topic more difficult through the subsequent grades. 
These books furnish a large number of well-graded examples of great variety on all the 
different topics. An examination in detail reveals many good features. J. M.C. 


Gay’s Problems in Arithmetic. Books I and II. By George KE. Gay, Sup- 
erintendent of Schools, Malden, Mass. Boston: Benj. H. Sanborn & Co. 1898. 


Hach of these books contains 1,000 problems designed for written work. The prob- 
lems are progressive and practical, and are presented in an attractive form. J. M. C. 


First Steps in Arithmetic. By Ella M. Pierce, Supervisor of Primary 
Grades, Public Schools, Providence, R. I. 160 pages. Price, 86 cents. Boston : 
Silver, Burdett & Co. 1899. 

Twenty is the extreme of the numbers taught. The ordinary tables of measure- 


ment are freely used. The book is intended for beginners, and is well adapted to its end. 
J.M.C., 


The Werner Arithmetic. Book III. By Frank H. Hall. 282 Pages. 
Chicago: Werner School Book Company. 1898. 

In Books I and II of this series, classification is made subordinate to gradation, but 

in this book the topical arrangement is given. The number of topics has been wisely re- 

duced. The book is carefully written, and contains practical problems in great variety. 
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The introduction of the elements of algebra aad geometry is to be commended, but the 
systematic recurrence of these subjects in parts of the text, where they do not serve to 
illuminate the arithmetical treatment, detracts somewhat from the general excellence of 
the work. J.M.C. 


Rand-McNally. Primary Arithmetic. Revised Edition, 1899. By Edwin 

C. Hewett, LL. D., Ex-President of the Illinois State Normal University. 268 
pages. Price, 30 cents. Chicago: Rand, McNally & Co. 

This Primany book is unusually full in the early steps, and gives a good preparation for 


the advanced grades. The directions and suggestions to teachers are full and generally to 
the point. J. M.C. 


Graded Work in Arithmetic. Fifth Book. By S. W. Baird, Principal 
Franklin Grammar School, Wilkesbarre, Pa. 856 pages. Price, 65 cents. New 
York: American Book Company. 1829. 

This book completes a well-graded series, and is intended for grammar school 
grades. There are no rules, and a minimum of definitions and explanations. The sup- 
ply of practical problems is abundant and varied. One chapter is devoted to Algebraic 
equations, J. M.C. 


Iippiacott’s Arithmetics, Mental, EHlementary and Practical. By J. Mor- 
gan Rawlins, A. M. Prices, 35 cents, 40 cents, and 65 cents, respectively. 
Philadelphia: J. M. Lippincott Company. 1899. 

The aim of these books is ‘‘to prepare students for practical life by the development 
of thought power, while making them masters of the mechanical processes.’’ The ad- 
vanced book secms to be overburdened with definitions, principles, analyses, synthesis, 
rules, etc., and several of the topics included could well have been omitted as having no 
utilitarian value. The problems are fresh, well-arranged, and adequate in number. The 
first forty pages of the Elementary book are especially well suited to the needs of 
the beginner. J. M.C., 


The American Monthly Review of Reviews. An International Illustrated 
Monthly Magazine. Edited by Dr. Albert Shaw. Price, $2.50 per year in ad- 
vance. Single numbers, 25 cents. The Review of Reviews Co., New York. 

Dr. Albert Shaw describes ‘“‘Paris and the Exposition of 1900’ in his magazine, the 
Review of Reviews, for June. Dr. Shaw regards Paris itself, the typically modern city, as 
an inseparable part of the great fair. So far from complaining of the incompleteness of 
the Exposition in the opening month, as many visitors have, Dr. Shaw welcomed the op- 
portunity to see so many of the wonders of the fair in the making. His article is by far 
the most discriminating estimate of the real value of the Paris show that has been pub- 
lished on this side of the Atlantic. 


The Literary Digest. A Weekly Compendium of the Contemporaneous 
Thought of the World. Price, $8.00 per year in advance. Single numbers, 10 
cents. Funk and Wagnalls Co., Publishers, 30 Lafayette Place, New York. 


The Cosmopolitan. An International Illustrated Monthly Magazine. Ed- 
ited and published by John Brisben Walker. Price, $1.00 per year in advance. 
Single numbers, 10 cents. Irvington-on-the-Hudson. 
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ON A DETERMINANT EACH OF WHOSE ELEMENTS IS THE 
PRODUCT OF & FACTORS. 


By PROF. W. H. METZLER, Syracuse University, Syracuse, N. Y. 


1. In Muir’s Theory of Determinants, page 117, the following example 
(slightly modified) is given without comment : 


him, hyn, kyx, kz, h, k, O O | m, O m, O 
hom, hen, kaw, kyz, |__| A, ky O O | .{n, QO n, 0 
PiMe Pye W1%2 JW1%, Lp Op i e, O &, 
PoMy Pel, TW2%_ Y2%e 0 0 Pe Qe O 24, O 2, 
— | hk, Pidi MyM, yey 
Rok, | * | Dede MoNe Eg%s 


From this it is seen that if we take n, determinants 
| Dy ng? Jy) | ’ (7, =1, 2... N41), 


of order n, and form a determinant of order n=n,n, by arranging them along 
the principal diagonal as in the first factor of the right-hand member of the first 
equation in the above example, all the other elements being zeros, and n, deter- 
minants 


| bn We Fe | ’ (j2=1, 2. ° No), 
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of order n, and form another determinant of order n in which the elements in 
the (an, +/)th column of the fth n, rows are the elements of the (a+1)th col- 
umn of 


| bin Mr |, (a=0, 1....n—1), (B=1, 2....7), 


all the other elements being zeros, the product of these two determinants of the 
nth order is a determinant of the nth order whose elements are products of two 
factors. 

It is also seen that the elements of | b,,,(2:4) | are found in all the col- 
umns, but in the j,th n, rows only of the product, and that the elements of 

| bin,(™ 4) | are found in all the rows, but in the (an + j,)th columns only of 
the product. 

2. We may now form two determinants of the nth order (n=, N93) pre- 
cisely as in Art. 1, first by taking n, determinants of order n,n, each of whose 
elements is the product of two factors as there found, and second by taking n,n, 
determinants 


| bine J) |, (7g=1, 2....(n/ng) 


of order n,, and the product of these two determinants of the mth order will be a 

determinant of the nth order each of whose elements is the product of three fac- 
tors, one factor an element from a deterrninant of each of the three orders. 

Continuing this process we arrive at a determinant of the order n=n,", 

. ny, each of whose constituents is the product of k factors, one factor an ele- 


ment from a determinant of each of the k given orders n,, ny... . 
3. Let | a } denote the greatest integer in > R denote the remainder 


on dividing @ by f, 
| Dang” |, (gl, 2....k), (Jg=1, 2 ...n/7q), 


denote the n/n, determinants of order n,. Then if n==n,n,....n, we have the 
theorem 


A= | ayn | =| dyn, |, (gl, 2...-k), (fg, 2....n/Mg)..- C1). 


Where the element in the wth row and yth column of A, 


Ub) 


41, hy 


n/N, 
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R y—1 ... (2). 


Kach of the elements bag’ ™ (ay, Jg=1, 2... ng) occurs in 
rows and in columns of A. 
Ngereee Ny Nyce Ng 
If we write tg=Ay.n,N, ...Ng-1+ My, Where 


n 
{ 400, ; ( = 1) f, 


{Mg==1, 2....(m,, Ng..--Ng—-1)}, 


and understand that when g=—1, n,n,....%g41—=1. 

Then the element Dagag Agity--+-Mga+ Hg) occurs in the (Ag Ng t.aQ)th 
NyNg....Ng—1 rows, and in the {(“#,—1)n,+4,}th mls. My columns of A. 

4. If all the determinants of the same order ny, (g=1, 2 .. &) are equal 


the theorem becomes 


A=IT| byng™ | %, tg—n/ng  . . (8). 
If n, =n, =n, =....=ny=m, then n=m* and the theorem takes the form 
A=IT | byn™ | , (h=1, 2....k.m®-1) .. (4). 


If all the determinants are of the same order and equal to each other then 
the theorem becomes 


k--1 


A=|DBin | ®™ 2. .(5). 


After finding the general theorem in Art. 3, the special cases (8) and (5) 
were first made known to me by Prof. E. H. Moore, who discovered them before 
knowing of the general theorem, and who immediately made the generalization, 
using the different notation, on receiving the Muir reference. 


December 5, 1898. 
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THE GEOMETRIC OLD AND NEW. 


By DR. GEORGE BRUCE HALSTED. 


1, Perhaps the newest geometry in English is by James Howard Gore, 
professor of mathematics in Columbian University, and published by Long- 
mans, Green & Co., first edition December, 1898, second edition, 1899. Mr. 
Gore defines the straight in his §6, as follows: ‘‘A straight line is the shortest 
line between two points.’’ But this presumes beforehand the measurement of 
all lines, while the soundest of geometries, Euclid, will not even attribute length 
to the simplest of curves, the circle, and our new mathematics knows of lines, 
real boundaries between two parts of a plane, to which the idea of length is in- 
applicable. Moreover, before the execution of any measurement there must be 
a measuring standard ; but this is first given by the straight line, is in fact always 
a sect, a definite piece of a straight. Again the existence of a minimum is pre- 
sumed; which is not evident; and of a single minimum; which is a subtle 
assumption. 

In fact the operation of measuring a geometric magnitude we cannot 
effect, rigorously speaking, either for curves or curved surfaces. For, however 
little may be the parts of a curve, they do not cease to be curves, and 
consequently they cannot be compared with a sect by superposition or congru- 
ence; just as parts of a curved surface are not comparable with portions 
of a plane by superposition or congruence. A paradoxical assumption is in fact 
necessary, which destroys by itself the primitive idea of measurement, the ap- 
plication of a standard unit. 

Thus the evaluation of the length of a curve represents not at all a meas- 
urement of the primary kind, and until explicit post-Huclidean assumptions 
have been made, we cannot even know what is to be meant by one line 
being shorter than another between the same two points. 

2. Mr. Gore defines an angle in §30: ‘‘An angle is the difference in 
direction of two lines that meet.’’ But the word ‘direction’ can only be given a 
meaning when the theory of parallels is presupposed. No one has ever been 
able to say when two different straights have the same direction without using 
parallelism. Direction, to be understood in any strict sense whatever, presup- 
poses three fundamental geometric ideas, namely, straight line, angle, parallels. 

3. In $52 in the last step of an attempted demonstration, we read: ‘‘this 
would give two straight lines joining P and P’, which is impossible.’’ On the 
contrary, in Riemann’s double elliptic geometry every two straight lines meet 
twice. 

4. Under Parallel Lines, we read: ‘‘§59, Definition. Two straight lines 
are called Parallel when they lie in the same plane, and cannot meet, nor 
approach each other, however far they may be produced.’’ 

Mr. Gore’s unfortunate interpolation is thus paraphrased in his next ar- 
ticle: ‘‘Since parallel lines cannot approach each other, they are everywhere 
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equally distant from each other.’’ This assumes that a line which is everywhere 
equidistant from a straight line must be itself straight, but in Bolyai’s geometry 
this line is a curve, the well-known equidistantial, while in Lobachevski one of 
the first theorems is: ‘‘The farther parallel lines are prolonged on the side of 
their parallelism, the more they approach one another.”’ 

In §62, in place of a proof for the fundamental theorem: ‘‘If two paral- 
lels are cut by a transversal the alternate angles are equal,’’ Mr. Gore gives the 
flat petitio principii: ‘‘The lines AB and CD, being parallel, have the same di- 
rection. The lines EG and GH, being in one and the same straight line, are 
similarly directed. That is, the angles EGB and GHD have sides with the same 
direction ; therefore the differences of their directions are equal.’’ ! ! ! 

‘8127. A circle is a plane figure’’! 

‘81388. Two circumferences are tangent to each other when they are tan- 
gent to a straight line at the same point’’?! What about two circles with only 
one point in common, and the straight tangent to one at that point different from 
the straight tangent to the other at that point? 

Page 64, ‘‘Up to the present time it has been assumed that any needful 
line or combination of lines could be drawn, and the question has not arisen as 
to the possibility of drawing these lines with accuracy!!! 

In order to show that any required combination of lines, angles, or parts 
of lines or angles fulfilled the required conditions, principles were needed. long 
before they could be demonstrated’?! Mr. Gore has perhaps never looked into 
a copy of Huclid. Beyond his three postulates, hypothetical constructions are 
neither necessary nor admissible. 

There is one good purpose that this book may subserve, that is to show 
how absolutely essential is a knowledge of non-Kuclidean geometry. 


Austin, Texas, 1900. 


EXPRESSION OF RIEMANN’S ? FUNCTION AS A DEFINITE 
INTEGRAL. 


By W. E. HEAL. 


Consider the differential equation of Riemann’s P function, namely, 


dx t—a g—b 


4 BB’ (b—c)(b—a) 


t—a x—b 


4 Poor) cy (aate=)) (a—c) 


xu—C dx 


yy'(e—a)(e—b) \ 


—- pone Jy=0 wee (1), 
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where a, a’, #, f’, 7,7’ are real quantities and we have ata’tf+f'+y+7'=1. 
Let V=(a—a)* (w—b)8 (a—cyv uF 8 +7’) 
(1—w)~ +8 +7) [(a— b)(a@—¢) + (b—c) (a —a)u] tty | 


al 
Then wi={ Vdu is an integral of equation (1). 
0 


For substituting this value for y in the equation (1) the left member 
becomes 


Te ay—by(e—0) { Leto nlabity + Dab) + b=u]” 
Sle a)(a—b)(x 0 { [(a—b)(a—c)+(b—c)(a-—-a)u]? 


Ita—a’) | 148-6' Ltr 


SO) SEES E ETAT (ab) -(0—eyu] 
[(a— DeLa Lon, au] 


I—a-—a’ 1—f-—f’ 1-7-7’ 9 
4 (Se 4 ee ery 4 4 Fy 7) 


~t—~a e—b L—C %— a x—b u—C 


+ (Sat shot he) Daag wort wr] 


aa’(a—b) (ac), AB'(b—e)(b—a) 4 FE er) | Pau. 


e-— e—b 


(atatn(—* 


+. 


1—a—a’ 1— s—/’ “—iar) 
— + 
L— A a—b L—C 


Since (s—a)(a—b)(a—c) ! ( 


-[y “3 Goat Gon ob rtorlt 


4 wala~b) (ao) 38'(b—¢)(b—a) 4 vv (c—a)(e—b) 


L—a x—b t—C 


=(a+b+y)[(a+e t7+1)a—(a’+8+y)a—(a+i't+y)b—(at sty')e], 
this result may be written, 


(at P+r+1)[(a—b)+(b—c)u]? 


T 
(a+s-+r)f | @—ae—b)e—e) [aby a= 0) (b= 0) au]? 
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an bye Ob aera 


(2t8a" ,ith—-P at had y 


+[(a+ety+4+1le—(a' + B+y)a— (a+ +y)b—(a+8+4 7c] Vdu 


=—(a+f+y)(a—b)(b—c)(e—a) 


1 
J. {(a+f+y')(a—b)(x—¢)+(a’ +8 +7)(b—c)(a—a)u? 
—[Ca—b)A +a—a’)(e—e)+(b—e)(1 +y—7')(«—a)ju} Vdu 
[(a—b)(a—c)+(b—¢)(a—a)u]? 


u(l—u)V i 


1d 
=—(a+fh+y)(a—b)(b—e) (o~a) f [(a—b)(@—e) + (b—0)(a— au] 


_uil—u)yV \ 


—=—(aprfty)(a—b)(b—c) (ea) | any [(a—b)(a—c)+(b~¢)(a—ayu] 


which is identically zero if the integral has a meaning. That the integral may 
not become infinite at the limits we must have 


l—(a' +f +y)=a+6+y'>)0, 
l—(a’+f+y')=a+i'+y>0. 


It is also clear that 
yo= Vau, = va= fo Vdu, 


also satisfy the differential equation. For y=y, we must have 


at+8+y7'>0, a +p+y>0. 
And for y=Y,, 
a+tjs+ty>0, a’+f+7>0 
In equation (1) write 
a=—1, b=1/ée, c=+4+1, 


asa’ =y=7'=-0, f=—n, *=—n+1, lime—0, 


and we find after some reductions the differential equation for zonal spherical 
harmonics, viz: 


d?y 2a dy , n(n+1)y 0 
dx? 1—x? dz l—v? 


(Craig’s Linear Differential Equations, page 192.) In this case 


_ “(1—w)"{1—2) +1 +2)u]"du 


ae +1 ’ 


Yi 
0 


y =( “Cowl —2x)+(14+a)u]"du 
72 nn 
0 


qari ) 


Yh, =f GW) +(1+a)u]"du | 


In y, we must have n negative and numerically less than unity. For y, 
the values n may have are the same as for y,.. In y, we may have n any, nega- 
tive, real number. 

In equation (1) write 

a=0, b=1, c=—1, 
a==${(k—-1)+4/[4n(n+k-1)+(k—1)?]}, 
w= 3{(k—-1)—- yp [4n(n+k—1)+(k—-1)?]}, 
B==y—=F {(2—k) + 47 [4m(m +k—2)+(k—-2)?]}, 
= y' =F {(2—k)+y/ [4in(m + k— 25 4+-(k — 2)? ]}, 


and we have the differential equation, 


d’y | 2e°+k—2 dy 4 [n(n+k—1) (a? —1)—m(m+k—2)x? Jy _ 


dx? a(x®—1) dr a? (a? —1)? 


which transformed by the substitution x==1/t becomes the equation for spherical 
harmonics of rank k, namely, 


dy At dy. [nv +k-1)-—? )—mim+k—-2)]y_ 
dt? 1—@ dt (1—t*)* 


(Craig, page 195.) 

The deftnite integral appears to be too complicated to be of much use ex- 
cept in special cases. 

I. Let k=1. 

"MSN, A= — Nn, B =yp=ImM, TH =y7' —3(1—M). 

Equation (4) becomes for this case, 
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déy tt dy | [n®—t*)~mim—D]y _p 


dt? 1—t2 dt (1—t?)? ©). 


We have, 


a1 
n= (1—¢2)2™[u(1—w)]2227—-)) [Qu—(1+t)]-™ tM du, 
=f — £7 am w(1~w)]2er—Y [2Qu-—(1+t)]- + du, 


+00 
y= f C= 2) [u 1 wy ROD, [2u— 4-day, 


In all these integrals we have 


n+s>0, 
and in y,, yz we must also have 
M>n. 
Il, Let k=2. 
‘antl, a=—n, J=ya=r3m, | =y' = — 43m. 


Equation (4) becomes 


d?y Qt dy [n(m+1)(1—t?)—m* Jy 
dt? 1—t? dt (1—t*)? i 


0....(6), 


which is (Craig, page 194) the equation of the assoctuted function, Py, m, of the 
first kind, of degree n and order m. 
We have 


1 

Yi ={ (1—t?)2™[uCi—w)]”. [2u—(1 + ty] - +" du, 
0 

y=f O- t? )a™(u(l1—w)]”.[2u—(1 + )]J- +" Ddu, 
0 


yf C= mum) [Bum + yori Dd. 
1 


In these integrals we must have 


n+1>0, 
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and y2, y, we also have 


mon. 


If in (6) we put n==u—? we have, 


d?y 2t dy , ((w?—t)U—t?)—m? Jy 


dt? 1—t® dt (1—t?)? =0....%), 


which is (Craig, page 194) the differential equation for Hicks’ Toroidal functions. 
We have for this case 


“1 

w= fe yu ay OD, [2u— (1 ey] Hem) da, 
0 

w=f ( 1—t?)2™[w(1—w)]2e#—) [2u—(1+t)]-2em tet) du, 
0 


+o 
Ys =f (1—t? )2™[u(1—w)]22e—) [2u—(1+t)] 2m t+) du, 


where u-+3>0, and in y,, y3 m>uU—zs. 


a ee 


FORECASTING THE CENSUS RETURNS. 


By JAMES S. STEVENS, Professor of Physics, The University of Maine, Orono, Maine. 


Now that the government of the United States is about to take another 
census, we occasionally see in the newspapers forecasts of the population. Some- 
times these forecasts are mere guesses, but there is a method by which one can 
make these estimates scientifically, and if they fail to come out right it is the 
fault of the people rather than the method. 

All physical laws may be divided into two classes—rational and empiri- 
cal. The free fall of a body, the swinging of a pendulum, and most of the laws 
of heat and electricity illustrate the first class. Ifa body falls one space the first 
second it will fall three the second and five the third. These laws may easily 
be embodied into formulae which contain no arbitrary constants. On the other 
hand, such problems as the relation between temperature and depth below the 
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surface, and the gravitational acceleration over the earth’s surface follow no fixed 
law. In order to express them at all, special formulae must be devised which 
contain constants whose values are to be determined. 

It is obvious that the law of increase of population of a country belongs to 
this latter class. To construct an empirical formula a curve is plotted showing 
the relation between the various decades and their corresponding population. 
When this is drawn, unless it is too irregular, a mathematician can locate it 
among the curves with which he is familiar, and the equation of the curve is the 
empirical formula required. The census curve for the United States turns out to 
be a parabola whose equation is p=S+7Tx+ Uz? in which p is the population, # 
the number of the decade, and S, 7, and U are unknown constants. 

To determine these constants we first write down the population for the 
various decades. (These figures are from the World Almanac.) 


1790 — 3.6 
1800 — 58 
1810 -— 7.2 
1820 — 9.6 
1880 — 12.9 
1840 — 17.1 
1850 — 23.2 
1860 — 31.4 
1870 — 38.6 
1880 — 50.2 
1890 — 62.6 


The population is expressed in millions and tenths of a million. Substi- 
tuting these values in our formula we have: 


36—S— T+ U 
538—S+ 0+ 0 
79--S4+ TL U 
9.6--S+2T+ 4U 
12.9—-S+437T+ 9U 
17.1—S-++47T+16U 
23.2—S8-+57-+25U 
31.4--S+67T+36U 
38. 6—-S+7T+49U 
50.2—S+87+64U 
62.6—S+97T+81U 


These are called ‘‘observation equations.’’ If we multiply each one in 
turn by the coefficients of 8, 7, and U respectively, and add the results, we have 
what are called ‘‘normal equations.’’ They are as follows: 
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—36=-S+ T- JU 
72- St T+ U 
19.2=: 28+ 47+ 8U 
88.7— 894+ 97+ 27U 
68.4— 48+ 167+ 64U 

116.0— 59+ 257+ 125U 

188.4— 68+ 367+ 216U 

270.2— 7TS+ 49T+ 343U 

401.6= 88+ 647+ 512U 

563.4 98+ 817+ 728U 


1669.5==448 + 2867+ 2023 U 


36—- S— T+ U 

TY-- SL TH U 
884— 48+ 87+ 16U 
116.1= 98+ 277+ 81U 
273.6— 169+ 647+ 256U 
580.0— 259+ 1257+ 625U 
1130.4 868+ 2167+ 1296U 
1891.4— 498+ 3437+ 2401U 
3212.8-= 649+ 5127+ 4096U 
5070.6—- 818+ 7297+ 6561U 


12324. 1-—286S + 20267'+ 15334 U 


When we multiply through by the coefficients of S (unity) the observation 
equations undergo no change and their sum is: 


261 T=118-+447-+286U. 


We have now three equations with three unknown quantities which we 
may solve in any manner we choose. The values obtained are: 


S=6.08 
T=—0.690 
U=0.622 


If we substitute these in the formula we get: 


p=—6.084 6.9 + 62.2, or 
p=75.2 millions, which is the forecast for 1900. 


If we neglect the curves of 1890 the formula becomes: 


p=4.97 +0.878¢+0.5812". 


168 
If we use only those from 1820 to 1880 inclusive we get : 
p==1.29—0.28¢-+0.6892?. 


For the year 1894 the first of the formula gave 64.5 and the second 65.5; 
while the population reported in the World Almanac was 66.7. 

The second formula gives for 1900 a population of 73.4, while the first 
formula gives a result somewhat lower. It appears then, that the population is 
increasing more rapidly than the parabolic curve indicates, and that if anything 
our forecast of 73 4 is somewhat low. It must be understood of course that the 
above formulae are strictly anti-expansion and make no allowance for our new 
possessions. 


AN ELEMENTARY EXPOSITION OF GRASSMANN’S “AUSDEH- 
NUNGSLEHRE,” OR THEORY OF EXTENSION. 


By JOS. V. COLLINS, Ph. D.. Stevens Point. Wis. 


{Continued from the February Number. | 


CHAPTER VI. 
GEOMETRICAL ADDITION AND SUBTRACTION. 


73. The general theory of the Ausdehnungslehre may be applied in such 
diverse sciences as geometry. mechanics. and lugic. We proceed in this and the 
following chapter to apply it in geometry. 

74. The concepts dealt with in geometry are the point, line, surface, and 
solid. which may or may not be fixed in position. For the sake of distinction a 
line whose length and direction are fixed but not its position is called a vector. 
(3). A portion of a plane whose direction and extent are fixed but not the posi- 
tion of the plane is called by analogy a plane vector. 

75, As an introduction to the Ausdehnungslehre the addition and subtrac- 
tion of vectors was treated in Chapter I. It is evident from what was given in 
that chapter that plane vectors may be added and subtracted in the same way as 
line vectors. One gets the parts whose sum is a given plane vector by projecting 
the given plane vector on the coordinate planes. 

As we have already treated of the addition and subtraction of vectors, we 
proceed to apply the laws of addition and subtraction to points. 

76. We will define a point as an infinitesimal portion of a line and denote 
it by p. When the point has position we will denote it by py, in which p de- 
notes the point at the extremity of the radius vector p from the origin, O. Evi- 
dently a line, or plane, or solid may be located by means of a radius vector in 
the same way. (See 168.) 
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Grassmann defines a point as that which has position and uses a single 
letter as A to denote it. In what follows if the p’s be cut out of the formulas 
and the p’s be given the subscripts of the »’s, Grassmann’s expressions will 
result. 

The reasons for using the complex symbol pp, instead of the simpler A, 
are: (1) Because the concept is complex and therefore for clearness should be 
represented by a complex symbol. (2) Since position is relative, for the proper 
representation of positions an origin is needed. (38) Because this notation shows 
plainly the relation which exists between point and vector analysis. 

7%. What we will call unit points all have the same (infinitesimal) unit 
length. This length as also that of the radius vector may be multiplied by any 
sealar, m. Thus mpp denotes the point whose length or ‘‘weight,’’ as it is call- 
ed, is mp held in position by p, while p(mpe) denotes p held in position by mp, +. 
é., m times the length of p. 

78. The difference between two unit points, since they can differ only in 
position, is a certain distance in a certain direction, 7. ¢., is a vector. (Seed.) 

Thus PP 2 PP, =P2—Py=é. (4). 

Similarly, mppe,—mpp,=—meé. 

79. We next seek to find the sum of two or more 
points. What this sum is remains to be determined. 
Grassmann gives an investigation to show that the sum 
of two unit points is a point on the line joining them. We abridge this proof as 
follows: He begins by postulating (1) That whatever is true of one set of points 
is true of any congruent system wherever situated ; (2) That the fundamental 
laws of addition and subtraction (14) hold. Then he assumes that the sum of 
two points is some point. 

Let, in the figure, pp, and pp, be 
any two unit points whose sum is sought. 
Suppose pe,+pp.==ppr. Then revolv- 
ing the whole fignre in the plane of the 
paper through 180°, pp, coincides with 
PPo, PPx With pp,, and pp, with pp,. Thus we get pp, +pp,;=pp,. But by 14. 
PPot+PP1=PP 1+ PP,. Then pe,=pp,. This can only happen when they both 
coincide with the midpoint of the straight line joining the two given points. 

80. Mechanics gives us a simpler and more general interpretation for the 
sum of two or more points. Let us regard the points 
as parallel (infinitesimal) forces whose magnitudes are 
represented by the weights of the points. The law 
for the addition of parallel forces gives a simple and 
consistent result. ‘hus 


MiP, +MyPs } 
M1 Ms 


MPP» +My PP y—=(M, +m, )p ( 


i. €., the sum of the two weighted points is a point on the line joining them whose 
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weight is the sum of the weights of the two points and the extremity of whose radius 
vector divides the line joining the two given points into segments inversely propor- 
tional to the weights of these points. 
That 121 TMP s 
MMe 
elementary geometry. Thus regarding the two radii vectores going out from O 
as axes, it is easy to show by similar triangles that 


is the vector to the point described is evident from 


m4 


Me 
Pry 
M+ Me 


—fp. . 
M+ My ° 


and DP= 


Nore.—The letter & which appears on the figure above is a factor chosen 
such that km, and km, equal the segments designated by them. 
81. Generalizing the result of the last article, we have 


) 

2M, pp, =2M, (=) 

82. When 2m,=0 in the preceding result, the weight of the sum point is 
zero and the radius vector is infinite in length. To interpret this, we get the 
sum of all the points except one and then add this partial sum to the remaining 
point. In this way we obtain an expression similar to that of 78 where the re- 
sult is a vector. 

Hence 2m,pp, isa VECTOR when 2m,=0, anda POINT when 2m, is 
not equal to 0. 

Thus a point at infinity (of zero weight) is equivalent to a vector. 

83. Using the formula of 80 and putting 


MP, TE Mele. ; 
m,+m, 


cm, +m,)=—m, and 3 
we see that m,pp,+me.pe, +mypp,—0, and m,+m,+m,—0, are the conditions 
that the three points pp,, PP, peg shall be collinear and the the vectors p,, Pe, Ps, 
coplanar. 

84. For space of three dimensions we have (82) 


MPP, +Ms,pp,+ms pp, +m,pe,—0, and m,+m, +m, +m,=90, 


for the conditions that the four points pp,, Pio, PP3, PP, Shall be coplanar. 

85. From the equations of 80, 83, 84 we see that two points are independent, 
three or more collinear points are dependent (10), three non-collinear points are in- 
dependent, four or more coplaner points are dependent, four non-coplaner points are 
independent, and any five or more points are dependent in solid space. 

86. The calculus of this chapter is evidently adapted to dealing with the- 
orems concerning the collinearity of points in geometry, and the center of paral- 
lel forces in mechanics. 
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87. We conclude this chapter with an example. Required to find whether 
the three medians of a triangle meet in a point. 

Let the vertices of a triengle ABC be lo- 
cated by the unit points po,. pe,, pe;, and D, E, 
F be the mid-points of the sides. We have then 


p— Pee TPPs pa PA TP es 
2 2 
If pp denote a unit point at O the inter- 


section of AD and BE, and «, y, x’, and y’ arbi- 
trary scalars, we may write 


PotPO, , D0, +pp: 
pp=«pp,+ye 7 “== 0 PP, TY a 7 ~ 


Then (20), v=3y’, y=y'; whence v==3y. Buta+y=1 (77). Then c=3, 
y=#%. Hence 


PP TPPs 
2 


PP=spPP, +3( )=tpo, +4p0, + pe, 


By symmetry we see that the intersection of AD and CF must bethe same 
point. Or, supposing O to be the intersection of BE and CF, we may test 4, 0, 
and D for collinearity directly. 


A O D 
$P0;— | (SPP, +3PP2+3PP,) +34 pP, +P; ))=0. (83). 


It is evident that the above equations can be interpreted as equations of 
ordinary vector analysis by dropping the p’s. In this way is shown the relation 
existing between point and vector analysis. 


|To be Continued. | 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 


127. Proposed by P. S. BERG, A. M., Principal of Schools, Larimore, N. D. 


A man borrows $1000 of a Building and Loan Association, and at the same time sub- 
scribes for 10 $100-shares of stock. A membership fee of $1 per share is charged. At the 
beginning of each month an installment of $1 per share is paid, also 5% interest and 5% 
premium on the $1000. The stock matures in 75 months and the debt is cancelled. What 
rate of interest does he pay per annum ? 
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Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


$10 membership fee, $10 installment, and $8.333 interest and premium 
per month==$28.333 amount paid down. 

$1000 — $28.333—$971.66% actual amount received after deducting amounts 
paid at time of borrowing. On this amount, $18.833 per month is paid for 74 
months. 

+, 18.384 Op ponret or 1841 +r)14 — 184=971#r(1-Er) 4, 

(1--r)?4—1==58r(1-+7r)74. 

“. (1—d8r)(14+r)t4=1. 

.. log(1—58r)+74log(1+r)=0. 

', r==.0187, and 12r—=.1644=-16.44% per annum. 


128. Proposed by M. A. GRUBER, A. M., War Department, Washington, D. C. 
At what time is the figure 7, on the face of a clock, midway between the hour and 
minute hands ? 


Solution by WALTER H. DRANE, Graduate Student, Harvard University, Cambridge, Mass.; D. G. DOR- 
RANCE, Jr., Camden, N.Y.; G.B. M. ZERR, A. M., Ph. D., Professor of Science and Mathematics, Chester Hig h 
School, Chester, Pa.; and the PROPOSER. 


Pat 7=a=the given figure on face of clock. 

Let «=distance the hour hand travels after a o’clock. 

Then 5a—xz=—distance the minute hand travels to fulfill the condition be- 
tween a and a+1 o’clock. 

.. As the minute hand goes 12 times as fast as the hour hand, 5a—x—12z, 
5a 
737 

This is the first position of the hour hand after a o’clock. For, it will be 
observed, there are thirteen different positions in all: one after each hour and 
one at 2a o’clock. 

For the second position, which is between a+1 and a+2 0’clock, 60-+5a 
—a=distance the minute hand has to travel. Whence, 60+5a—a2=122, and x 
_ 60-+56a 
=—Ta 

Now let n represent these 13 positions of the hour hand. Then z= 
60 (n—1)+5a 

13 

The time of day for the different positions is, before 2a o’clock, 5a— 

60 (n—1)+ 5a or 60(a—n +1) 


and w= 


=the nth position of the hour hand after a o’clock. 


minutes past a+n—1 o’clock; and, after 2a 


13 13 
o’clock, ae or a. minutes to a+n—1 o’clock. 
Substituting 7 for a, and 1, 2, 38....18, consecutively, for n, we obtain 


the following thirteen times of day when 7 is midway between the hour and min- 
ute hands: 32,4; minutes past 7, 27,9 minutes past 8, 23,!, minutes past 9, 
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18,8 minutes past 10, 1344 minutes past 11, 9,%; minutes past 12, 4,% minutes 
past 1, 2 o’clock, 4,8 minutes to 3, 9,3. minutes to 4, 1814 minutes to 5, 18,8; 
minutes to 6, and 23,', minutes to 7. 


Also solved by JOSIAH H. DRUMMOND, P. S. BERG, ELMER SCHUYLER, H. C. WHITAKER, 
and J. SCHEFFER. 


129, Proposed by J. W. DAPPERT, Civil Engineer and Surveyor, Taylorville, Ill. 


‘*A Minion, agile, in stature small 
Panting came to great Diana’s Hall, 
Bearing a marble globe upon his shoulders, 
Measuring one inch in its diameters. 
He rolled it to the northeast corner of the Hall, 
Left touching the northern and eastern walls; 
Then following came three demi-gods in white, 
Each bearing a globe of lustrous metal bright; 
One of iron, copper one, and one of silver; 
And they placed them in the order given, 
Touching each the other, and at the same time, 
Touching each the side walls, in a direct line, 
The iron touching the marble, and its other side 
Resting against the silver, in its glory and pride,— 
All resting upon the oaken floor; and then 
With heavy tread, and puff, and roar, Atlas came 
Bearing a huge golden sphere, that filled the Hall, 
Touching the four sides, floor and ceiling, and all 
Radiant with beauty, resting against the silvery ball, 
Making the globe’s diameters in the room diagonal.’’ 


‘*Tell me, all ye who mathematics know: 
What size the copper sphere, and oh! 
How large the iron globe? How great 
The golden globe; immaculate ? 
The silver sphere, how great? What size ? 
And if presented as a prize, 
What value do you hold 
Would be the sphere of gold ?’’ 


Solution by M. A. GRUBER, A. M., War Department, Washington, D. C. 


A cube, in form, is great Diana’s Hall: 

The massive sphere of gold, admired by all, 
With ceiling, sides and floor in contact is. 
Within the northeast corner’s boundaries 

Are found the other spheres, in number four, 
Each tangent to the corner’s sides and floor; 
Besides, the sizes of the sphere are such 

That each one with its neighbor is in touch. 

The order, as they to the corner rolled, 

Was marble, iron, copper, silver, gold. 

The hall’s dimensions, length and breadth and height, 
And golden sphere’s diameter are quite 

The same in measurement; let this be b. 

The hall’s diagonal, which we’ll name c, 

Is quickly found b times square root of 8. [by/3] 
The points of contact of the spheres we find 

Are in the hall’s diagonal confined; 

So, too, the centers of the spheres are there. 

If hall with golden sphere we now compare, 
Outside the sphere are equal ends of ¢; 

And, known as d, each end is found to be 
Square root of 3 less one times half of b.  [4b(7/3—1) | 
The ratio of diameters to find 

Of tangent spheres, must next be borne in mind. 
Take a as silver sphere’s diameter; 
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Then d is found to equal, we aver, 

Square root of 3 plus one times half ofa. |}a(y3+1)] 
Equating d@’s two different values, weigh 

Results, and see square root of 3 plus 2. (y3+2| 

Of b to a the ratio, come to view. 

This ratio known as €; then find it true 

That of diameters of any two 

Contiguous spheres within the corner’s space 

The ratio is the self-same t, a case 

Of beauty mathematical. We now 

From demonstrations rest the knitted brow, 

And the diameters of all the spheres 

Announce. Within the problem it appears 

That the diameter of marble sphere 

Is just one inch. From ratiot ’tis clear 

That iron sphere’s diameter is ¢; 

Then that of copper sphere ¢ squared must be; 
Whence that of silver sphere is cube of t; 

And the diameter of golden sphere 

AS t involved to fourth power must appear. 

Three hundred seventy-three as hundredths is 
The value of the ratio ¢; and this [t=8.73+] 

To powers second, third and fourth involved, 
Yields as results, approximately solved, [18.924] 
Nine tenths to thirteen added, fifty-two, [51.98-+-] 
And ninety-seven multiplied by two. [198.99+] 


The golden sphere is wondrous as to size; 

And in regard to value as a prize, 

Not all our country’s golden output coined 

In her existing years, together joined, 

Could purchase its great worth. In numbers round, 
Hight hundred four of millions will be found 

The dollars that in purest gold abound 

In this great sphere. Besides it would confound 
The efforts of the mind that should aspire 

To measure the extent of thinnest wire 

To which there might be drawn this golden mass. 
From Earth to Sun this slender thread could pass, 
Return again to Earth, and eight times more 

The circuit make, and still have end galore 

To stretch from Earth to Moon strands eighteen score. 


ALGEBRA. 


104. Prize Problem. $2.50 for the best solution. 


Compute to three decimal places each of the roots of the equation 
e2 + y==2, oy? ==6. 


I. Solution by AGNES E. SCHEFFER, Hagerstown, Md. 


From the first of these equations we have y=2—-z?, and substituting this 
in the second, we have «4— 42? +%—2—0. 

Factoring we have «?(x?—4) +(%—2)=0, or (v—2)(#3 +22?+1)=—0. 

. ©—-2=0, and «? +22? +1—0. 

From the former we obtain s—2 and then its simultaneous value y=—2, 
obtained from the first of the original equations. 

By solving the cubic equation «?-+2x?+1—0, we obtain three more roots 
for x. 
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Putting w=2—3, we get 23—42+4%=0, and employing Cardon’s formula 
we have 


y=V[— Hite (1593)] +. 7 [44 de (1598), of 
e448 +4) /(1593)] + [— 8 4 (1598)]}, and 
e=—$4+5{ Y(— 49 +47 1598) ]+ YY [— 48 — ay (1598)] } = — 2.205569. 
Dividing 7? +22?-+1 by ++2.205569 we get 2? — 205569x+ .4533966, and 
now the equation #? —.2055692 + .4533966—0 furnishes us the other two roots of 
@, viz: %#==.102784+ .665456)/—1., 
The simultaneous values of y we obtain from the equation 2? + y==2, viz: 
y=2—u*. | 
Thus, we find the following four sets of the simultaneous values of « andy: 


w==2 | w=—2.205569 | s=.1027844 665456)/—1 
y==—2 | y==—2.864534 | y=2 432267 F 136796, — 1 


II. Solution by J. W. YOUNG, Fellow and Assistant in Mathemetics, Ohio State University, Columbus. 0. 
IT. Solve (1) for y, substitute in (2) and obtain 


r+— 4x? +4—2—0. 


In the application of Horner’s method or by inspection we see that 2—z, 
is a root. By dividing out this root we obtain for the equation giving the re- 
maining roots 


x3 +2n? +1--0....(3). 


This equation has a pair of complex roots. Denoting the real root by a,, 
and applying Horner’s process, we find 


Uy ==— 2.2055 4+ . 


Denoting the other roots #,, 2, by w+72 and observing that the sum of 
the roots of (8) equals —2, we have 


2a—2,.2055=—2. 


Whence a=-0.1027--. 
Similarly, the product of the roots, 


Ly(a? + 8?)—=—1. 
Whence 6=0.6654--. 
Hence the complex roots are x,, +,==0.1027+70.6654+. 
Collecting results and calculating the corresponding values of y, we have, 
as a complete solution of the original system. 
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e,==2. Y,==—2. 
%_==—2.2055 Yg==— 2.8642 


i. { —(.1027 + 10.6654 vs { —=2. 4323 + 10,1367 
4 


4 


II. Since the cubic giving the incommensurable roots has a pair of com- 


plex roots, Cardan’s solution may be applied. Inthe cubic (8) put v=z—#, and 
obtain 


g3— 1274 43—0....(4). 
Put c=,’ p+ Pq, and cube. Then 
2>—37/p/qz—(pt+q)=0....(5). 


Comparing coefficients in (4) and (5), we have 


p+q=—3t, pqs. 


Whence p==— 0.0572 and j’p=—0.3853, g=— 1.5354 and »’q=—1.1586. 
Hence the real root of (4)=),’p+ ~/q=— 1.5389 and x, =z— #=— 1.5389 
—0.7666—=-- 2.2055 as before. 


The complex roots are given by wi/p+w? ¥/q and w?.W/p+wWy/q, where 
w=3(—1+7,/3). Computing these roots by the above formulae, we obtain as 
before 


Ga, %4=0.1027 + 10.6654. 
III. In equation (8) substitute s=a+if, and obtain, after separating real 
and imaginary parts 

ate +2a* +1--92(8a+2)—0....(6), 

8( 3? —8a*—4a)=—0....(7). 
From (7), &=—0, 

8° ==8a?—4a....(8). 
For #=O (a real) we have then a? +2a*-+1=0 (from (6) ) giving the real 


root, %,==— 2.2055. 
Ior 6? 8a? —4a, we have from (6), 


8a? + 16a? +8a—1—0. 


Solving this we obtain a=0.1027 as before. And from (8) 60.6654. 
IV. We may write (1) and (2) in the form 


v® —4—=-—(2+-y) 
t—-2—=4—y’". 
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From which immediately x=2, y=—2. 
er ] 24+ 65 
Dividing we have 7+2= — Jay or y=——. 
Substitute in (1), and obtain #3+%r?+1—0. Solve this by any of the 
above methods. 


V. Add (1) and (2) and complete squares. Then 


tobi ty? ty th=8+$ or (@+4)? Hy + P= E+E. 


Whence, from the four possible corresponding values of x and y, we may 
pick out one set which satisfies the original system, namely x=2, y=—2. 
Also solved by GEO. R. BERRY. 


Nore. The donor of this prize has acted as judge on the merits of the several solutions, and his de- 
cision is that the two published solutions are of equal merit. In accordance with this decision, the prize 
money has been equally divided between Miss Scheffer and Mr. Young. We might say that there has 
been only one solution sent in to the prize problem in Mechanics. This solution is defective. The prob- 
lem is, therefore, open to all our contributors for solution. Eprror F. 


105. Proposed by CHARLES E. MYERS, Canton, 0. 
Solve for x the following: alog(a**)—mlog(m), 


Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Science and Mathematics, Chester High School, 
Chester, Pa.; J. K. ELLWOOD, A. M., Colfax School, Pittsburg, Pa.; J. SCHEFFER, A. M., Hagerstown, Md.; 
COOPER D. SCHMITT, A. M., University of Tennessee, Knoxville, Tenn.,; W. F. SHAW, Austin, Tex.; and ELMER 
SCHUYLER, B. Se., Professor of German and Mathematics, Boys’ High School, Reading, Pa. 


alog(a®’)——-mlogm may be written a?*loga—mlosm, 
‘, x? (loga)? =(logm)?. 
*, == +(logm/loga). 


GEOMETRY. 


130. Proposed by B. F. FINKEL, A. M., M. Se., Professor of Mathematics and Physics in Drury College, 
Springfield, Mo. 


If the points x, y, z divide the strokes c—b, a—c, b—a, in the same ratio r, and the 
triangles x, y, z and a, b, c are similar, either r=1 or both triangles are equilateral. [From 
Harkness and Morley’s Introduction to the Theory of Functions, page 26]. 


Solution by the PROPOSER. 
Let x, y and z denote the points, dividing e—b, a—c, and b—a, respective- 
ly, in the given ratio 7, 
e-+br a+ cr b--ar 
Th ? — = D — __ . 
en & Dor Yy tar? and z = 
The condition that a, b, c, and x, y, z form similar triangles is 


a x | 
6 y 1}|=0....(1). 
ec z | 
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Substituting in this equation, the values of x, y, and z, and reducing, we 
obtain 


r(be--ac+ab—a? —b? —c?)=be +ac+ab—a? —b? —c?. 


From this equation we find that r=1, unless 


—=0....(2). 


ame 
gf oo 
pact heh ped 


But (2) is the condition that the triangle a, b, ¢ is equilateral. Therefore, 
either r—1, or else both triangles are equilateral. 


Also solved by G. B. M. ZERR, J. W. YOUNG, and FRANK A. GRIFFIN. 


131. Proposed by J. W. YOUNG, Fellow and Assistant in Mathematics, Ohio State University, Columbus, 0. 


Prove that A+ uw+v@?, where 4, wu, v are integers whose sum is +], rep- 
resents the points of a quilt formed by regular hexagons. @==primitive cube 


root of unity. [From Harkness and Morley’s Introduction to Theory of Functions. | 
Solution by the PROPOSER. 
w=—$41(91/3), o= — 3-14 3) A? =— 1). 


Then 24+ bw+ vw? =A— $u— gv +i(u—v)singwz. Taking rectangular co6r- 
dinates this quantity represents the points (a, y), when 


G—=A— FU— FV A+ M+v=+1 
y=(u—v)singz J (A, wu, v are integers) 


y=nsing$z, when n=-(u—v)=—any integer. 
Then uw=n+y, 
Substituting in « and in 4+ y-+4+v=+1, we obtain 


Ih—Qv—n==22 al 
L2ven—41 f°) 


2. w= 3(8A+ 1). 
The points required are, then, those whose codrdinates are [3(84+1, 
nsin$7], where A, are any integers with the one restriction that when n is odd, 
A is even, and vice versa. 


This restriction is evident, since (1) shows that A+ n 
must be odd. 


We have then following values of x and y: 
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For n=0, 2, 4, 6, ete. 


A. [A= | 1 | 3 | 56 | 7 | YM | ete. | 
ja= | 12/45 |7 81/10 11] 18 14] | 
For n=1, 38, 5, 7, etc. y=nsin37, 
=| 9 | 2] 4 | 6 | 8 I 
= [STS a Pe 


Similarly for negative values of n, 4. 


MECHANICS. 


96. Proposed by GEORGE R. DEAN, Professor of Mathematics. University of Missouri School of Mines and 
Metallurgy, Rolla, Mo. 


Two particles, subject to their mutual attraction and that of a fixed center, move in 
a plane containing the center. Find the motion under the law of the inverse square. 


Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Take the center of force as origin. Let m, m,, m, be the masses of the 
center of force and particles, respectively. 7, 7,, e the distances of the particles 
from the center of force and from each other, respectively. (a, y), (2, y’) the 
coérdinates of the particles. The differential equations of motion of the two par- 
ticles relative to the center of force are 


d? x m+m, e — 2 Mo % 
dt2 _ rs. + p3 Ms — rp ; 
(1). 
d*y m+m,)  ~y¥—y Mey" . 
dt2 3 p3 2 r? 
dea mM+M,. , ,e—a' m, 2 
dt2 _ r3 Pam 73 
(2). 
dty ma Ms yy {YTV MY 
dt? 4 r, p3 1 73 


Where p=; [(#’—2)? + (y'—y)?]. 
dx da’ 
M4 + MF 


. 6, dat . 
Multiply (1) by 2m, 2m, M++M, +-M, 


d dy’ 
mig Meg 


om, —9m, 


t m+m,+m, 
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da’ da 


m + M14-- 
. dx’ 2 dt . 1 dt 
Multiply (2) by 2m, — 2s ~ m+-m, +m, ’ 


as ae a ou 


dy 
and 2m_—G- 2M ee . 
Adding the four products we get 


dx d®x dy d? av) de’ d*a’ | dy’ d?y’ or) 
2m (AF ae + dae) tm (5 di? dt’ dt? 


dx dx’ 
ec oe d? a’ 
— at (dt +n,—— <7} 
m+m, +n, dt? dt” 
da d 
mae + Mega 


m,dr | m,dr, d M, Mo 
— 2m( RESP a) 27 Tore '— 2x)? +(y'’—y)? 7)= 


Integrating we get 
m[(da/dt)? + (dy/dt)? ]+-m,[(dax'/dt)? +(dy'/dt)*] 


_ (Om, da/dt+m, dx'/dt)? +(m,dy/dt-+m, dy'/dt)*] 


m+m,+mM, 
2m, 
9 (Mm ma) mM, eg 
eT rf VY [e—2)?+(y'—y)?] 


or mm, [(dx/dt)? +-(dy/dt)?]+-mm,[(da'/dt)*? +(dy’/dt)*] 
+m, m,[(da’/dt—dadt)? +(dy'/dt—dy/dt)?] 
—2(m+m,+m,) [ m(™ -|- ma) 4 ————_42 


ryt y [’'—2? +(y'—y)?] 


The vis viva equation of motion. 
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DIOPHANTINE ANALYSIS. 
82. Proposed by JOSIAH H. DRUMMOND, LL. D., Portland, Me. 
In the series 13+3%+53.... find n so that the nth term and the sum of 
m terms shall both be squares. 


Solution by M. A. GRUBER, A. M., War Department, Washington, D. C. 

The conditions of the problem require 134+83+53+...,.4+(2n—1)? 
=n?(2n?~—1)=—c, and (Qn—1)?’ =a. 

Whence it follows that 2n—1—0, and 2n?—1-— a. 

2n—1=—O, when n=r?+(r—-1)?, as 1, 5, 18, 25, 41, ete. 

Hence 2n? —1=2[r? +(r—1)?]? —1=o. 

Whence 2[r?+(r—1)?]?==ao-+1, two times a square equals the sum of 
two squares, the general formula for which is 2(p?+4q?)®=[(p+gq)?—2q?]? 
+[(p—q)? —29?]?. 

Then p?+q?=r? +(r—1)?....(1), and (p—q)? —2q?==+1....(2). 

From (1), put p=r and g=(r—1); and substituting in (2) we obtain 
1 —2(r—1)? =+1, or 2(r—1)?=0 or 2. 

Whence r—1=0 or +1, and r=1 or 2 or 0. 

Substituting these values of r in n=r?+(r—1)?, we find n=1 and 5, ap- 
parently the only integral values. 

When n=1, 2n—1=1, n?(2n?~—1)—1, and (2n—1)?=1. 

When n=5, 2n—1=—9=87, n?(2n?—1)==13+3'+5347%+93—352, and 
(2n— 1)? =(8? )3 = (83)? = 272, 

Also solved by G. B. M. ZERR, J. SCHEFFER, COOPER D. SCHMITT, and the PROPOSER. 


AVERAGE AND PROBABILITY. 


88. Proposed by G. B M. ZERR, A. M., Ph. D., Professor of Science and Mathematics, Chester High School, 
Chester, Pa. 


Find the average volume of the tetrahedron formed by joining four random points 
in a sphere. 
Solution by the PROPOSER. 

Let Gk be the diameter of the section of the 
sphere made by a plane through the three random 
points A, B, C; HL the diameter of a parallel section 
throngh the fourth random point D; M, N the centers 
of these sections, respectively; O the center of the 
sphere ; OP a line such that AB is always parallel to 
the plane MOP. 

Let OG=OH=r, MA=2, AB=y, AC=z, DN 
=u, £GOM=0, ,BAM=9, ~CAM=¢, / HON 
=-8, Z MOP=A, and the angle the plane POM makes 
with a fixed plane through OP=p. 
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An element of the sphere at A is rsinfdé2radz; at B, y?dydpdi; at C, 
sin(g~+/¢)siniz? dzd¢dp ; at D, rsingds27udu. 

The limits of 6 are 0 and 7; of 8, 0 and @; of #, 0 and rsinfb=~a’ and trip- 
led; of u, 0 and rsinfg=w' and sextupled; of gy, —$7 and +47; of ¢, —qg and 
sx; ofk, Oand z; of p, Oand 7; of y, O and 2xcosp=y’; of z, 0 and 2xcos¢=z’. 

The area of the triangle ABC=zyzsin(g+y¥). 

Altitude of tetrahedron=—r(cosf—cosf). 

Volume of tetrahedron—tryzsin(p@+¢)(cos6—cos#). 

Since the whole number of ways four points can be taken is ($7r*)*, the 
required average triangle is 


o—aprnS, Sy SSS SSS, So SS, trent 


x (cos 6—cos6)rsinOdb27xdersin fd G27udusin(p+yp)dpdysinirdsd py® dyz? dz 


=e JS S f J sc SoS, S f sinfz>sinfusin®(@+y)cos*¢ 


x sind(coss— cos#)dbdfdadudpdy:didpy* dy 


—- aS S f JS" SJ" SS. S sinfsin G(cosf—cosé)x° usin? 


x (p+¢)cos! pcostysinAdéd Bdadud pdydidp 


248 9 S f ft 
— Oar sat J. “S- T sintsin conf e086 usin? (@+¢) 


x cost pcosty did hdadudpd?¢ 


aed, f in f t sin4sin 6(cosh—cosf)x9 u(152c0s4 p 
= Gari _ 


— 127c0s* p+30@pcos! p— 24 pevs* p— 4singeoos’ p+ 80sin peos® p)dbdsdadudp 


°r 6 x by 7 
a : f f sin Osinf(coss — cos@)a* wdbdsdadu 
0 0 0 


5 


~ 256 r9 
12157 , 9 
= io, * sindsin A(cosf—-cosf#)x9 dédfdx 
_ 24873 Por. r, , oo. 
sin! 1 Asin? 4(cos#—cos4)d6df 
1024 Jy Jo (cos; )avas 
_ 8imrt cr. i, — 4 __ 86rr 
= 7096 J sin! 14(8—4sin2 6—sin*0—8cos4)d6 = STE 
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MISCELLANEOUS. 


81. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Science and Mathematics, Chester High School, 
Chester, Pa. 


A cask in the form of a middle frustum of a spheroid, middle diameter 2b, end di- 
ameters each 2c, length 2d, is lying in a horizontal position. The distance from middle of 
top to water is b+e, e<b—c. How much water is in the cask ? 


Solution by the PROPOSER. 


Let x? /a?+(y? +22)/b?=1, be the equation to the spheroid. 
Then a?—6b? d?/(b? —c?), z=(1/a))/[b? (a? —2?)-— a? y?]. 


(b/a) V (a?—x?) 
o Veat4ja) Sf Vy [b? (a? —2*)—a 2a? |dady 


_ 7b? 


“S. (a? —n# )dae—(2e/a) fo V [a?(b? —e?)—b? a2 du 


__ 26° oe 4 _7b* 2J—q3 
a i (a? —02)sin (ey dx =" (8a*d—d’) 
de 8(h2 _o8\ hod? ae(b?—e?) . bd 
- Vy [a?(b? —e?)—b?d?]— nn aa sin (ey ) 
267d oot ae 2b7 a? (8a? —x? )dx 
d*)sin ( by/ (a? —d?) )+ 8a eS aaa 


ae a? (3a? —x? da ae i a? dx 
D=—_ ) ——_— Ss so a oe 
3a 0 


(au? —ax?))/[a?(b? —e?)—b? x? 8a J op [a2(b? —e? )—b? 2? 


4 406? f ada 
8 ofa? —2? )1/[a?(b? —e?)—b? x? © 
Let bu==a;/(b?--e?)sin§, 4,==sin- 1{bd/[a,/(b? —e?)]}. 


2 p2 2 2 
/ Dx as e”) J. sin? 0d0-+ ate” e Df" 5 sin? 6d6 


b?—(b? —e?)sin? 4 


dab? i, de ae(e®+3b7) .  , bd 
= —3~ fan (Gaara) 3h sin (re ) 
— (de/8a),/[a? (b? —e? )—b? d? ]. 
gy _b?d oe [ od ein—t ae | Ade 
: V=a3 d ) av 2 sin (sea) _— —g_ V La* (6? —6*)—b?d* 


de 2ae ; ( bd 
nen —1f _ 2_ Y42 —lfo.. 
Tz fan (— baa) gp 6 80" )sin™ \ pe ek) ) 
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But a=bd/)/(b? —c?). 


—_ d (2b? +¢?) 


WV 5 


[w—2sin—!(e/c)] —(4de/3))/ (c? —e?) 


+ apt [2 [ee (BER] teer—atreneny (HEE) 


A good solution, with diagram, was received from J. SCHEFFER. 


BIOGRAPHICAL SKETCH OF SYLVESTER -ROBINS. 


Sylvester Robins was born in Union Township, Unterdon County, New 
Jersey, December 14, 1834, and died at his home in North Branch, New Jersey, 
April 25, 1900, in the 66th year of his age. 

During early boyhood, he attended the common school in the neighbor- 
hood, and very early manifested a deep interest in his studies. 

At the age of 12 he entered the preparatory school of Rev. John Derveer, 
D. D., at Easton, Pennsylvania, where he continued for six years, during the 
last two years of which he was employed as assistant teacher. During the years 
from 1852 to 1878, Mr. Robins was engaged as teacher at Cedar Grove, Read- 
ington, and Bloomsberg, New Jersey, and for six and a half years at Easton, 
Pennsylvania. 

In 1858 Mr. Robins was married to Miss Sarah J. Bird, and of this mar- 
riage there were born seven children—one of whom is Edward R. Robins, In- 
structor in Mathematics in Albany Academy, Albany, New York, and who is 
the author of Algebra Reviews, a small book published by Ginn & Co. before its 
author had reached the age of 21. 

Mr. Robins loved mathematics and lamented the fact that his early op- 
portunities had been so limited, and delighted to revel in finding series of ration- 
al triangles, rational trapezoids, or rational parallelopipeds, for which he found 
‘‘keys.’’ Numerous problems of this character are proposed by him in the 
Montu ty, and in the Mathematical Magazine and Mathematical Visitor published 
by Dr. Artimas Martin. It was somewhat surprising, how, in continued frac- 
tions from different numbers he would see the ‘‘key’’ to some kind of a mathe- 
matical figure. In his last letter to Mr. C. A. Roberts, an intimate friend of his 
and a mathematician interested in very much the same line of investigation, Mr. 
Robins wrote, ‘‘I hope you will indulge the spirit in which I write and pardon 
the writer, who can no more help his desire to ask you for aid, than he can es- 
cape the sight of triangles in the leaves, or of parallelopipeds in the bricks under 
his feet.’’ 

Mr. Robins was a contributor to the Monruty from the first, and there 
are yet a number of his contributions in his favorite line of work in the hands of 
the editor. 


180 


BOOKS. 


Plane and Solid Geometry.—Inductive Method. By A. A. Dodd, M.8. D., 
S. B., and B. F. Chace, Teachers of Mathematics in the Manual Training High 
School, Kansas City, Mo. 8vo. Cloth, 406 pages. Price, $1.00. Kansas City: 
Hudson-Kimberly Publishing Co. 


This work presupposes, on the part of the student, a knowledge of Inventional or 
Constructional Geometry. The purpose of the work is good, and in the hands of a skill- 
ful and well trained teacher the results from the study of such a book would be very good ; 
but in the hands of a teacher whose knowledge of geometry is somewhat deficient, its 
study would certainly be unsatisfactory. The authors have the right view of presenting 
the subject, and are to be congratulated in the courage they have manifested in presenting 
the work for public recognition. B.F. F. 


A Brief History of Mathematics. An Authorized Translation of Dr. Karl 
Fink’s Geschichte der Elementar-Mathematik. By Wooster Woodruff Beman, 
Professor of Mathematics in the University of Michigan, and David Eugene 
Smith, Principal of the State Normal School at Brockport, New York. 8vo, Red 
Cloth, 833 pages. Price $1.50. Chicago: The Open Court Publishing Co. 

This work briefly states the facts of mathematical history. It is not a book of anee- 
dotes, nor one of biography. The author systematically traces the development of the 
science of mathematics from the earliest times down to the present. Geometry is review- 
ed from the primitive ideas of the Babylonians to the projective and differential geometry 
and the science of n-dimensional space and trigonometry from the ideas of Ahmes to the 
refined notions of recent times. B. FE. F. 


Elements of Algebra. By Wooster Woodruff Beman, Professor of Mathe- 
matics in the University of Michigan, and David Eugene Smith, Principal of the 
State Normal School at Brockport, New York. 

In this text-book, the authors have followed their usual plan of allowing the light 


of modern mathematics to shine in upon the old. ‘‘And this is the condemnation, that 
light has come into the world and men love darkness rather than light.’’ An examination 
of this book will commend it to all good teachers of algebra. B.F. F. 


Bestummung der Coefficuenten welche bei der Berechnung der Intergale 


f ada f a" dx 

——_____- und er 

VY l+ax+ bx? Vl tax? +bx? +cx3 

auftreten. Von Henry Benner. Pamphlet, 60 pages. Chicago: Ginn & Co. 
This dissertation was offered by its author as a partial fulfillment of the require- 


ments for the degree of Doctor of Philosophy at the University at Erlangen, Germany. 
B. FEF, F. 
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CHAPTER VIL. 
GEOMETRICAL MULTIPLICATION, 


88. Basing our investigation on the fundamental law of combinatory mul- 
tiplication (34), let ws seek the product of a non-posited point (76) and two vectors. 
The vectors are thought of as denoting merely translation a given distance in a 
given direction (See 4—9). Let p denote the point and a and / the vectors. - 

Suppose 


A==0 Es PY, es 
F=% Ey Yo&s 


where €, and €, are unit vectors at right ang- 
les to each other. Then by 45 


a | 


to Y» 


[pé,é&, |. 


[pas]= 


Now the determinant 7,y,—2,y, is the difference between two rectangles. 
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Let us seek the relation, if any exists, between this area and that of the parallel- 
ogram AOCB. We have 


OACB=OBCE— OACE=BCED—OAFE 
==3(Y, + 2y,)e,—3(a, + 2%. )Y, =U Yn Ley. 


The equation [paf|==(%,y¥2—2y, (pe, 2] Shows, therefore, that if pé,é&, 
is taken to denote the area of the unit square the two sides of which are ¢, and 
é,, paf denotes the area of the parallelogram whose adjacent sides are @ and §. 

Now to assume that pé,e, is the area of the square is a perfectly natural 
assumption analogous to the theorem in geometry which says, The area of a rec- 
tangle equals the product of the base by the altitude. Thus Grassman.was led to 
define the product af as the area generated while a moves (remaining, of course, 
constantly parallel to itself) over a distance determined by 8. 

Attaching this meaning to pé,é, we think first of the point p moving over 
a distance determined by €, generating a line, and then this line moving over a 
distance determined by &, generating the square. 

In the next two articles we will drop the factor p and think of the first 
factor as a line rather than as mere translation. 

89. Similarly let us seek the product of two vectors in space. Let 


ar Ey Yb 2 Fs aNd P= aE; HY gly P2083 


where €,, €), €, are three unit vectors each at right angles to the other two. 
Then by 47, 


oY 
vy Ye 


[a7] a 


Here it is evident that the first determinant coefficient is the area of the 
projection of the parallelogram whose adjacent sides are a and f on the plane 
€,€,, and that the other coefficients are the 
areas of the corresponding projections on the 
other planes. The above equation expresses 
then, that the area of the parallelogram whose 
sides are a and f is equal to the sum of its 
projections on the three codrdinate planes 
(75). 

90. To find the product of three vectors, 
a, 8, and y+. 

If ¢,, €., €; are three mutually perpen- 
dicular vectors, and 


met f i —_— : ' oo v Lay 
Ae Ey HY Fy 72, Ex, PHXy Ey + Yo bs Peg by, PHUZly HY3 Fy +25 Fs, 


vi Uy At 
Lazy] = Vo Yo 22 


U3 YU, &@ 


[é,&o& | (45). 


Hence if [€,@,@,] is the volume of a cube each side of which is a linear 
unit, [@y] devotes the volume of the parallelopiped whose adjacent edges are 
a, 3, 7, since, as is well known in analytic geometry, the determinant expresses 
the number of units of volume in the parallelopiped. In the Ausdehnungslehre 
attention must be paid to the order of the factors, 4. e. to the order of generation. 
Thus (387) [@7)=—[#a@], and [af7]=— [aA]. 

It is apparent from the preceding articles that the Ausdehnungslehre is es- 
pecially well adapted for the investigation of propositions concerning the areas 
and volumes of rectilinear figures. 

91. To find the product of a posited point and vector. 

Let pe and € denote the point and vector. Following the areal interpreta- 
tion given above this product should be a line whose length is € and whose other 
dimension is the infinitesimal p, the whole fixed in position by the radius vector 
. 
Now p(v+xé) denotes any point on the line through po. Then since 


[p(p +xé )e|—=[ppe]+e[pee]—=[pre] (84), 


we see that the product of a posited point and a vector determine a line segment, 
but this line segment may have any postition on the vector through the given point. 
92. To find the product of two posited points. 
Let pe, and pe, be two unit points. Then 


Pe, Phy l= Lpe, (pp,—ppe,)], since [pe,.pe }==0. (34) 


But [pe,(pe,—pe,)| is the product of a point and a vector (78) which, by 
91, is the line from the extremity of Py to that of py. 
Thus, The product of two posited points is the line join- 
ing the first to the second. 

93. We have illustrated in the last article a 
principle which will be found to hold generally in the 
Ausdehnungslehre, viz., That the product of posited quantities which have no com- 
mon figure 1s some multiple of the connecting figure. 

94. To find the product of three posited points. 

Let us use p,, Po, p, to denote the three unit points instead of pp,, pps. 
pp, as heretofore. It will be understood when p is used to denote the posited 
point pp, that it stands for the complex quantity described in 76. 


[piPoPs]=[PiPe- Py] (Rem. 13) ==[p,p.(p,—p,)], since [p;p,p,]=0 by 43. 


But [p,p,] is the line from », to p, (92), and by 88 the product of a line 
[pip,| and a vector p,—p, (78) equals the parallelo- 
gram whose adjacent sides are [p,p,]| and [p,p,]. 

Thus the product of three given posited points is 
twice the area of the triangle whose vertices are the three 
given points. (98) 

Let p, +p, -+yp, denote any point in the plane 
of [Pi Peps]. 

Now [7p,p.p,]==twice area of triangle whose 
vertices are P,, Py. Pz; but we have 


[Py Aes + YP 3)( Ps —P 1) PsP, J=(LP Debs] (22, 43). 


This shows that the value of the product remains the same whatever be the 
position of the triangle [p,p2p, | in the plune of these points. 

95. Lo find the product of four posited points. 

Let 1, Po, Ps, Pa, tepresent four unit points. Then 


LP \PoPsPs\=[P 1(P2—P1)(P3— Pi )(P4a—P,)] (48) 
==6 x tetraedron whose vertices are p,, Py, Pg, Py, by 90. 


Let p,+ap,+yp,+2p, be any point whatever. Then 


[(p4+¢Pe+Yyps +20 4)(P2—Pi)(P3—P1)(Pa—P1) |= [Pi PePsPal- (22, 48) 


Hence the product of four points in solid space is the same no matter where 


located. 

J6. We have used the terms ‘‘line’’ and ‘‘line segment’’ to denote a quan- 
tity whose length and the line in which it must lie are given but not its position 
in that line. Similarly we will use the terms ‘‘plane’’ and ‘‘plane segment’ 
(See 74) to denote the corresponding areal quantity described in 94. Grassmann’s 
terms for them are respectively ‘‘Zinientheil’’ and ‘‘Fldchentheil.’’ For the 
quantity described in 95 he uses the term *‘Kérpertheil.”’ 

J7. To find the sum or difference of two lines or two planes. 

Let [p,p.], [p,p,] be the lines, [p,p.p5], [p,Pep,4], the planes, and let 


Po+p,—2ps, and p,—p,z—é. Then 
[p:Poltlp.ps]—l[pi(p,+Pp3)|=2[pips|, or [p,é], a line. (82, 91) 
[P1PePs]t[ Pr Pops l—[P Poly, tps) I=2[p 1 Peps], or [p,Peé], a plane. (94) 


98. To find the sum of the sides of a triangle. 
Let p¢,, Peo, Pes represent the three vertices of a triangle. Then 


[pe 1-Pe2| +L Pe. -Pes| + pes-Pe, ]=Lpes — pes )(pe3— pe, )], since [ pe, pe, ]—0. 
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Thus the sum of the three sides of a triangle equals the product of the 
vectors po,—pp, and pop;—pp,. This product differs from the expression for the 
area of the triangle (94) by the absence of the first factor 
pe, An interpretation of the expression given above 
for the sum of the sides which makes it equal to the 
area of the triangle may be had by thinking of pp as a 
generative product of p and p. Using the period to 
denote generative multiplication, we have 


D.P4-DlPg=OAB 5 p.py.pey3=OBC 5 p.p,.pey=— OCA. 
Thus, OA B+OBC— OCA=D.¢,.D.P 2+). 3-PPs +P-Po-PP3—A BC. 


Remark.—By Grassmann’s formulas the sum of the sides of a triangle 
equals its area, for he treats a point as that which has position only, and consid- 
ers that the product of two vectors alone equals the area described in 88. The 
use of the definition of a point given in 76 has the effect of making some of the 
theorems of this chapter depart in certain respects from Grassmann’s. The 
writer thinks however that regarding a line as generated by a point in motion 
agrees well with Grassmann’s conception of ‘‘generative’’ multiplication. 

99. If D1, Po, Pg, Pas Pgs Pg ATE 81% points, &,, &, &y, €4 are four vectors 
and «1s any scalar, by the preceding articles we have the following conditions: 

(1) p,=xp, 18 the condition that points p, and p, coincide. 

(2) [p,p.]=*Lp,p,], is the condition that the (unlimited) lines [p,p9] 
and [ p,p,] coincide. 

(3) [p,Pep3|—*[p.psp.] is the condition that the (unbounded) planes 
[P1:PePs] and [pyp;p,_] coincide. 

(4) &,—#é, is the condition that the vectors ¢, and é, are parallel. 

(5) Lé,@,]=ale,€,] is the condition that the planes of [¢,¢,] and [é@,¢,] 
are parallel. 

100. A point is regarded as a space of the first order; an unlimited line as 
a space of the second order ; an unbounded plane as a space of the third order ; 
and solid space as a space of the fourth order. See 17 and 85. Since a vector 
may be regarded as a point at infinity, a vector also may be regarded as a quan- 
tity of the first order. See Chapter I. 

101. Renative Propucts. A Planimetric product is a relative product 
whose factors are in a plane, or space of the third order. A Stereometric 
product is one whose factors are in a space of the fourth order (100). 

102. To find the planimetric product of two line segments pyp, and p,py. 
We have 


[P1Po-PsPs|=[P1P.Ps|P,- (67) 


Here [p,p,.p;] is a scalar (101, 61), Thus the product is the point of in- 
tersection multiplied by a scalar. 
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108. To find the planimetric product of two parallel line segments [p, po | 


and [p,p4]. 
We have, by hypothesis, p,; —p,—=2(p,—p,) (99, (4)). Then 


[DP Pe-P3P4]=L(P;—P2)Pe-(P3—P4)P4] (49)==al(p1—Po)Po-(Pi—Py)p4] CHyp.) 
=a (P1--P2)PoPs|(P1— Po) (67) =—[(p3—p4)PoPal(P1—Pe) (Hyp.) 


—=[P3PoPa](Py —Pe) (49)=[Popsp.|(Pe—Pp,). (88) 


Hence the product is the point at infinity (the vector p,—,) which is the 
intersection of the two lines multiplied by the scalar [p,p,p,]. 

104. The last two articles illustrate a principle of general application in 
the Ausdehnungslehre, viz., That the relative product of posited quantities which 
have a common figure 1s that common figure multiplied by a scalar. See 98. 

105. To find the planimetric product of two lines and a posited pornt. 

Let [p,p.] and [p,p,] be the lines and p the point. Then 


[Pi P2-PiPs-PI=L(p1PoPs)Pi1-P] (138, Rem., 67)=[p, pop, | pip] 


since [p, Pop; ]| is a scalar. (101, 61) 

106. To find the planimetric product of the three line segments [p,po], 
[PP], Paps). 

We have [P,P2-P\Ps-PaPs5I=[PiPePs|LP1-PaP 5] (67) =LP PoPs IPPs 5 | 
(55). 

CoroLuaRy. If the three line segments are the sides of a triangle we may 
write | Pop3| instead of [pyp;]. Then the product is [| p,pep; |. 

107. The following general principle is illustrated in the two preceding 
articles: If at any time the product of factors combined in regular order from the 
left gives rise to a scalar or to a scalar tumes an extensive quantity, this scalar is to 
be regarded as a simple numerical factor, and the extensive quantity part of the 
product, if there is such, 18s to be combined with the remarning extensive factors, and 
so on. Such products are described as mixed, 1. e. as both progressive 
and regressive. (61) 

108. The stereometric products of a line and a point and of two lines are 
commutative ; but that of a point and a plane is non-commutative. 

Let LZ, denote the line [p,p,], I, the line [p,p,], and P the plane 


[PePsPal- 
[£1p3]=lpiP2-Ps]=[P1P2Ps|=lPs-P1P2] (40, 55)=[p,L,]; 
[£1 Le |=lP 1 Pe-PsPsl=lP 1 PePsPa) (55)—[PaPa-PiPe] (40, 55)=[L,L,] ; 
[Pp.J=[P 1 P2PsP1J=—lPa-PiP2Ps] (40, 55)=—[p,P]. 


109. To find the stereometric product of two non-incident plane segments 


Lp. PePs |] and [p,PoP,]. 
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We have [),).P3-P1P.P4)=[P PoP sP4]lPiP2] (67). See 104. 
110. To find the stercometric product of three plane seqments [p,Pyps], 


[01 PePal, [P1Papa] which intersect in py. 


[P1P2P3-P1P2D4-PsPsPal [PDP ss 1LP PoP PsP 4] OW PedsPal’Pi (62), 

111. To find the stercometric product of a plane seqinent [p,p,p,| and line 
segment [p,p4] which do not lie in the same plane. Is the product commutative ? 

We have [p,PoPs-PiPal=lWiP2PaPa|P1 (67) (See 104). 

Also, [P,P 4-P1P2P3\=[PiPsP2P3 1): 67)=LP P2PsPs]P1 (40). 

112. The stereometric product of two line segments | p,p,] and [ psp, | 
equals zero when and only when they lie in the same plane (55, 95) ; the stereometric 
product of two quantities of the first, second, or third orders, but not both at the 
same time of the second orders, equals zero when and only when the quantities are 
incident, 1. e. when one falls in the space of the other ; as two coincident points, two 
plane segments if the planes coincide, a point and a line- or a plane-segment tf the 
point lies in the line or plane, a line segment and a plane segment vf the line lres in 
the plane. 

113. Algebraic Curves and Surfaces. The equation of a variable point p 
which lies in the same straight line as [p,p,] ts [p pp, |=. (112) 

114. The equation of a straight line L which passes through the intersection 
of L, and L, and lies in their plane 1s [L,L,L|)=0 where [L,L,L] 1s a planimet- 
ric product (See 106). 

115. If Pn» is a planimetric product of order zero which contains the vart- 
able point p, n times and besides only constant points and lines as factors, then 
Pr p=0 ts the point equation of an algebraic curve of the ath order, that 18 to say, 
the point p moves in an algebraic curve of the nth order. 

Proor. Let p,, p., p, be any three points in the plane. Then 


PX Py yP. PUP; 
may be any point in the plane. Substituting this value of p in Pp »—O0 there 
results a homogeneous equation of the nth degree in v,, 2, v; whose terms are 
all of the form Az“,2°,2°, where a+b+c=n. A is the product of constant lines 
and points, and since this product is by hypothesis of the zeroth order, A is a 
constant. Regarding x,, #,, 2, as trilinear codrdinates, we see that P,,»—0 now 
becomes an ordinary cartesian equation for a curve of the mth order. 

116. As an example we give a proof of Pascal’s Hexagram Theorem. 

Let p,... .ps be five given points and p a var- 
iable point which moves so as to leave p’, on the line 
[p'1 P's], P'1, P'2, p 3 being defined by the following 
equations: p';=[pP,-PsPs]; P'2=[PeP3- Pipa]; P's 
=[pP2-PaPs]- LPP1-PsP5)(P.Ps-PiP 4) PP: PsP5)|=9 
is the equation of a conic passing through the five 
given points. For it is of the second degree in p and is satisfied by putting p 
equal to any one of the five given points. By changing points into lines in the 


above we have Brianchon’s Theorem. 
|To be Continued. | 


188 


THE INTERNATIONAL CONGRESS OF MATHEMATICIANS. 


By GEORGE BRUCE HALSTED. 


On the sixth of August at the Palais des Congrés in the Paris Exposition, 
was held the,opening session of the second International Congress of Mathema- 
ticians. The president, Poincaré, is regarded as the greatest of living mathema- 
ticians. Among the vice presidents in attendance were Gordan, Lindeloef, Lin- 
demann, Mittag- Leffler. 

Representing Japan was Fujisawa ; Spain sent Zoel de Galdeano ; the 
United States, Miss Scott. 

The president of the section of Arithmetic and Algebra was Hilbert ; of 
Geometry was Darboux, of Bibliography and History was Prince Roland Bona- 
parte. Among the most interesting personalities present may be mentioned 
Dickstein of Warsaw, Gutzmer of Jena, Hagen of Washington, Laisant of Paris, 
Langel of Golfe Juan, Lemoine of Paris, Delury of Toronto, Padoa of Rome, 
Shroeder of Carlsruhe, Sintsof of Yekaterinoslav, Stringham of Berkeley, Tan- 
nery of Paris, Vasiliev of Kazan. Whitehead of Cambridge. 

Of the many important papers presented two may be selected for their 
general interest and the enthusiasm with which they were received. 

These are: The Mathamatics of the Old Japanese School by Fujisawa, 
and The Problems of Mathematics by Hilbert. 

Among other matters of extraordinary importance, Fujisawa showed his 
astonished audience that the Japanese had independently discovered the zero 
and by a mysterious coincidence used for it a circular symbol as did the Hindus 
and as do we. He showed that the Japanese had rectified the circle with an ac- 
curacy far exceeding Archimedes and only paralleled in our modern develop- 
ments of pure mathematics. He showed that the Japanese had recognized ; —1 
the square root of minus one as a number, as a new unit, a neomon, and thus 
had reached the basis for the theory of the complex numbers. 

This paper is epoch-making for the history of mathematics. 

Hilbert’s beautiful paper on the Problems of Mathematics shows that 
when a science progresses continuously we may from the problems which actual- 
ly occupy it judge of its ulterior development. The existence of precise prob- 
lems has a capital importance both for the progress of mathematics and for the 
work of each investigator. 

Whence come the problems of mathematics ? It is experience that in 
each domain puts before us the primary problems (e. g. duplication of the cube, 
quadrature of the circle, etc.) In the later development of the science it is the 
mind which by logical reasonings (combination, generalization, specialization) 
creates itself problems new and fertile (e. g. problems of prime numbers). 
We say that a problem is solved when starting from a finite number of assump- 
tions furnished by the problem itself we demonstrate the justness of the solution 
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by a finite number of deductions. This mathematical rigor which we require 
does not necessitate complicated demonstrations ; the most rigorous method is 
often the simplest and the easiest to comprehend. 

The conceptions of arithmetic or those of analysis are not the only ones 
susceptible of rigorous treatment. Those of geometry and the physical sciences 
are equally so, provided that by means of a complete system of assumptions 
they are as well fixed as the conceptions of arithmetic. 

When a problem presents serious difficulties, by what methods can we 
attack it ? 

First by generalization, in attacking the problem considered to a group of 
questions of the same order. (H#. g. Introduction of ideal numbers into the the- 
ory of algebraic numbers ; employment of complex paths in the theory of defin- 
ite integrals). 

Or else by specialization, in deepening the study of more simple analogous 
problems already solved. 

The failure of attempts at the solution of a problem comes often from the 
problem being impossible to solve under the form given. Then we require a 
rigorous demonstration of the impossibility. (Parallel postulate, quadrature of 
the circle, algebraic solution of the equation of the fifth degree.) 

We say that a conception exists from the mathematical point of view when 
the assumptions which define it are compatible, that is to say whena finite chain 
or system of logical deductions starting from these assumptions can never lead'to 
a contradiction. 

Mathematics in developing, far from losing its character of unique science, 
manifests it from day to day more clearly. Each real progress brings necessar- 
ily the discovery of methods more incisive and more simple, permitting to each 
geometer an access relatively facile to all the parts of our science. 

The magnificent reception given by the President of France M. Loubet 
and his wife Madame Emilie Loubet in which the members of the Congress par- 
ticipated, was only surpassed in charm by the delightful entertainment given in 
our honor by Prince Roland Bonaparte. 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 


130. Proposed by H. C. WHITAKER, M. E., Ph. D., Professor of Mathematics, Manual Training School, 
Philadelphia, Pa. 


Aow many balls 1 inch in diameter can be put in a cubical box 2 feet in the clear 
each way, putting in the maximum number ? 
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I. Solution by G.B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


31x 44/24 122.9201. 
Hence, we can put in 382 layers ; 16 layers of 576 in each layer and 16 
layers of 529 in each. There still remains space enough for one more layer. 
23 X 3/8 +1—=20.918. 
Hence, in this layer, we can put 3 rows of 24 balls each and 24 rows of 
24 and 23 alternately, or 636 in the whole layer. 
. 16X576= 9216 
16x 529= 8464 
1x 636= 686 


Total—18316 
II. Solution by MARTIN H. SPINKS, Wilmington, Ohio. 


Take the bottom layer and the rows in equilateral triangular form. The 
distance between the rows is .866 inch. The number of rows=1-+ (23+.866) 
—=1+426=27. 

We then have 14 rows, 24 balls each, or 386 balls, and 138 rows, 43 balls 
each, or 299 balls each. 

The bottom layer contains 336-+299 or 635 balls. In the next layer we 
have 14 rows of 238 balls each or 322 bails, 18 rows of 24 balls each or 812 balls, 
in all 634 balls. 

Distance between layers=.8162 inch. 

Number of layers==1+ (28 +.8162)=28 + 1==29. 

Space left==-24—(1-+28 x .8162)—.1464 inch. 

.. We have 15 layers, 635 balls each, or 9525 balls 

and 14 layers, 684 balls each, or 8876 balls 


Total=-18401 balls. 


Nore. Excellent solutions of problem 129 were received from H. C. Whitaker, P.S. Berg,G.B.M. 
Zerr, Martin Spinks, J. Scheffer, and O. S. Westcott. Mr. Gruber also furnished a non-rythmical solu- 
tion. We think that his poetical solution is sufficiently clear and accurate as to be easily understood. 
The results of the various contributors differ slightly from Mr. Gruber’s and from each other. 


ALGEBRA. 


106. Proposed by ELMER SCHUYLER, B. Sc., Professor of German and Mathematics, Boys’ High Sehool, 
Reading, Pa. 


er +4 a: “ty 
yy 7 yr +e 


I. Solution by COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knoxville, 
Tenn.; L, B. FILLMAN, Chester, Pa.; and the PROPOSER. 


—==b ; find x and y. 


By composition and division we have at once 


“*taty?®ty atl 
et—yte—y a—l 


a ryty +e b+) 
. (1), Poypty-o bal’ (2). 
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Multiplying 4) by (5), 


ee = YY’ (4 41 Ne Yiqat! Jay’ From (3) 


wy'| ( iat Y( y +1 )-a =0. . .(6). 


The first two factors y—0, y’==0, give the roots y=0, y=—1 ; 
whence v==0, v==—1. 


The remaining factor in (6) is clearly a quadratic for y, which yields the 


remaining two roots. 


IV. Solution by W. F. SHAW, 1600 Sabine Street, Austin, Tex. 


Clear of fractions and subtract 


eo +e=ay? +ay 
a? +y==by? + bx 


a—y=(a—b)y? +ay— be 
Multiply first by b, second by a, and subtract. 


ba?+ba=aby? +aby 
ax? +ay=aby? + aba 


(a—b)x? Lay—bs=ab(«—y) 
(a— by? +ay—be=(a—y), above results. 


(a—b) (a? —y? )=(ab—1)(2—y) 
x+y=[(ab—1)/(a—b)] 


Combining this with one of the first equations the values of 2 and y are 


found to be 


_ a+b+2ab + y/[4a(b? +b-+1) + (a+b)?] 


_ —(a+b+2)¥ y [4a(b? +641) +la+b)*] 
_ 2(a—b) 


Combining the first two equations to eliminate one of the letters, a cubic 


results. Two roots having been found the third is quickly seen to be —1. 


other set of values is then, s=—1, y=—l. 


Solved in substantially the same manner by J. M. BOORMAN, Woodmere, N. Y. 


The 
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GEOMETRY. 


1382. Proposed by ELMER SCHUYLER, B. Sc., Professor of German and Mathematics, Boys’ High School, 
Reading, Pa. 


To draw a circle to cut two given circles orthogonally. 


I. Solution by VIRGINIA CRAIG, Senior Classical Student, Drury College, Springfield, Mo. 


Let a and b be the radii of circles with centers P and Q, a+b+e be the 
distance between P and Q, and the line joining P and Q cut the circles at E' and 
F. Divide the line c in the ratio c+2b : c+2a, and let the point of division be 
O. Construct a semi-circle on OP as diameter, said semi-circle intersecting cir- 
cle whose center is Pat LZ. With O as center, OF as radius, describe a circle 
intersecting circle whose center is Q at M. This described circle will cut the two 
given circles orthogonally. 

Proof. OL is perpendicular to PL. 
.. Circles with centers O and P intersect orthogonally. 
OE+ OF=c and OE : OF =c+2b : c+2a. 


c(c-+2b) F c(c+2a) 


‘. OE—=s (atb+ey’ “OF (atb te)’ 
_ _ e(e+2b) c(c-+2b) 
OL? =OB(OE+2EP)= rae) ree ere 42a ) 


— ee+2a) f[ cle+2a) _ 
_ seb pn Stetbeat 2b )—OF(OF +2FQ), 


Let OX be the tangent from O to circle with center Q. Then OX? 
=OF(OF+2FQ). But OF (OF+2FQ)=—O0L?=O0OM?. 

.., OX-=OM, and as M is on circumference of circle with center Q, OX 
and OM coincide. 

... OM is tangent to circle with center Q and perpendicular to MQ. 

... Circles with centers O and Q intersect orthogonally. 


II, Solution by M. A. GRUBER, A. M., War Department, Washington, D. C.; J. W. YOUNG, Fellow and As- 
sistant in Mathematics, Ohio State University, Columbus, 0.; COOPER D. SCHMITT, A. M., Professor of Mathe- 
matics, University of Tennessee, Knoxville, Tenn.; G. B. M. ZERR, A. M., Ph. D., Professor of Science and Mathe- 
matics, Chester High School, Chester, Pa.; M. E, GRABER, Heidelberg University, Tifffn, 0.; and J. SCHEFFER, 
A. M., Hagerstown, Md. 


Any circle with center on the radical axis and radius equal to the tangent 
will evidently satisfy the conditions of the problem. The problem, then, resolves 
itself into the construction of the radical axis of two circles. 

If the circles intersect, the radical axis is the common chord. If they do 
not intersect, draw any other circle cutting the given circles and draw their com- 
mon chords. Their point of intersection is the radical center of the three circles. 
The radical axis required must pass through this point and must be perpendicu- 
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lar to the line joining the centers of the given circles. This offers no difficulty 
and the problem is solved. 


Also solved by ELMER SCHUYLER, HALLET E. McCLINTOCK; and CHARLES C. CROSS. 
Professor Young furnished a neat diagram to accompany his solution of Problem 131. 


CALCULUS. 


ene 


99. Proposed by L. C. WALKER, Associate Professor of Mathematics, Leland Stanford Jr. University, Palo 
Alto, Cal. 


The axis of three equal right circular cylinders intersect at right angles. Find the 
volume of the solid common to all. 


Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science. Chester High School Ches- 
ter, Pa. 


Let 4? +2%?=a*, y?+2?=a?, 2? +y?=-a® be the equations of the cylinders. 
The projection of the intersection of the first and second on the plane xy is a 
square. 

From z=-Q0, to z=4a),/2 the square decreases 
from ABCD to abed. The area of the projection com- 
mon to the three cylinders between z=0 and z==4ay,/2 
is eight times the area LODKL, From z—3aj,/2 to 
z==a the common volume is the same as the volume 
common to the first and second. 

Let 2LOK=6, Area EFGH=42ry=4(a? —2?), 

Area LOK=}a. OLsind=}aysiné. 

Area KOb=}a*(t7— 6). 
tan6=LK/OK=«/y=, (a? —y?)/y=2/y (a? —2?) ; 

",sinf==z/a, .*,area LOK==421/(a®—2?), area KOb=43a2(t2—sin—2z/a), 


say2 or 
we V8 [zy/ (a® —2?) +a? (4a—sin z/a)]dz4 S| 
0 : . 


qa y'2 
we Sa?(2— VV 2). 
Also solved by PROFS. ANDEREGG, SHERWOOD, and SCHMITT. 


100. Proposed by B. F. FINKEL, A. M., M. Sc., Professor of Mathematics and Physics. Drury College, 
Springfield, Mo. 

What is the volume bounded by the surface generated by the circumference of a cir- 
ele whose diameter is the hypotenuse of a right-angled triangle whose base is ) and alti- 
tude a, the plane of the circle being perpendicular to the plane of the triangle. the triangle 
and circle being rigidly connected, and the triangle revolving about its altitude a as an 
axis ? 


Solution by F. ANDEREGG, A.M., Professor of Mathematics, Oberlin College. Oberlin. 0.. H. C. WHITAKER. 
Ph. D., Professor of Mathematics, Manual Training School. Philadelphia, Pa.; G. B. M. ZERR. A. M.. Ph. D.. Pro- 
fessor of Mathematics and Science, Chester High School, Chester, Pa.; and the PROPOSER. 


Let AB=a, OA=b, AC= )/(a2 +52): the codrdinates of P and point in 
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the given circumference, (a, y, z); and the codrdinates of M, the projection of 
P on the zy plane, (2, y). 

Then DC=bz/a ; BC=y/(a?-+b*)—; 


2 2 _ 
CARVING) | and PO=/(BC.CA) 


GL 


_ VL (a? +b? (a—2)x 
a aa 


__b? ax? +(a? +b?) (a—x)ax 


a” 


', DP? 


As the circle with radius DP moves parallel to itself and with its center 
on AB, it generates the volume required. 


MECHANICS. 


eee 


97. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


The side AB of the parallelogram ABCD will be a principal axis at the 
point which divides the distance between the middle point and the foot of the 
perpendicular from the middle-point of the opposite side in the ratio 2:1. The 
principal moments of inertia about this point are 4mb*sin2/, s-m(3a? + 4b2cos?), 
where = / A. 

Solution by the PROPOSER. 

Let HH—c, and let H be the origin, and lines through H parallel to EF, 

FB axes of codrdinates. 


Za—C b 
Smay=psin’ pf f y(a+ycosf)dady 
—ta—ew’ 0 


= ¢mbsin#(2bcosf—3c)=—0 if HB is a principal. axis. 


',c==4$bcos?. But FG=beosf. .-. FH: HG=2: 1. 


. 1a—Cc b 
=my? =psin? 3 ( ( y2dedy= mb? sin? 2. 
e e" Q 


—~ia—C 


Wa-e *b 
=mx? =psing f { (x-+-ycos?)*? dady==75m(a? 4+-12c® — 12becos#-+4b? cos? 8) 
0 


—sa-- 


=gm(da? +46? cos? 3), 
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98. Proposed by WALTER H. DRANE, Graduate Student, Harvard University, Cambridge, Mass. 


A spool, with light thread wound around, is placed upon a rough table so that the 
thread will emerge from beneath the spool. The thread is passed over a smooth pulley at 
end of table and a weight attached, the pulley being so adjusted that thread is parallel to 
surface of table. If friction between spool and table is sufficient to prevent slipping, de- 
termine motion of spool and weight. [From problems in Mechanica at Harvard 
University. | 

I. Solution by WILLIAM HOOVER, A. M., Ph. D.. Professor of Mathematics and Astronomy. Ohio Univer- 
sity, Athens, 0. 

Let « and y be the horizontal and vertical parts of the string at any time ¢ 
from the beginning of the motion, m the mass of the spool only, m’ the mass at- 
tached to the thread, ¢ the angle of rotation of the spool in the time ¢, uw and k 
the radius and radius of gyration of the spool, respectively, g the acceleration of 
gravity, 7 the tension in the thread, and F#' the friction. 

2 
aa =m'g—T.. .(1). 
For the linear and rotary motions of the spool, 


The equation of motion of m’ 1s m’ 


dx a” p 
mae al. . (2), mk dt? 


7 —=—Ta+Fa.. .(8). 


Now dr=ad¢...(4), and b being the initial length of free string, 
aty=b+ad@.. .(5). 
d?*¢ 1 d®x d*x 


940. ) é i 2 =—_ 2 2 
de de: (6), and (3) is mk de Ta? + Fa®...(7). 


From (4), 


2 
d°t _ 7q2— Fa. . (8). 


From (2), ma? qi 


2 
(7) and (8) give ma? +h) 2 =0, . .(9), and T-=F. . .(10). 


2 2 2 2 
From (9d), a+ os — ans ...(11), which with (6) gives d°Y 0. (12), 


dt 


d* 4 


dt® 


. . ; d? 
—0. . .(18), and (6) then gives —.- —0. . .(14). 


9) gives 
(9) gives de 


Hence, since the system starts from rest, the last three equations show 
that there is no motion afterwards. 
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AVERAGE AND PROBABILITY. 


89. Proposed by B. F. FINKEL, A.M., M.Sc., Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 


An inch auger-hole is bored at random through a six-inchsphere. Find the average 
volume’‘of the auger-hole. 


Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School,Ches- 
ter, Pa. 
Let x? +y?+2?—R? be the equation to the sphere. 
Let (c—a)*+y?=r? be the equation to the auger. 
Also let 1/[r? —(a—a)? J=m, 1/[R?—r? +a2?—2ax]==n. 
From a==0, to a=R—-r, 


a+r fm a+r 
=4f fie —x* —y? |dady=2 f mndx 
a—r’ 0 a—r 


$2" (R? —2° ysin-*(— opr gay Jae =2f “mnde 


a-—r 


2 ("OM ece \iah? —R?ae+r?a—a*’ataxz? dx 


a—r mn Rh? 2?) 


a-r 2 a+r 2 a+r 
=2f" mnt 8 f nade if se lem ee Re f mdr 


a—r a—r mn a—r 7 


, Cr wa—az)de ,,, (4 mda , (2t" mda 
—1R fi mn Sorta an J a—r(h—2)n 


Let r=a—rcos26, R? —(a—r)*=b?, 4ar/b?=e?, R+a—r—d. 
2r/d=c, R-—a+r=h, —2r/h=c,, 7 [1—e*sin? =D. 


— 82 br? { “Dsin? cos? Ad 4+ 4Sabr *Dsin?2 Hah+4b(a—r)? {- Dad 
e 0 0 


32ar3 (" sin’ @d@ | 48ar?(a—r) a™ sintAdi S8ar(4R2%—3b*) (27 sin? dé 
3b), D 3b » pT 3b 


— Keane) eee nS _ 16R3r? (2" sin? Gcos? 6d6 
D ~~ 8bd Jo (+esin?d)D 


_ 16R3r? (27 sin2dcos? ddéG 
3bh 9 (1+c,sin® 4)D 


. V=4 aaa (1—e? Le far — 2?) — or Sar” (84 Te2 + 8e4) + b(a—r)® 
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~ tanenn eS ~ $i te tm 
+ $3 er (2—8¢ 2 be e?)+ "(84302 +4e4) 
15e4 Bh 6 
Lar*(amr ) e?) 4 Zar Ai" 3b? ) 
obet be” 
a enn tae ee (ce? +e? —c)— 

tether (cje?+e2— Cc 1) /Fe, $7) -+—.———_ ae r am Tke,e,,4) | 

‘+ V=AE(e, $7)+BF(e, $7)+Cl(e, c, $7)+C,H(e, c,, $7), suppose. 

Let OT ny} then from a=R—r to a=k+r7, 


R V (R? —2?) 4 m 
Vi=4f f 1/ |B? a? —y?|dady +4 f V |B? —2? —y? |dady 
wy 0 a—?Tr 0 


_— =afy [R? a? }de+2 [- mnde-+2f (k? —2° )sin~ (om TRE cam) 


V, =t7[2R3—(a—r)(2R? +b?)|4+ Ake, O)+ BFO(e, O)+CIL ile, c, 8) 


a? +r2—R2 \ 
2u }: 


+C, 17% (e,c,, 4), where 4, =hoos1( 


0 
A partial solution was given by J. M. COLAW. 


MISCELLANEOUS. 


838. Proposed by ALOIS F. KOVARIK, Instructor in Mathematics and Physics, Decorah Institute, Decorah, 
Towa. 


Segment’s area of a circle whose radius is 5 inches is 28.56 square inches. Find the 
chord. 
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Solution by W.W. LANDIS, A.M., Professor of Mathematics and Astronomy, Dickinson College, Carlisle, Pa.; 
H. C. WHITAKER, Ph. D., Professor of Mathematics, Manual Training School, Philadelphia, Pa.; COOPER D. 
SCHMITT, A.M., Professor of Mathematics, University of Tennessee, Knoxville, Tenn.; G. B. M. ZERR, A.M.,Ph.D., 
Professor of Mathematics and Science, Chester High School, Chester, Pa.; J. SCHEFFER, A. M., Hagerstown, Md. 


Let @ be the angle of the segment, c the chord, 
. *8(0—sin@)=28.56, c—10sing4. 

But 6—sin6—2,2848, 

, G=155° 4’ nearly. wv e 


9.764 inches. 


84. Proposed by COOPER D. SCHMITT, A. M., Professor of Mathemalics. University of Tennessee, Knox- 
ville, Tenn. 


Prove that e™ + e—"=2[1-+2?][1+(2)?][1+(2)?]. . .ad infinitum. 


I. Solution by J. W. YOUNG, Fellow and Assistant in Mathematics, Ohio State University, Columbus, 0.; J. 
0. MAHONEY, M. Sce., Professor of Mathematics, Central High School, Dallas, Tex.; HARRY S. VANDIVER, Bala, 
Montgomery Co., Pa.; M. E. GRABER, Heidelberg University, Tiffin, 0.; ELMER SCHUYLER, B. Sc., Professor of 
Mathematics and German, Boys’ High School, Reading, Pa.; J. SCHEFFER, A. M., Hagerstown, Md.; G. B. M. 
ZERR, A, M., Ph. D., Professor of Mathematics and Science, Chester High School, Chester, Pa.; and PROPOSER. 


From trigonometry we have the formula: 


462 46? 462 462 
cost=(1 ——T5-)(1 —gega)(1 — pags )(1 gags): 


In this replace 6 by 61 and we have 


4f 462 4@? 4@? 
cosh—=(1 + )(t +-grzs)(1 t+5eae)(1 tpega) oe 


Now let 6-7, whence 


cosh=(1+4) (1 +3 )(1 +3 )( +5) lees 


=[1+2°][1+-G)" 014+)" [1 + @)?]. 
But coshw=—3[e™ + e-7], whence the result. 


II. Solution by MISS MARY M. BLAINE, A.M., Teacher of Mathematics, High School, Springfield, Mo., and 
MISS ALICE MADELEINE McKELDON, Graduate Student, University of Pennsylvania, Philadelphia, Pa. 
To prove that e” + e—"=-2[1+ 2?][1+(3)?][1+(4)?].... 


We have (L)cost=1— 54 + a4 qt. _ 


_ 7 ( 4%” )( 4x? ) 
(2) cosa—(1 _ 7? ) | —as58 1 — sa ce ee 


[See Chrystal, Vol. II, page 329.] 
Expanding this infinite product, and collecting, 
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Ax? Ay? 4a;? 1 1 1 
(1 --) (1 — gage) SI pt ptt | 


A*y4{ 1 1 A376 1 
+ [ get Be Be - |- Ge Lge et - |e. 


—=1—c,2? +¢,04—c,25+. . .(8). 


Comparing (1), (2), and (8), 


l—c, vw? +c,%*—cgr®..... =1—-s 4+ rin git: _ 
or (1 — )( _,). , 1-34 5 . AA), 
Let y?=—2?. (1 4 ay \(1 +315). | 1454 + ht. (5). 
Now, adding this exponential series, e” and e-4, 
ote + Z _. .=from (5) (1 $22 \(1 +34). (6). 


Substituting 7 for y in (6), we have, 


m+ or 2142114) I+ QI. - 


PROBLEMS FOR SOLUTION. 


eed 


ARITHMETIC. 


132. Proposed by WILLIAM SYMMONDS, A.M., Professor of Mathematics, Santa Rosa College, Sebastopol. 
Cal. 


A road 60 feet wide crosses a square acre of land. The west line of the road passes 
through the southwest corner of the land, while the east line of the former passes through 
the northeast corner of the latter. What fraction of the land is included in the road ? 


138. Proposed by COOPER D, SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knox- 
ville, Tenn. 


In Wentworth’s Arithmetic he gives a formula #1(d? —2d) for calculating 
the number of board feet in a log 10 feet long, when d is the diameter in inches. 
How is this rule derived ? 


y*y Solutions of these problems should be sent to B. F. Finkel not later than Nov. 10. 
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ALGEBRA. 


121. Proposed by ELMER SCHUYLER, B. Sc., Professor of German and Mathematics, Boys’ High School, 
Reading, Pa. 


Solve (x5 +y5 +25)% +(x-+-y)?=81, 
(x? +y? +25)3 + (4-+-y-+ 2)3 ==729, 
(ety)? Ha+y+2)? =81, 
122. Proposed by JOSIAH H. DRUMMOND, LL. D., Portland, Me. 

A man buys a five per cent. ten-year bond at such a price as enables him to spend 
annually three per cent. upon his investment and by continually investing the residue of 
the annual interest and its increase annually at four per cent., at the end of term upon 
payment of his bond has his original investment. What price per $100 does he pay for 
the bond ? 


x*y Solutions of these problems should be sent to J. M. Colaw not later than Nov. 10. 


GEOMETRY. 


148. Proposed by DR. E. D. ROE, JR., Associate Professor of Mathematics in Syracuse University, Syra- 
cuse, N. Y. 


The condition that two triangles, abc, «yz, are similar is 


1 11 
a 6b ec} =0, 
voy 2 

and the condition that the triangle abc is equilateral is 
ab il 
b ec 1] =0, 
ea l 


(Used in solving 130.) 
149. Proposed by B. F. FINKEL, A.M., M.Sc., Professor of Mathematics and Physics, Drury College, 
Springfield, Mo. 
Given a conic and two circumscribing triangles of the conic; prove that the six ver- 
tices of the triangles are con-conice. 


150. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio Uni- 
versity, Athens, 0. 
Find the equation to a sphere cutting orthogonally four given spheres. 


y*y Solutions of these problems should be sent to B. F. Finkel not later than Nov. 10. 


CALCULUS. 


112. Proposed by J. SCHEFFER, A. M., Hagerstown, Md. 

A sphere of radius r is pierced by a cylinder radius $r so that the cylinder just 
grazes the center of the sphere. Find volume removed; the lateral surface and the Spher- 
ical surface removed. 

113. Proposed by JOHN M. COLAW, A. M., Monterey, Va. 

At what rate per unit of time are the roots of the equation (7+px-+-g=0) changing, 
if p=mgq and q varies uniformly at the rate of 1/12 per unit of time, when p=12 and m re- 
mains constant ? 


y*, Solutions of these problems should be sent to J. M. Colaw not later than Nov. 10. 
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MISCELLANEOUS. 


93. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Mathematics and Science, Chester High School, 
Chester, Pa. 


Prove that —(j//—1)¥ t=eV—-1-))", 
94. Proposed by J. SCHEFFER, A. M., Hagerstown, Md. 


The wall of a house, if its plane were extended, would cut the horizon at 
an angle—,° south of the true east point. The latitude of the place being=4, 
and the declination of the sun=0. When will the sun cease to shine through a 
window in that wall ? 

95. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio State 
University, Athens, 0. 


“T enjoy here,’’ said Goethe, “both good days and good nights. Often before dawn 
IT am already awake, and lie down by the open window, to enjoy the splendor of the three 
planets, which are at present to be seen together, and to refresh myself with the increas- 
ing brilliancy of the morning-red.’”’ This was written in the summer of 1828 near Weimar. - 
See Goethe’s ‘‘Conversations with Eckermann,” Bohn’s Library, 1898, page 323. 
What three planets are referred to ? 


y*y Solutions to these problems should be sent to J. M. Colaw not later than Nov. 10. 


EDITORIALS. 


Prof. Leslie L. Locke has been elected Instructor in Mathematics in the 
Michigan Agricultural College, Ingram County, Michigan. 


Our valued contributor, Dr. E. D. Roe, Jr., has been elected Professor of 
Mathematics in the Syracuse University, Syracuse, N. Y. 


Our good friend. Prof. George B. M. Zerr, has been called to the chair of 
Chemistry and Physics in The Temple College, Philadelphia, Pa. 


Prof. Charles Scott Venable, LL. D., for the last five years Professor 
Emeritus of Mathematics at the University of Virginia, died on August 18 at his 
home in Charlottesville, Va. He was born in Prince Edward County, Va., on 
April 19, 1827. He received an academic education at the Hampden-Sidney 
College and the University of Virginia, being graduated at the former institution 
in 1842, and the latter in 1848. He continued his studies at Berlin in 1852, and 
at Bonn in 1854. Prior to 1861 he held professorships in the universities of 
South Carolina and Georgia, and in Hampden-Sidney College. In 1865 he was 
appointed professor of mathematics in the University of Virginia, and from 1870 
to 1878 he was chairman of the Faculty. Professor Venable was the author of a 
series of text-books, including Arithmetic, Algebra, and Geometry. 
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BOOKS AND PERIODICALS. 


The Theory and Practice of Interpolation, Including Mechanical Quadrature 
and other Important Problems Concerned with Tabular Values of Functions, 
with Requisite Tables. By Herbert L. Rice, M. A., Assistant in the office of the 
American Ephemeris and Professor of Astronomy in the Corcoran Scientific 
School, Washington, D. C. 4to cloth, 284 pages. Price, $3.50. Postage pre- 
paid, $3.75. For sale by the author, United States Naval Observatory, Wash- 
ington, D. C.. 

In the preparation of this treatise, the author has added to the technical literature 
of mathematics a work which gives a simple, practical, and comprehensive discussion of 
all that is useful concerning Differences, Interpolation, Tabular Differentiation, and Me- 
chanical Quadrature, and has thereby rendered invaluable service to the practical com- 
puter. The work contains five chapters, an appendix, and eight tables. The first chapter 
treats of Differences; chapter II., of Interpolation; chapter ITI., of Derivatives of Tabular 
Functions; chapter IV., of Mechanical Quadrature; chapter V., of Miscellaneous Problems 
and Applications. The book is very beautifully printed with large type on heavy paper, 
and in every way makes a very good appearance. It is a work that not only every practi- 
eal computer must have but every mathematician as well should have. B. F. F. 


School Arithmetic, Primary Book. By J. M. Colaw, A. M., Associate Ed- 
itor of the AmMertIcAN MatHematicAL Monraty, Monterey, Va., and J. K. 
Hillwood, A. M., Principal of the Colfax School, Pittsburg, Pa., author of Table 
Book and Test Problems in Elementary Mathematics. 8vo. cloth, 271 pages. 


Price, 85 cents. Richmond, Va.: B. F. Johnson Co. 

This new votary for public favor in the line of arithmetics has many points of excel- 
lence to recommend it. The authors in the preparation of this work have certainly 
proved that they understand the fundamental principles of sound pedagogy. The first 
thirty pages are devoted to giving the child an idea of comparing objects of different size. 
For example, on the first page we find this: ‘‘Cut splints the same length as A, B, and C,”’ 
these letters referring to the pictures of sticks. ‘‘Show me the longest,” ‘‘show me the 
next longest,’’ ‘‘show me the shortest,” “‘show me the next shortest,” ete. By such exer- 
cises, which every child can mastes, it is led to simple work in numbers. The book is well 
written, beautifully-and tastefully printed and illustrated. ‘Teachers desiring a good pri- 
mary arithmetic will do well to adopt this work. B. F. F. 

An Elementary Physics for Secondary Schools. By Charles Burton Thwing, 
Ph. D., Professor of Physics in Knox College, formerly instructor in the Univer- 
sity of Wisconsin, author of Exercises in Physical Measurement, Part I., Princi- 
ples, Part II., Laboratory Exercises. 8vv. cloth, 871 pages. Price, $1.20. 
Boston ; Benj. H. Sanborn & Co., Publishers. 

During the past five years wonderful discoveries have been made in physics. These, 
though great as they seem, probably very feebly foreshadow those yet to be made during 
the first decade of the coming Twentieth century. These great discoveries, following each 


other in rapid succession, have made text-books written six or seven years ago obsolete. 


To put the principles of these discoveries clearly before the public, has necessitated the 
revision of all old works on physics and the writing of numerous new ones. Professor 
Thwing’s work belongs to the latter class, and the object of its publication is to give the 
average student of a secondary school a book scientific, accurate, and up-to-date. The 
only unfavorable criticism that may be offered is that some of the illustrations lack artis- 
tie effect. BL. EF. F, 
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Higher Algebra. By John F. Downey, M. A., C. E., Professor of Mathe- 
matics in the University of Minnesota, 8vo., cloth and leather back, 416 pages. 
Introduction price, $1.50. New York and Chicago: American Book Co. 

This work is written for the use of students in technical schools, colleges and uni- 
versities. Some of the characteristic features of this new book are: (1) The logical 
demonstrations, each theorem or general principle being followed by a concise logieal 
demonstration ; (2) Short processes are used instead of the longer ones in common use; 
(3) The subject of Maxima and Minima is discussed in a fuller and more systematic way 
than usual; (4) Differentiation of algebraic and logarithmic functions are introduced. 
Numerous exercises and problems are given in all the different subjects. B. F.F 


Holden’s Hlementary Astronomy. By Edward 8. Holden, M. A., Sc. D., 

LL. D., former Director of the Lick Observatory. With over 200 illustrations. 

Xiv-+446 pages, 12mo. Price, $1.20. New York: Henry Holt & Co. 1899, 

This new volume in the ‘‘American Science Series”’ is addressed especially to pupils 

who are studying the subject for the first time. The author has endeavored to overcome 

the difficulties of this study by a very full and gradual treatment of its elements. 

Elementary instruction in observation is an important feature. The book is one of excep- 
tional interest and merit. J. M. C. 


History of English Literature. By F. V.N. Painter, A. M., D. D., Pro- 
fessor of Modern Languages and Literature in Roanoke College. 697 pages. 
Boston: Sibley & Ducker. 1899. 


This work is an eminently practical text-book. It is characterized by judicious se- 
lection and wise omission. Unusual prominence has been given to the writers of the 
nineteenth century. The literary map, the list of books of reference, and that of ‘‘books 
worth reading” add much to the interest and value of the work. It is well printed and 
beautifully illustrated. , J.M.C. 


Plane Trigonometry with Tables. By Hlmer A. Lyman, Michigan State 
Normal School, and Edwin C. Goddard, University of Michigan. Price, $1.00. 
Boston: Allyn & Bacon. 1899. 


The book includes those portions of Plane Trigonometry studied in high school and 
college classes. The general character of the demonstrations, the early introduction of 
inverse functions, the extended practice in the use of logarithms, the use of oral work to 
aid in fixing formule in the mind, and frequent reviews, are some of the distinctive fea- 
tures. The trigonometric equation has received careful treatment, and in the-solution of 
triangles the division into cases has been abandoned. J. M. ©’ 


Essentials of Plane and Solid Geometry. By Webster Wells, S. B., Pro- 
fessor of Mathematics in the Massachusetts Institute of Technology. 407 pages. 
Price, $1.25. Boston: D.C. Heath & Co. 1899. 

In many of its features this work is similar to the author’s Revised Plane and Solid 
Geometry, but important improvements have been introduced. The definitions and dem- 
onstrations are characterized by clearness, brevity, and accuracy. The book abounds in 


well-chosen and well-arranged exercises with excellent figures and suggestions. It ranks 
well with the very best books of its kind. J. M,C, 


Mental Arithmetic. By Edward Weidenhamer, Ph. B. 173 pages. Cloth. 
Price, 85 cents. Harrisburg, Pa.: R. L. Myers &. Co. 1898, 1899. 


This book begins with simple problems and proceeds by easy steps to those that are 
more difficult. The supply of problems is abundant, and in other respects this is a very 
satisfactory text. J. M.C., 
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The New Complete Arithmetic. By David M. Sensenig, M.S., and Robert F. 
Anderson, A. M., Instructors in Mathematics, State Normal School, West Ches- 
ter, Pa. 427 pages. Price, 90 cents. Boston: Silver, Burdett & Co. 1900. 

This book is designed to furnist to high schools, academies, and normal schools a 
complete treatise suitable for grades about to finish this branch of study. Under each 
subject examples of different types are solved in a manner calculated to direct attention 


to the logical steps involved. The very full treatment of business papers is a prominent 
feature. J. M.C. 


The Klements of Arithmetic. By Ella M. Pierce, Supervisor of Schools, 
Providence, R. I. 149 pages. Price, 86 cents. Boston: Silver, Burdett & 
Co. 1900. 


This book is intended for children of the third school year and covers the funda- 
mental processes through numbers to one hundred. The lessons are simple and are well 
fitted to the age of the children for whom they are intended. J.M.C. 


The Wooster Arithmetic—Grade I. By Lizzie E. Wooster. 112 pages. 
Cloth. Price, 25 cents. Topeka, Kansas: Crane & Co. 1899. 


This book is intended for pupils in the first grade. and aims to do away with too 
much drill work upon the blackboard. The work advances by easy steps, and the number 
and variety of exercises are adequate. J. M.C. 


The Elements of the Differential and Integral Calculus. By J. W. A. 
Young, Assistant Professor of Mathematical Pedagogy in the University of 
Chicago, and C. E. Linebarger, Instructor in Chemistry and Physics in the Lake 
View High School, Chicago. 410 pages. New York; D. Appleton &Co. 1900. 


The present text is based closely upon the valuable German work of Professors 
Nernst and Schonflies which appeared in 1895. The fundamental principles and methods 
have been carefully treated in a manner that is in harmony with the more strict treat- 
ment possible in more extended treatises. The first chapter consists of an introduction to 
Analytic Geometry. Distinctive features are the exclusive use of the methods of limits, 
and the liberal use of illustrative examples from the natural sciences. The book has many 
points of excellence. J.M.C., 


The Gospel According to Darwin. By Woods Hutchinson, A. M., M. D., 
of the University of Buffalo. 8vo. Paper cover. xil+241 pages. Price, 50 
cents. 

In this book the author has attempted to give merely a birds-eye-view of the influ- 
ences affecting human hope and human happiness from the standpoint of that view of the 
universe and that attitude towards it which is best expressed by the term ‘‘Darwinism.’’ 
In its pages are discussed in a very charming manner many of the themes that are most 
important to the human race. BL. F.F. 


We are indebted to Mr. C. M. Parker, Editor of The School News and 
Practical Educator, Taylorville, Ill., for copies of his valuable journal, contain- 
ing a series of articles on Primary Number Work, by Prof. G. B. Longan. 

J. M.C. 


The following periodicals have been received since our last issue: Jour- 
nal de Mathématiques Elémentaires, 15 Juillet 1900; L’Intermédiaire des Mathé- 
maticiens, Juillet 1900; Notes and Queries, September, 1900; The Mathematical 
Gazette, July, 1900; The Educational Times, August, 1900; American Journal of 
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Mathematics, July, 1900; The Kansas University Quarterly, Proceedings of Lon- 
don Mathematical Society, Vol. XX XI., Periodico di Matematica. J.M.C. 


The American Monthiy Review of Reviews. An International Illustrated 
Monthly Magazine, edited by Dr. Albert Shaw. Price, $2.50 per year in 
advance. Single number, 25 cents: The Review of Reviews Co., New York. 

In the September Review of Reviews will be found a comprehensive treatment of the 
“Imperialism” issue, with particular reference to Mr. Bryan’s Indianapolis speech. The 
editor’s review of Mr. Bryan’s Philippine propositions will be read with interest, alike by 
the adherents and the opponents of the Democratic candidate’s policy. B. F. F. 


The Literary Digest. A Weekly Compendium of the Contemporaneous 
Thought of the World. Price, $3.00 per year in advance. Single number, 10 
cents. Funk & Wagnalls Co., Publishers, 80 Lafayette Place, New York. 


A journal for the school and the home. In it is given a resumé of every important 
event in the civilized world. B. F. F. 


The Cosmopolitan. An International Illustrated Monthly Magazine. Hd- 
ited and published by John Brisben Walker. Price, $1.00 per year in advance. 
Single numbers, 10 cents. Irvington-on-the-Hudson. 

Each number of this magazine is worth many times the yearly subscription price. 


In it culminates artistic excellence in magazine publications. B. F. F. 
ERRATA. 
Vol. VII, No. 4, page 104, second solution, the last line but two, for ‘‘37.7” 
read 31.5. 
On line below the one just referred to, for ‘‘74.5’’ read 73. 


Sabr? 
8¢)/(a?—r?) 
On same page, instead of line 8, read —$abj/(a?—r?) Fe, 27). 
In No. 5, page 146, Problem 111, Calculus, for ‘‘of a hyperboloid or of a parabo- 

loid,’’ read, of a paraboloid or of a paraboloid. 


On page 110, of the same number, for line 6, read — 


F(e, #7). 
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AN ELEMENTARY EXPOSITION OF GRASSMANN’S “AUSDEH- 
NUNGSLEHRE,” OR THEORY OF EXTENSION. 


By JOS. V. COLLINS, Ph. D., Stevens Point, Wis. 


[Continued from the August-September Number. | 


CHAPTER VIII. 
INNER PRODUCTS,—NORMAL SYSTEMS,—PROJECTION, 


117. Derinrrtion.—The Inner Product of two units of any order is the 
relative product of the first and complement of the second. 

Thus the inner product of # and Fis [Z| FJ. 

Note.—Grassmann seems to have regarded the outer (52) and inner prod- 
ucts as different in nature. Butthey both obey the laws of combinatory multi- 
plication, the complement sign indicating a preliminary change to be made in the 
factor following it before it is combined with the other. 

118. The inner product of any two quantities 1s equal to the relative product 
of the first and complement of the second. 

Proor.—Let A=aA ,+...+a@,A,, B=3B,+...+8,B,, where A,,..., 
B,,..., are units. Also for the moment let >€ signify the inner product. 


Then [A < Blj=[(@,4, +. .+a,B,) x< C3, B, +. . inBn) | 


== Bay 5.| Ap < B,). (28) 
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Now since A,,..., B,,..., are units, [A, 9€ B,J=[A, | Bs]. (117) 
Then [A *& B]=2a,,[ A, | B,]===[a,A,.2 2; | Bs] (28) 
=(A23, | BJ=[A | 2%,B,] (58) =[A | B]. 


119, The inner product of two quantities of the same order is a number. 
For, letting 7 denote the order of each factor, the complement of the second fac- 
tor is of order n-r, and the product of the first factor which is of the order r and 
another which is of order n-r is of the nth order, 7. e. is a pure number. (61) 

CoROLLARY.—On account of the scalar value of the product, in this case 
[4 | B]=[B | 4]. 

120. The inner product of two equal units is unity, while that of two differ- 
ent units of the same order is zero. 

Thus [E, | B,]=1 (57), [E,| #,]=0. (43) 

121. If E,,..., Ey are wnits of any order, but all of the same order, then 


[A | Bl=[(e, 2, +...+a,F,) | 03,2, +. ..+3,281)] 
=, 5, +577, +. . LA AnIy. (120) 


122. If B=A an 121, we get what is called the inner square of A, which is 
denoted by A®; thus we have 


A®==aAF +ag+.. a,” 


123. Normal Systems.—DeErinition.—The numerical value of an exten- 
sive quantity A is defined as the positive square rvot of the inner square of A. 
This definition reminds one of the modulus in complex numbers. 

124, Derinition.—Two quantities (which do not equal zero) are said to 
be normal to each other if their inner product is zero. Two spaces are said to 
be every way (allseitig) normal to each other when each quantity in either space 
is normal to every quantity in the other space. 

125. DerrInrrtron.—A normal system of the nth order is a set of n numer- 
ically equal quantities of the first order of which each is normal to every other. 
If at the same time n is the order of the space, then such quantities constitute a 
perfect normal system. ‘The numerical value of these n quantities is at the same 
time the numerical value of the system. Every normal system whose numerical 
value is unity is called a simple system. 

126. Drerrnitrion.—By Circular Alteration is meant that transformation of 
a system by which two quantities a and b of the system are transformed respec- 
tively into va+yb and +(xb—ya), where w?+y?=1. The circular alteration is 
said to be positive or negative according as + or — is taken in the double sign. 

127. By circular alteration any normal system is transformed into another 
normal system having the same numerical value. 
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PRoor.—Suppose a, b,... to be the quantities of a normal system. 
Then, by definition, 


O=[a | b]=[a|¢c]=—[b |] c]—..., and a*#=b?=—c?=... 
Let now a change into a,=xa+yb and b into b,—+(xb—ya) where 


a -+y?=-1, We are to show thata,, b,,¢..+ constitute anormal system. We 
have 


a,2==(ca+yb)*==2?a?+y?b*, since [a | b]=0, 
==(%?+y?)a?=a*, by hypothesis. 
Similarly, we can prove b,2==b?. 
Also, [a, |b,]J=+[@a+yb) | (2b—ya)|=try(b2-~ a? )=0. 
Finally, [a, | e]=[laatyb)e]=ala | ]-+y[b | e]=0. 


Hence, by definition, a,, b,, ¢,... constitute a normal system. 
128. The combinatory product of quantities of a normal system is unaltered 


by positive circular alteration, and has its sign changed by negative circular alter- 
ation. 


Using the notation of 127, we have 
[a,b, ]=[@a+ yb) (ab—ya)]=2? [ab]—y? [ba] (84)=(a? + y? )[ab]=[ab]. 


129. All the quantities of a normal system are independent. 


Proor.—Suppose a, b,c,... to be quantities of a normal system. Let 
us assume for the moment that they are not independent and that 


a=jb+ye+... 
We multiply both sides by |[a. Then 
a2==3[b ]a]+ylela]+... 0. (124) 


But a?—0 contradicts the hypothesis in 124. Hence the quantities of a 
normal system are independent. 


130. The system of the original units (11) is a perfect normal system whose 
numerical value 1s unity (125). 


Proor.—Let ¢,,... @, be the original units. Then (120) 


€,%=e,*==. . .==e,2=1, and O=|[e, |e, J=... 


131. ProsEction.—Derrnition.—If n is the order of the space considered, 
a,....d@, are independent quantities of the first order, 4,. A,,...A, are the 
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multiplicative combinations of these quantities of any one class, A,,...A,» the 
multiplicative combinations of m of the same quantities a,, ...da, and 


A--a,A,+a,A,+. . A, A y+. . AA, 
A’=a,A,+@,A,+. . .Ay,Ay. 


A’ is called the projection of A on the space [a,, a), .. .dm] by exclusion 
of the space [dmii, .. .y)]. 

REMARK.—We have introduced here for want of a better the geometrical 
term projection to translate Zuriicklettung. Literally Zuriicklecttung means ‘‘lead- 
ing back.”’ 

1382. The projection A’ of a quantity A ona space B by exclusion of the 
space C is 
_[B.AC] 


A'= FBC) 


Proor.—Let the quantities be taken as in 131 and let 
[a,. 2 .Qy]=B, Lams. . .dnjJ=C. 
Then [AC]=[(a,A, +.. + a,Am + Ami1A mit: . .a,A,)C]7. 


But since A,,...A, are the combinations formed out of a,,...a, and 
Am+1,...A, those out of a,,...a, which are not at the same time combina- 
tions out of a,, .. .d,, then must each of the quantities Ami, ...A, contain at 
least one of the factors of a@m41,...@,, and thus must have a factor in common 
with C. Therefore the terms 


AmwaAmal, .. nA? 
are each equal to zero. (43) Hence 
[AC]=[(a,A,+...+4,,4,)C]=a,[A,C]+. ..+a,[AnC]. 
. [B.AC)=a,|B.A,C]+...+a,[B.A,,C]. 


Since now each of the quantities A,....A, consists of factors which are 
contained in B, then is each of the same incident to B. .Consequently, since the 
orders of B and C are together equal to n, by (72), we have 


[B.A,C]=[BC]A,,.. .[B.A,C]=[BC]A),, 
and therefore 


[B.AC]=[BC](a, A, +... +a ,An)=[BC]A’. 


Now since [BC] is a number, we get 


yr L—B. ACT 
[BC] 

133. If the projections taken in the same sense of the terms of an equation re- 
place those terms, the result 1s a true equation. 

Proor.—Let Q be the space on which the projection is made, AR that ex- 
cluded and [QR]=1. Then if the given equation is 


P=aA4+3B+... 

[PR] <a[AR]+A BR] +... 
and [Q.PR]=a[Q. AR] +1 Q.BR]+. . . 
or, P’=-aA' + 6B... 


where I’, 4’, ... are the projections of terms in the given equation. 

184. Drerrnition.—The projection A’ of a quantity A on a space / by ex- 
clusion of the space |B is called the normal projection. 

From 182 we have for the normal projection 


pp LBLALB) 
Be 
CHAPTER IX. 
INNER PRODUCTS, NORMAL SYSTEMS, AND PROJECTION IN GEOMETRY. 


135. Let z,; and z, be two unit vectors constituting a simple normal sys- 
tem of the second order. Then by definition 125 


1,t,—=1, and z, | z,==0, z, [| z,=—C. 


We have also by definition of complement (57) |[z,—7, and |z,=—z, 
since these values make 2, | 2,==2,2,==1, and 2, |2,=—72,2,—1 (87). Also 
[]z2,=—72, and {J z,.——z, (60). | 

Thus we see that taking the complement 
of a vector twice reverses it, 7. e. revolves it 
through 180°, so that we are led to suppose that 
taking it once would revolve the vector through 
90°. If this view of the complement can be 
shown to be consistent with the laws of the 


Ausdehnungslehre, we will adopt it. 
We have introduced above the following equations whose geometrical in- 


terpretation we append to each. 
(1) 242)==1=the unit of area (88). 
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(2) |z,—--72,, i. e. taking the complement of z, revolves it in the positive 
direction, opposite to the motion of the hands of a watch, into —z,. 

(3) 24 -$ 2.=72,(—7,)=0 (84). 

(4) Let p=«2,-+y2, be any vector in the plane. 
Then, 58, 


[p= 2,4 | ty =72g—Y2,. 


The last value shows that Jo is OA’, at right 
angles to OA. Thus here again taking the comple- 
ment of a vector revolves it through 90° in the posi- 
tive direction. 

136. Comparing now the last part of the preceding article with 126-127 we 
see that the system whose units are z; and z, is transformed by circular altera- 
tion into that whose units are pand|p, provided “*® +y?==1, which makes the tensors 
of the new vectors each equal to unity. Thus circular alteration turns each of 
the units through the same angle in the same direction. 

137. If €, and &, ure any two vectors, &, | €,==-0 is the condition that these 
two vectors are perpendicular to each other. 

For, [|€, denotes a vector perpendicular to ¢, and é, | é, =O denotes that 
€, and | €, coincide. 

138. Let z,, 2,, 2, be three unit vectors constituting a simple normal sys- 
tem of the third order. Then by Definition 125 


Lytytg==1, 24 | to=0, 2, | t3=0, 22 [ 2, ==0. 
We have also, by definition of complement (57), 
| 2,==lotg, | to==%321, | tg==t22 3 Ver ety. P= te, L325 (60). 


Thus we see (89) that the complement of a line is a plane, and the com- 


plement of a plane is a line. 
Let p21, + Yt, +22,==any line in space. Then, (58), 


Je=al2,+y] 2.42 | tg= [tots] +ylt52,] +2174 72] 


= [01g yt, )latg —21, )] (88, 84). 
By 89 the right member equals the plane 
segment formed with xz, —yz,and v3 —22,. 
Now yp is perpendicular to each of these 
vectors and therefore perpendicular to their 
plane. For 


[(az, +t. +22,) | (at, — yt, )] =O, and 


bo 
—" 
te 


[Cty +-Yyt, ets) | (27, —21,)]=9, 


since, by hypothesis, [z, | z, ]==0, etc. 

Hence the complement of a vector is a plane perpendicular to it. 

139. Prosectrons.-—Let pe, +yé, be given to find its projection on €, and 
Ey. respectively. 

Expressing » as the sum of its projections on €, and ¢,, we have 


betes | [éo.pé, | (132) == [pes | © 4 deed 


. [e,&, | 


 [é,&y | [é,€, | 


: Eo 
Lé2é,] 


since [vé,], and [vé, | are scalars in plane space. 
140. To express p as the sum of its projecttons on any three vectors &,, &9, &. 


_ [pes és] _ [oes és], 


qo E 


pe, €. ‘ 
“Teese |! t feeye ] p ered. (By 152. See&). 
2°38 - LE1E9%3, 


[€1&5& | 


?- 


141. To express p as the sum of its projections on any four points py, Po, 

P3. Pa: 
, LP PePsPal _[P PsPsPi] 
[pipePsPal) (Py PePaPal 


[LP PsP iPro), _lP Pi PePs] 1, (182), 


Do + 7 oO 
Pe LP :PePsP4| ; [Pi PoPsP 4] * 


See Articles 95 and 9. The substitution of py for p (76) in the last equa- 
tion may serve to throw light on this case of point projection. 

142, Since the formula of 182 is general in its application, the quantities 
in the equation of 140 may be all points, or all vectors, or all lines, or all plane 
vectors. In the equation of 141 the points may all be replaced by planes. 

143. Following Hermann Grassmann Jr. in his notes to the Ausdehnungs- 
lehre of 1862, we will illustrate the formula of 182 by some geometrical exam- 
ples. We suppose the quantities considered situated in solid space (4th order). 

(1) To find the projection A’ of A on B by exclusion of C where A and C are 
points and B is the plane segment, MN. 

A’ isthe point where CA pierces 6 taken such that 
A=nC+A’. For, multiplying both members of A=nC+ A’ 
by C, we have [AC]=[A’C]. Again multiplying B by 
both members of the last equation, we get [B.4dC]=[B.A'C]. 
But [B.A’C]=|BC]A’' (72); whence A’=-[B.AC]+[BC]. 
By symmetry nC is the projection of A on C by exclusion 
of B. 

(2) To find the projection A’ of the plane seqment 
A by exclusion of the point C, 

We have A=A’+P where P is in the plane 
passing through Cand the intersection of A and B. 

Proof follows lines of (1). Begin by multiply- 


ing through by C. 
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We have also 7 is the projection of A on C by exclusion of B as in (1). 
144. Suppose [7.q,q,] denotes a plane and [p,p,] a line. Then their 
stereometric product is a scaler times their point of intersection (111). Now let 


[Py P2-929394]=2P 1 +YP 2 = —[P 2909594]P 1 +LP 1929394 IP 2 


by multiplying the members of the first equation by p, and p, in turn, thus get- 
ting values for x and y. Now multiply the members of the last equation by 19s 
and at the same time write [909394] a8 |g, (188). Then 


[P1P. 14, ba2]=—[pelay dy, lae]+lp, lasdipe le] 


or [p.P2 bide] = Pr [ae Ps tae | (55, 64). 


Putting q,=p, and q.==p,. we have 
[p,pel? =p, °ps?—[P, | pel’. 
),=1 in the same equation, we have 
Po 14:92 )=[P. 142)-1¢:—[ Pe Laid |e. 


This equation holds also when the p’s are replaced by vectors. 
145. Suppose [p,p.p,] denotes a plane and La line. Then (111) 


[Pp PePsl] ap, +yp.t+2p3—=[PePsL|p,t+lpsp, L] pot [py pol|ps 


by multiplying through by [p.p3], [psp,], [p,p2] in turn, thus getting values 
for x,y,z. Now for L put |[q,q. and multiply the members by [q,. Then 


[P1PePs-19192-193]—lPoPs 149192 ]0P, 1493] 
+[p3Pi19.9e]LP.193]+0pi pe 1419ol[ps 14a]; 


lq, Pi lds 
os Pol. Pel | (55, 64, 144). 
4 


Py 
or. [DP PoP, 19192931= | Pe 
p P5192 Ps ls 


In this equation planes may be substituted for points. 


[To be Continued. | 
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TWENTY-FIFTH ANNIVERSARY OF PEDAGOGIC ACTIVITY 
OF VASILIEF. 


By HUGH A. MILLER, Kazan, Russia. 


Having read in your magazine [November, 1897] the biography of Alex- 
ander Vasilievitch Vasilief, and gathering from that article the estimation in 
which he is held, I thought that the American mathematical world might be in- 
terested to hear of the celebration by the Professor of his twenty-fifth year of 
pedagogic activity, at the ceremony in connection with which I had the honor to 
be present. 

On the 12th of December, the day of the anniversary, The Volga Messen- 
ger, one of the principal papers of Kazan, wrote an article in praise of Vasilief. 
It spoke of him as a man of science, as a professor, and also as an active spirit 
in public life. 

As aman of science Alexander Vasilievitch was possessed of remarkable 
knowledge in all branches of his subject, and moreover not content with possess- 
ing that knowledge, he had striven to impart it to his fellowmen by means of 
books, pamphlets, and public lectures ; of special value were his works on Lo- 
batchefsky, Tchebeshef, and Auguste Comte. 

As a professor he had taken the interests of all students to heart, and in 
his endeavor to improve their minds, he had inspired them with a love 
for science, and by his personal influence kept burning the sacred fire of 
enthusiasm. 

As an active spirit in public life, Vasilief had always done his best to for- 
ward the interests of society at large, especially devoting his attention to the 
wants and requirements of the masses, and directing his efforts to the raising of 
their intellectual and economical condition. 

His speeches on that subject had shown broad and progressive views, and 
had always met with the highest approval. 

Telegrams from all parts of Russia and Europe had been pouring in since 
the eve, and by 12 noon on the day itself the inhabitants of Kazan began to ar- 
rive in order to congratulate Vasilief in person. 

Among the first to come was a deputation of mathematical students, rep- 
resenting all four courses ; they bore an address bound in a handsome leather 
cover. The address was ‘‘To A. V. Vasilief on the occasion of the celebration of 
of his 25th year of pedagogic activity,’’ and while expressing the inability of the 
students duly to appreciate his work as a man of science and as an active spirit 
in public life, hoped to convey to Vasilief their feelings towards him as a man 
and as a professor. It was indeed a stroke of good fortune which gave them the 
honor to congratulate the professor, and in doing so they felt in truth, that they 
were only the representatives of many former pupils, whose voice tho’ unheard 
lent its approval to the sentiments expressed in the address. Students in all 
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corners of Russia owing their knowledge to Alexander Vasilievitch would 
remember him on this eventful day, and would join with them and the audience 
in wishing him a prolongation of his activity in the future. 

The Rector of the University then paid his tribute of respect to the 
talents, energy, and work of Professor Vasilief. To him was due the high stan- 
dard of mathematics maintained in the University, and also the revival of the 
memory of Lobatchefsky. 

A deputation of the Physico-Mathematical Society then came forward to 
congratulate the learned professor ; the spokesman was the dean of the mathe- 
matical faculty, and before beginning his address he handed Vasilief a-medal 
commemorating his election as honorary member of the society of which Alex- 
ander Vasilievitch is already president. 

The dean then expressed it as his opinion, that Vasilief’s unparalleled 
activity in the Physico-Mathematical Society could hardly be sufficiently appre- 
ciated. Under his auspices the society which formerly existed as a branch of 
the Natural Science Society became an independent body, and it was due to his 
energy that this body had become famous in the world of science. 

Its new existence had been marked by the appearance, thanks to Vasilief, 
of periodical editions of the Society’s Magazine. 

He had besides organized public lectures on the system of the ‘‘ University 
Extension,’’ and needless to say they were crowned with brilliant success. But 
his chief service to science consisted in his rescuing Lobachefsky from undeserv- 
ed oblivion, and handing his name down to posterity. Highly appreciating all 
these services which left behind them ineffaceable traces the ‘‘Physico-Mathe- 
matical Society had resolved to express its gratitude by hanging the portrait of 
Alexander Vasilievitch in the Lobatchevsky Library, as the portrait of its chief 
founder and active supporter.’’ 

The numerous congratulatory letters and telegrams were then read out. 
They came from nearly all Russian mathematical professors, from all Russian 
mathematical societies, and also from numerous friends and admirers in various 
parts of Europe. Amongst the number was one from the St. Petersburg peda- 
gogue Shochor-Troitsky : ‘‘We honor,’’ wrote the professor, ‘‘not only the 
mathematician who thinks in a philosophical and historical manner, but a man 
of initiative who will never be forgotton in the history of Russian mathematics.”’ 


Kasan, Russia, January 13, 1900, 
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NOTE ON THE GENERAL EQUATION OF THE SECOND 
DEGREE. 


By GEORGE BR. DEAN, Missouri School of Mines, Rolla, Mo. 


This paper is written for the benefit of the average sophomore who gets 
very little benefit out of the general discussion given in most text-books, and in 
most cases is bewildered with details. 


Let the directrix be xcosa+ysina—p—O0, focus (A, k), eccentricity e. Then 
the equation of the conic is 


(1—e? cos? a)a? —2e?sinacosaxy+(1—e?sin? a)y? — 2(h—e*® peosa)x 
+2(k—e®psina)y+h? +h? —e?p?—0. 
Comparing this with the equation 
ax? +2bay+ecy® +2dx+ 2ey+f-=0, 


we have the six equations, 


1—e®cos?a=an... (1). (l—e®sin?’a)=en . .. (2). 
—2e?sinacosa=2bn...(8). h—e*pcosa=—dn... (4). 


k—e? psina=-—en... (5), h?+tk?—e®pr2=jfn... (6). 
Eliminating @ between (1) and (2), 


2—e* 


ate - 


2—e°=(a+e)n, or n== 


(7). 


Subtracting the square of (3) from the product of (1) and (2), 


ez —1 


1—e? =(ac--b?)n*, or n2 ===... . 
( n*, ,2 ae 


. (8), 


Since n? is positive, e?—1 and b? —ac must have the same sign. 
Eliminating » between (7) and (8) and solving for e*, 


2 late}? +4b—ac)] t(ate)y (ate)? +46? = a0) _ 
_ 2(b? —ac) 


The value of e? being positive, the negative value is rejected. 


oo, 2—e? , 
Substituting in n= mn is found. 


€ 
ate’ 
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Krom (1) and (2), costa 
From (3), sin2a@ aoe 


These equations determine @ without ambiguity. Substituting for a, e, 
nm in the equations 


h—e?pcosa==—dn, 
k—e? psina=—en, 


h? Lk? —e2p?—Ffn, 


and solving for h, k, p, the curve is completely determined. 
The solution of these last equations will be much simpler if the given 
equation is first transformed to the center, for we will then have 


h==e?peosa, k=e®psina, h? +k? —e®p?=/'n, 


f’ being obtained by substituting the codrdinates of the center in the left hand 
member of the given equation. 
If a’==semi-major axis,b'==semi-minor axis, we have a’==ep,b =a |/(1—e?). 
Let us take the equation 3x7 -++2ry+dy? — 16y+20=0. 
Transformed to centre (—1, 5), 8e?-+2ry+3y? —4=0, we find 
—3 


r =, sin2a=—1, cos2a—(, 
) 


2 
e®=—=3, n==- 


as=135°, h=— Pe, b=, pHt2, a=])72, D'=1, 
1 8 1 8 
In general the equations for h, k, p give two values of each quantity show- 
ing that the conic has two directrices and two foci. 
If e==1, then h—peosa=—dn, k=—psina=—en, h? +k?—p*=fn. The 
terms containing p? cancel, showing that the parabola has one directrix and one 
focus at infinity. 


INTEGRATION OF ELLIPTIC INTEGRALS. 


By G. B. M. ZERR, A. M., Ph. D., Professor of Chemistry and Physics, The Temple College, Philadelphia, Pa. 


{Continued from April Number. | 


- B nn (i 
0 8 ag (te? —2ecos@)? 


4 
= Sage RE be) — Ce Fe, Ba], . (64). 


B 1 (" cospd@ 
Jo (1+e? —2ecos@): 


_. rar apt hm) —(1-4+202)F(e, }2)] ....(65). 


aS, 
0 (l1+e?— oe 


4 


oo: 3a (i— eet BU + e*) Mle, 37) —(5—22e* —8e*) Fe, 27)]...... (66). 
_ i oo cospd@p 
o (1+e? —2ecos@)3 


4 


= Beetaesye LA + Me* 04) Ce, 47) — C1 +e? —7e4) Fe, 47))... .(67). 


ol 2a dp _ 4 _ , 9 
Do = a Jo (1+e? —2ecosp)i ——-« 15 7(1—e?)8 [2(23 + 82e 


+28¢e4)E(e, $7)—(81+51le? —67e4 —15e® ) Fle, ¢77)].... (68). 


These expressions are also useful in finding the disturbing force between 
two planets. 

Before dealing with general expressions we will find expressions contain- 
ing the EHiliptic Integral of the third order. 


mn ao 
= Le re 9). 
JS, (1--esin® #))“(1—e? sin? 4) HI(e, ¢, 37) (69) 


fc" sin? ddé 1 1" [((1+csin? 6)—1]d6 
0 (1+esin?4),/(1—e?sin®?@) 0 (1-Fesin? 4))/(1—e?sin? 9) 


1 ag ol —f" add 
ec Jo 7/(—e’sin?4) o (1+esin? 4),)/(1—e*sin? 4) 


1 
=e, H)—I11(e, 6, FT)] wee ee vee eee, (70). 
f" cos? 4dé =f" (1—sin? 4)d6 
o (1+esin?4@),/(1—e?sin?@) J 9 (1+esin® 9))/(1—e? sin? 4) 
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] 
= Le + ile, c, 27)—P(e, tm] .......... (71). 
(" sint dé — 1 gC +esin? @)? 201 +esin? 6+ 1] dé 
o (1+esin? 4) (1—e?sin® 4) ak Sg (1-+csin?@),;“(1—e? sin? 6) 
i dé 1 fee (csin? 6—13d6 
ck J yg (1 +esin? Ay U—esine) 0 vy (1—e®sin? 4) 
= , 27)—ch(e, 47)+e*ll(e, c, t7)]....... (72). 
{" cost dé —(" — (l—2sin?¢+sint#)dé | 
o (1+esin? 4), (1—e®sin®? 4) 0 (1+ csin®? @),(1—e? sin? 4A) 
- > ¢@? , ¢, 4m)—cH(e, 7)+(c—e? —2ce?) Fle, 77) |. .(78). 
{" sin? 6cos* Ad _ (" (sin?6—sin*)d6 
o (1+esin®? A))/(1—e®sin?4) J 9 (1+esin?#))“(1—e?sin? 6) 
1 . 
=e [cH(e, 47)+(ce? + e? —c) Fe, 37) —(o+ l)e* lle, ¢, 7)]........00.. (74). 
_ sin’ Adé _ =" (1-+-csin®?@)§—(1+8esin®0+s8e*sin40}]dé 
Jo (1+csin? A)y ‘(1—e?sin? 4) © os J 9 (1-+-csin? 4), (1—e?sin? 6) 


1 
= pil (Bet— Bee? +-0%e? 4202) Fle, $77) —SeAT Tle, ¢, 477) 
vo 2 


— (267 +20? 6? —3ce?) He, d7)].... cee eee ee (75). 
ft" sin* Acos® dd _ -{" (sinté—sin®4@)dé 
o (1+esin? 4) /UA—e? sin? 4) ~ o (1+csin® 9),)/(1—e?sin?9) 
=353 sqpalBetle +1) Mee, c, 3@)+(2c? —c* e? -—38ce" )H(e, $7) 
— (8e4—8ce? + 2c? —2c%e? +8ce*) Fle, t7)] ...... (76). 
i sin? Acos46d6 fen sin4 cos? 4)dé 
o (1+esin? 7), (1—e? sin? 0) 9 (1+csin?é@),/(1—e? sin?) 


= 353, [Be +3c¢*%et—S8ce? + 6cet —5c? e? +2c?) Fe, $7) 


—3e4(c+1)*L(e, c, 37)—(2c? —4c? e? —3ce? Ele, 7)]........ (77). 


cr coss dt 


0 (1-esin? 6))/(1 —e?sin 2) ~ 


f° (cos4#—sin 2 cos? 4)d6 
J 0 (1-esin? AG “(1—e? sin? 6) 
—_ 1 


3 napa lvet(e + 1)* IIe, c, 37) +(2c? —Te7e? —8ce?)E(e, $7) 


1 
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— (det +9c%e4 —3ce? +9ce4 — 8c? e? +2c?) Fe, 37)]... 


iM sin’ 6d6 


Loewe eee (78). 
0 (i+esin® 4))/(1—e*® sin? @) 

_ 1 [(1 sin? #)4— (1+ 4esin® 6+ 6c2ain4 O-+4e%sin © A) dA 
Ct 4 (1--esin? 6); (1—e? sin? ® 


1 a (1+csin®@)°d6 1 a7 (114csin? 6+ 6c? sint#+4c%sin®A)d6 
c47 9 y (1—e*sin*@) c+) 9 


(1+esin® 4),/(1—e*sin? 4) 
15c*e& 


[ (8c? +8c% e? +4¢% e4 —10c? e? — 5c® e4 + 15ce* —15e%) P(e, $7) 


sin’ #cos? ddd 


+ 15e% IIe, c, $7)— (8c +7c3 6? +863 et — 102 e? —10¢7 et + 15ce* Ke, 37)|..(79) 
J, teint, ce sintay J, 


(sin®d0—sin8A)dé 


“(1+esin?¢)y (1—e?sin?¢) 
150 


[(8c® —8ce%e? —2c%e4-— 10c? e” +5c? e4 + 15ce*) He, $77) 
— 15e%(c+1)/T(e, ¢, 37 )—(8c8 — 703 6? —c8 e4*—10¢?% e* 


+10c? e* + 15¢ce4 — 15ce® —15e® ) Fe, 77)] 
(- sin* @cos4 dé 


(80), 
_ ("in Boost Hsin! Host 
o (1tesin?4),;7(1—e?sin? 4) J 9 (1+esin??))/(1—e?sin?@) 
— FTReige Lido let It Mle, c, $7)— (8c? — 18c2 e2 +3c¢3 4 —10¢? 6? + 20c? e4 
+ 15ce*)H(e, $7)+ (8c3 —17e%e? +9¢% e* — 10? e? +25c¢? e4 
+ 15ce* —30ce® — 157 e6 —15e*) Fe, g7)]........ (81). 
in sin? Gcos* dé = (Sin eos Sn eon 
0 (1+esin?4))/(1—e?sin®? 6) 


0 (1+csin?4);“(1—e? sin? 6) 
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= epg [(8e8 — 2808 4.980304 —10c2 e2 +35c2e4-+15c04) Ele, $77) 


—15e8&(ce+1)8 le, ¢, $7) (80? —27c%e? +84c% e4 — 106? e* 
+ 40c® e4 + 15ce4-— 15¢% 66 — 457% e§ — 15e8) Fle, d7)]. 0-06.06 02 ee. (82). 
(" cos&ddd _ c" (cos*é—cos® ésin2 A)d 
Jo (1+esin?¢))/(1—e®sin? 4) J 9 (1+esin?4),/(1—e*sin? 0) 


os 
—oo0 


== eae L15e8(e+1)* le, ¢, 42)—(8e8 


c8e" + 58c%e4— 10c2e? +50c? 4 
+ 15cet)E(e, 37)+(8c3 —87c%e? +74c% e4 -- 10c? e? +-55c* e4 


-+-15¢ce4 — 60c? e& — 90c? 6 — 60ce® —15e°) Fle, d7)]..........-. (83). 
_— sin! °@dé ee (1+-csin? @)*d@ 
o (1+esin? 4); (1—e? sin? 4) 


0  (l—e?sin? 4) 


fe 5esin? 6+ 10¢?sin4 6+ 10c3sin&6+5c¢4sin§@)dé 
(1-+esin?@),/(1--e? sin?) 


= ORE mae L(48e4 +1604 e? + 17% 04 + 24c%e° 


— 56c%e? —21c%e4 —28c3e8 


+70c*? ef +385c? e6 — 105ce® +105e8) Fe, 37)— (48c4+-40c4 e* 


+40c4e4 +48¢4 e8 —56c3 e® —49c3¢4 — 56c*% e® +70c? et + 70c* e® 
—105ce* )E(e, $7)—105e8 LT (e, c, 7)]. 0-6 ee ee eee 


As the foregoing are ample for illustration 
considerations. 


we will proceed to other 


|To be Continued. | 
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SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 
131. Proposed by M. A. GRUBER. A. M., War Department, Washington, D. C. 

A right frustuin of a cone whose radii of the bases are rand s, r~s, is to be divided 
into » parts of equal volume by sections parallel to the bases. What are the altitudes of 
the respective parts ? 

| Solution by the PROPOSER. 
Let BCE D=section of given frustum through the centers of the bases. 
Produce DB and EC until they meet in A; and 
draw AG perpendicular to DE. Then Af and AG== @ 
the respective altitudes of cones ABC and ADE; FG 
—=altitude of given frustum ; DG==r, and BF==s. | 
Draw HK parallel to DE so that the frustum ioe 
with altitude FL is m/n part of the entire frustum. a 
Put a=FG ; and let s=AF, yy,==AL, and z,,=—HHL. 
The similar triangles ABP and A DG give r:a+a—=si7 3 or tia=sir—s. 


as ar 
ayaa, andata== -—-. 
r—s r—s 
3 3 
may Tras® 
= volume of cone ADE; ——--—- =volume of cone ALC; 
Oo), ; > / , ? 
ol ¢—8) IL-8 


drra(r?+s?+rs)-=volume of given frustum BCED ; 


mamin 8 FT) volume of frustum BCK FH ; 
e nN 


3 (A) mm 4 3 
and -"“ Lain? (ma m)s"] =volume of cone AHA—=cone ALC +frustum BCKH. 


on(r—s) 


From the similar volumes, cones ADE and AHK, we have 


Bir—s) Bu(r— 8) 


mar®  — — wralinr?§ +-(n—m)s* | = ( ar yr 


oY — Bn? fine? + (nr — mn) s*], 
fm nir— 8) | L )s? ] 


at ee 
ANd Ym ope: oo PO? Cm +d 8 n—m—1)s?). 
Um 1 n(r—s) Y ; [( + / + ( m )s | 
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. a 
© Ym 417 Ua 


Almay Mm 1)? FM m— 1) 88] — vn [mre Lin—m)s*]}, 


which is the general value for the respective altitudes of the n equal parts of the 
given frustum. 


The limits of m are zero and n. 


as a 
Yy av pg and Yn SBT OS a 


Hence as the altitudes of the equal parts diminish from s to r, y; —Y)>= 
the greatest altitude and y,—Yn_1=the least altitude. 


The radius of the mth section is —— 3/92 [anv + (2 —m)s* J, 

Put a==12, r=38, s=2, and n=—4. 

Then Ym +41—Ym= 64 [20 9m+51)] — ¥ [209m+82)]}. 

Whence y,—y,—6[}/(102)—4]=4.034 ; yp —y, =6[ 7% (140) — 7’ 102] = 
3.121; y,—Yo=6[ (178) —y¥ (140) ] =2.596 ; and y,—y,=—6[ 6 — 7¥ (178) J = 2.249. 

Also z,-=37/ (102) =2.336 ; 2,3) (140) =2.596 ; and z, =37¥ (178) =2.812. 


Also solved in a very excellent manner by G. B. M. ZERR, and J. SCHEFFER. 


ALGEBRA. 


— 


107. Proposed by CHARLES E. MYERS, Canton, Ohio. 
Given xvyz—18....(1); v7? +y? +2?==88....(2); and (#*—yz)?§+(y? —22)3 
+ (2? — ay) —3(a2 — yz) (y? — a2) (2? —xy)=6561....(8); to find x, y, and z. 


I. Solution by M. A. GRUBER, A. M., War Department, Washington, D. C. 


Expanding, uniting terms, and extracting square root of [8], we have 
a3 +y3 +23 —38eyz—81....[4]. 
Substituting ryz=18, and transposing, [4] becomes 
ws +yi +23=-135....[8]. 


Put y=ae+4, and z=«—v. 
Then, [1] becomes x? —avy?=18....[6], 
[2] becomes 82? +2v?=—33....[7], 
and [5] becomes 38x3-+6zv? 185 ...[8]. 
From [6] and [8], we readily find s=—38. Whence v=+}7/38. 
',e=38, y=3 71/3, and z= F //d. 


22,5 


II. Solution by HARRY S. VANDIVER, Bala, Pa. 
vyz—a=—18....(1). 


w? ty? +27 —b=388....(2). 
(2? —yz)8 +-(y? —az)3 + (2? —xy)? —8(a? — yz) (y? — az) (2? — vy) —c— 6561 .... (8). 
Factoring (8) and using the customary notation for symmetric functions, 


we have 


(22)*( 24° — 2ay)?=+te 
whence (2%)( 24? — Say)=+1/%c....(A4). 
Now assume that x, y and z are the roots of the cubic 
vi—mv? +nv—p=0....(5), 


and we are to determine m,n and p. From (1) we have p=a. Also we have 
identically, 


(Sx)? =De2—2Daxy....(5). 


Then from (2), (4) and (5) we have the following equations to determine 
mandn: 


m(b—n)=+], ¢, m?=b—2n. 


hliminating and substituting, we find that the original system is equiva- 
lent to 


| m3 + bm #F 2)/c=0....(6) 
ve —mv? + [b+ (y/ c/m)ju—a==0....(7) 


where v2, y or z, and 7c has the same sign in both equations. 

Of course, this system may be algebraically solved only in special cases, 
but substituting the given numerical values we obtain, writing (6) and (7) as two 
systems, 


m?+33m-+ 162—0. 
ve —mv? + [83 + (81/m)]v—18==0. 


m+3dm— 162—0. 
v>--mv* +[83 —(81/m)]v—18=—0. 


Both systems admit of being solved by Cardan’s Method, giving 9 values 
for v in each—1 real and 8 imaginary. 


Also solved by H. W. KEATING, Pittsburg, Pa., HLMER SCHUYLER, J. SCHEFFER, G. B. M. 
ZEER, and COOPER D. SCHMITT. 
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GEOMETRY. 


133. Proposed by P. C. CULLEN, Principal of Public Schools, Indianola, Neb. 


If the two bisectors, trisectors, quadrasectors, ete., of a triangle are mutually equal, 
show that the triangle is isosceles. 


I. Discussion by BENJ. F. YANNEY, A. M., Professor of Mathematics, Mount Union College, Alliance, O. 


Hight different ‘‘proofs’’ of this theorem have thus far appeared in THE 
AMERICAN MATHEMATICAL Montury. It is proposed in this note to point out 
some fallacious, or otherwise unsatisfactory reasoning in the demonstrations 
used. 

I. Vol. II, No. 5, page 157. 

The weak point in this is the apparent assumption that points O and N 
always fall within the side AB. Now, in the absence of definite knowledge to 
the contrary, we must assume that point O, for instance, may fall between A and 
B, on A, or in BA produced. So, either it must be proved that O can fall only 
between A and B, or else each of the other two cases must be considered, before 
the truth of the theorem is established. 

II. Vol. II, No. 6, page 189. 

Aside from the fact that this demonstration is unintelligible to the student 
merely of geometry, it is quite evident that there exist other relations between 
v and y than the one selected. Hence, barring the knowledge we may have from 
other sources, in this method there lurks the suspicion that the hypothesis of 
equal bisectors may yield also other than isosceles triangles. That is to say, 
‘o-=y’? ig not the only conclusion that can be drawn from the premises. 

III. Vol. Il, No. 6, page 190. 

Here the fallacy is in assuming BD.DC<BE.AE,simply because 7 A< 7 C. 
With as much show of reason we might say, since lO<T2, and 5, a part of 10, 
<93, a part of 12, therefore 5.5<93.23. 

1V. Vol. II, No. 6, page 160. 

A most flagrant fallacy les on the surface of the statement: ‘‘Now the 
right triangles AFL and ADK are similar, respectively, to AFN and AGM. But 
these last triangles are equal, and hence the triangles AFL and ADK are equal.’’ 

V. Vol. II, No. 6, page 160. 

The fallacy here lies in the reasoning that the greater the arc, the greater 
the chord, which is necessarily true only when the arcs are less than a semi-cir- 
cumference. 

VI. Vol. V, No. 4, page 108. 

This is the same ‘‘proof’’ as V above. 

VII. Vol. V, No. 4, page 108. 

The last statement in the first paragraph vitiates this demonstration. Be- 
eause £ ACO> / ABO, it does not follow that AK> AF; although it is true that 
if ZACB> Z ABC, then ABS>AC. But in the latter case, we have different 
criteria than in the former. 
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The only valid proofs among all the number in the Montruty are the fol- 
lowing: VI, Vol. II, No. 6, page 189, and III, Vol. V, No. 4, page 109. 


II. Demonstratfon by B. F. FINKEL, A. M., M. Sc., Professor of Mathematics and Physics, Drury College, 
Springfield, Mo. ' 


Let ABC be atriangle such that the bisectors AD and BE, of the angles 
A and B, respectively, are equal. About the triangles 
ADC and BEC describe circles. These circles are equal, 
since the chords AD and BE are equal, by hypothesis, 
and the arcs subtended by these chords, each being the 
measure of the angle C. 

Therefore the chords BF and DF are equal, since 
each is subtended by thé equal arcs BF and DF, which 
measure the angle FCB. In likemanner,thechords 4 _ aloes 
and HI’ are equal. Therefore the triangles AFD and BFE are equal. and hence 
the perpendicular from F to AD is equal to the perpendicular from Fito BD, 
Therefore OF bisects the angle AOK, Since O is the in-center, the line CO bi- 
sects the angle C, and, therefore, CO produced passes through the middle points 
of P and Q of the equal arcs AFD and BFE, respectively,—points equally dis- 
tant from AD and BE, and, therefore, on opposite sides of the line OF". Hence 
the points P and Q must coincide with F, and the line AOF bisects both the 
angle ACB and AOC. Hence, since AO equals BPO, and CO equals CO, and the 
angle ACO equals the angle BCO, the side AC equals the side BC, and the tri- 
angle is isosceles. 

The same proof applies for the trisectors, quadrisectors, etc. 


Notrr.—The above demonstration is adapted from a demonstration, inthe /ducation- 
al Times, London, England, by D. Biddle, editor of the Mathematical Department of that 
magazine. This seems to me to be a rigorous and direct demonstration and the simplest 
and most satisfactory that I have ever seen. 

Mr. J. 8S. Mackey says, in the Kducational Times, ‘‘A direct proof of this question 
will be found in the London. Edinburgh, and Dublin Philosophical Magazine (Fourth Series), 
Vol. XLVII, pages 354-7 (1874).’’ Mr. R. Tucker, in the same magazine, says, ‘‘This ques- 
tion was proposed as question 1907, in the Ludy’s and Gentleman’s Diary for 1856, and is 
solved on page 58 (1857) by Messrs. T. T. Wilkinson, J. W. Elliott (the proposer), and an- 
alytically by others. Mr. Wilkinson returns to the problem in his ‘Note Geometrice’ in 
the Diary for 1859, page 87. An historical note is added on page 88 which traces the ques- 
tion back to the Nouvelles Annales for 1842. Professor Sylvester drew attention to the sub- 
ject in the Philosophical Magazine for November, 1852. Dr. Adamson further discusses the 
matter in the Philosophical Magazine for April, May, and June, 1853. The best article I 
know on question 1907 (Diary), appears in section 11 of Wilkinson’s ‘Note Geometric’ in 
the Diary for 1860, pages 84-86, with a neat proof by Rev. W. Mason. I find that the above 
references are given in Dr. Mackay’s Fuclid, Page 108. In the key to this work, 
Dr. Mackay prints a proof by M. Descube.”’ 

Mr. W. J. Greenstreet, in the same journal, the Educational Times, says, ‘‘For this 
and the similar theorem for two symmedians, see Intermediarie des Mathématicians, Vol. 
TI (1895), pages 151, 325, If the external bisectors of 4 and B are equal, it does not fol- 
low that the triangles are isosceles. The data lead to 4Rr1 = a2 + be in the triangle sides 
a,b, e(V, Mathesis, page 261, 1895).’’ 
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This theorem has been published in the Monrnty three times already in the seven 
years of the Montmty’s existence, and has been proposed for publication an innumerable 
number of times. We have given it considerable attention inasmuch as it has been con- 
sidered by such noted mathematicians as Professor Sylvester. It is said that Dr. Todhun- 
ter tried to find a direct proof of it, but failed. Being the converse of the very simple 
theorem, The bisectors of the base angles of an isosceles triungle are equal, one hastily infers 
that the proof of it is quite easy. But such is not the case, as is readily seen when a sim- 
ple and direct proof is attempted, and also from a study of the history of the theorem. 

We hope that the above demonstration will be appreciated by our readers, and that 
in the future efforts, if any, will be made to give simpler proofs than this one. 

Demonstrations were again furnished by G. B. M. Zerr, P. C. Cullen, George B. 
Birkhoff. We also received a few demonstrations that contained fallacies. 

The fallacy in proof V, of Vol. IT was also pointed out by Dr. E. 8. Loomis of Cleve- 
land, Ohio. 


. THE PYTHAGOREAN PROPOSITION. 


Prof. D. A. Lehman, Baldwin University, Berea, Ohio, offers the follow- 
ing proof of the Pythagorean Proposition : 

Given triangle ALC right angled at C, to prove c? ==a? 4+ b?, 

Draw AD parallel to CB, BD parallel to AC, CE perpendicular to AB, 
(cutting BD at F, and AB at Kk), HF parallel to CB, and DE parallel to AB. 

Of the nine similar triangles thus made, let us con- 
sider three: (1) ABC, (2) FBC, (3) DEF. 

In (1) and (2), FB: a=a:b;.°. FB=a?/b. Also 
CF: c==a: bh; .°. CP=ac/b. 


Now DF=DB—FB=b— a? /b =—-—_. 


22 1 2__ 42 
In (8) and (1). AF: a! . a c; BF = 4 p —), 


ABC=3DBCA =tab ={-CE=[CF + FE] =| 9" + £(25 a) | 
3 2 3 
=> = ars" |. 1. @., b= ae > or c?==-a2-+b?*. 
Dr. E. 8. Loomis, Professur of Mathematics in the West Cleveland High 
School, contributes the following interesting results on Magic Squares : 
Suppose in the above figure that the sides AC, BC, and AB are 4, 8, and 
5, respectively. On these side construct squares containing 16, 9, and 25 unit 
squares. In the first row of unit squares along AC put the numbers 
16, 6, 65, 19; in the next row above this, put 
the numbers 11, 18, 14, 8; in the next row above this, put 
the numbers 15, 9, 10, 12; 
inthe next 4, 18, 17, 7. 
These numbers added horizontally, vertically, or diagonally give a sum 
of 46. 
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In like manner, place the following numbers as described above along 
CB beginning at C. 
48, 47, 52 
538, 49, 45 
46, 57, 50 
These numbers, when added horizontally, vertically, or diagonally, give 
a sum==147, 
In the same way, place the following numbers in the unit square along 
AB beginning at A. 
15, 16, 33, 30, 31 
37, 22, 27, 26, 18 
06, 29, 25, 21, 14 
18, 24, 28, 28, 382 
19, 34, 17, 20, 35 
These, when added horizontally, vertically, or diagonally, give a sum==125. 
Now 4x 46+8 x 147=-5 x 125, that is, the sum of all numbers in the hy- 
potenuse—square==the sum of all numbers in the two leg-squares. 


134. Proposed by J. C. GREGG, A. M., Superintendent of Schools, Brazil, Ind. 


If ABCD is a quadrilateral circumscribing a circle, show that the line joining the 
middle points of the diagonals AB, CD passes through the center of the circle. 


I. Solution by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio Univsr- 
sity, Athens, Ohio. 


Taking two of the lines as axes and the other two as lat+my—1...... (1), 
l'atm’y=1....(2), we find the two vertices of the quadrilateral on the codrdin- 
ate axes (0, 1/m), (1/l’, 0), and the middle of the diagonal of which these are 
the extremities (1/2V’, 1/2m)....(8). 

The coordinates of the intersection of (1) and (2) are 


,  m—m [—l' 


Yo ac; 1, a 
Ua—ln” J Vm— bin’ 


... (4), 


which and the origin are the extremities of the second diagonal. The middle of 
this diagonal is 
Any conic touching the four lines is of the form 
(ax + by—1)* —Qiry==0.... (6). 
For (6) to be tangent to (1) and (2), 
A= 2(a--l)(b—m)....(7) or A=2(a—l’)(b—m’')... .(8), 


respectively. The center of (6) is given by 


a(2Zax—1)—sy==0 ...(9). 
Eliminating a, b, and 4 from (7), (8), and (9), 
21'(m' — mn )x + 2mm’ (U—lLy+ Win’ —lmn)==0....(10), 


the locus of the centers of all conics inscribed in the given quadrilateral. 
(10) is satisfied by (8) and (8). 


II. Solution by G. B. M. ZERR, A.M.. Ph.D., Professor of Chemistry and Physics, The Temple College. Phil- 
adelphia, Pa. 


Let ABCD be the quadrilateral ; circumscribing the circle, center O; E, F 
the midpoints of AC. BD, respectively. Take G any other point in line LP 
through LF’. Draw DL, AM, BN, CP per- 
pendicular to LP. Then / LDF=/7NBF, 
DF=BF. 

'.. DL=BN. Also £MAC=/PCA, 
AH=CH. 

~. AM=CP. 

ABGC=ABEC+ABGE+ ACGE. 

AAGD=A AED— A AGE—AGDE. 

ButA BGE=AGDE, ACGE=AAGE. 

'., ABGC+ AAGD=ABEC+AAED, 

But A BEC==4A ABU, A AED=34 ADC. | 

*. ABGC+ AAGD=4A ABC+3A ADC==3 quadrilateral ABCD. 

Similarly AAGB+ A DGC==3 quadrilateral ABCD. 

Therefore the straight line LP through FF is the locus of any point 
G which moves so that the sum of the triangles BUO and AGD is equal to the 
sum of the triangles AGB and CG). | 

Now AAOB=37.AB, A BOC-=3r. BC. 

A COD=tr. DC, A DOA=3r. AD. 

Since AB+DC=BC+AD, A AOB+ A DOC=aA BOC+ «A DOA==3 quad- 
rilateral ABCD. 

.. O must be on LP. 


Norr.—This theorem is exercise 66, on page 469, of Phill ps & Fisher’s Elements of Geometry. We 
are quite sure that the ordinary Freshman would experience much trouble in effecting a demonstration. 
Professor Zerr has effected an excellent proof by Euclidean Geometry. The theorem was also proved by 
COOPER D. SCHMITT and CHARLES C. CROSS. 


CALCULUS. 


101. Proposed by WILLIAM FRED FLEMING, Denison, Tex. 


A 24-inch joint of 6-inch stove pipe is compressed at one end to make it fit over an 
elliptical opening in a stove (for the escape of smoke). The ellipse has a major axis of 8 
inches. What reduction is there in the solid contents of the stove pipe, assuming that its 
compressed shape may be generated by a 6-inch circle which passes uniformly from one 
end to the other and perpendicular to the axis of the pipe ? 


I, Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Chemistry and Physics, The Temple College, Phil- 
adelphia, Pa. 


The perimeter of an ellipse semi-major axis a is 


taf 
7 0 


In this problem a==4 and s=67,, the circumference of the pipe. 


aol 


V1—e*sin? Adé==s. 


| 


.. 6r=16 { (1— 3e*sin? 6— ge4tsint H—.',. e%sin 6 6— etc. dA 
0 


— —jer%— 3 e4—, 5. e6 — 195 98.441 910 
==87(1— 40% — fyet— a3 60° yp g8ae® — ohh a6e etc. ) 


Let e=u. Then u+3su? + fur +f yi5eut +5 ted gw t... = 1. 
’ By reversion of series u==e? =.8013. 
*, b=ay/(1—e?)=4y,/ (.1987)==1.783 inches. 
Let the pipe be compressed uniformly for the entire length. Also let 
ary be the area of any elliptical section, and z the distance of this section from 
the circular end of the pipe. 


(2+2 72— 1.2172 
Then way Y= D4 ; 


24 nm (7 
Vif acydz =f (5184 — 15.6242— 1.2172? )dz. 
0 . 576. 0 


.. V==624.4568 cubic inches. 

VY’, ==volume before compression. 

', V,=97 x 24=678.5856 cubic inches. 

Jo. V,— V=54.1288 cubic inches reduction in volume. 


II, Solution by H. C. WHITAKER, Ph. D., Professor of Mathematics, Manual Training School, Philadelphia, 
Pa. 


Denote the length of the pipe (=24 inches) by h, the semi-major axis 
(=4) of the ellipse by a, the semi-minor axis by 6, the eccentricity by e, the 
radius of the circle (=8) by 7. Then equating semi-perimeters : 
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ee (1 e®? 1° .3.e4 17.3? 5.68 
PONE 98 98 ge DF 8B 
Solving by trial, e=.895, and b=1.784. 
At a distance of z from the circular end of the pipe, the section is an el- 
lipse, the semi-axes of which are found to be 


hr—rz+az hr—rz+bz 
and 


Hence the volume is 


th OP mms | ~ — 4 f 
{ a y(n a p do (arf br+2r? +2ab)-=198.57. 
an 


Hence the loss=-2167—198.527—<17 .52-<55 cubic inches. 


ees 


MISCELLANEOUS. 
82. Proposed by A. H. BELL, Hillsboro, Il. 


Four spheres of equal radii=r=5, are in contact, and form a triangular pyramid. 
How large is the sphere that can be placed in the middle and be in contact with the four 
spheres. 


Solution by J. W. YOUNG, Fellow in Mathematics, Cornell University, Ithaca, N. Y., and J. SCHEFFER, A. 
M., Hagerstown, Md. 

Let A, B, C, B’ (Fig. 1) be the centers of the four spheres. They evi- 
dently form the corners of a regular tetrahedron. Fig. 2 is a picture of a plane 
section of the pyramid of spheres, passed through the points AB’L, where L is 
the point of tangency of the two spheres (C, B). 

From Fig. 1, 

AN/AM=sin60° 
AN/AB'=cos60° 

. AB'/AM=tan60°=;/3=secDAM. 

In Fig. 2, then, 7 DAM is sec“4,3. It 
is clear that the required small sphere must 
have its center on DM and must touch both 
spheres (A, D). Let 7 ADM=O. 

Then sinf==1/1/8, cos#=1/3, DT/r= 1/3. 

we DT==(r/2) (6, 

Jo, RT=DT—r=(r/2)(,/ 6—25=radius of small sphere. 

r=5 gives RT==1.1288. 


85. Proposed by COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knox- 
ville, Tenn. 


Prove that at least one of the three sides of a rational right triangle must be divis- 
ible by 5. 
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Solution by BENJ. F. YANNEY, A. M., Professor of Mathematics, Mount Union College, Alliance, 0. 


In THe AMERIcAN MatHEeMaticaL MontuHty, No. 1, Vol. I, Dr. Dickson 
gives the following formule for finding lowest integers representing the sides of 
aright triangle: m+ ,/(2mn), n+ )/(2mn), n4+n+7/(2mn), in which m and n 
are shown to be integers, prime to each other, the one an odd square, the other 
twice any square, except such as would make m and n have a common factor. 

We may represent, then, m and n by (2r+1)* and 2s”, respectively. 

Now, if any one of the three sides of a rational right triangle is divisible 
by 5, so then alsu is their product; and, conversely. 

The product of the three sides, represented by the above formulae, is 
dm?n+5mn® + bmn (2mn) + (m? +n? (,/7(2mn), the first three terms of which 
are evidently divisible by 5. Then, substituting in the last term for m and n 
their equals, (Zr-+1)* and 2s°, we have 


28(2r+1)[(2r+1)4+48s4]....(1). 


Again, all possible integers may be represented by 5k+1, 5k+2, 5h-+3, 
5k+-4, and 5k+5. 

It is plain that if s=-5k+5, (1) will be divisible by 5, no matter what 
value r may have. So, too, if r=5k-+2, no matter what s may equal. We still 
have to show that the last factor of (1) is divisible by 5 when s has any other 
value than 5k-++5, while at the same time 7 has any other value than 5k+2. 

Note that under 'these conditions all the literal terms of (2r+-1)* and 4s4 
are divisible by (5), while the numerical term of (2r+1)* always ends with 1, 
and that of 4s* with 4; hence the numerical term of (2r+1)*-+4s* always ends 
with 5. Therefore, in any case, (1) is divisible by 5, which proves the 
proposition, 

CoRoLLaRY. By the same method, it may be proven: that one of 
the numbers representing the legs of a rational right triangle must be divisible 
by 3. Dr. Dickson has shown that one must be divisible also by 4. 
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PROBLEMS FOR SOLUTION. 


ARITHMETIC. 


134. Proposed by ALOIS F. KOVARIK, Instructor in Mathematics and Science, Decorah Institute, Decorah, 
Iowa. 


A certain piece of land is surrounded by a four-board fence, the boards being 16 feet 
long. The number of acres in the land equals the number of boards in the fence. How 
many acres in the land ? 

135. Proposed by NELSON L. RORAY, Brigdeton, N. J. 
If 6 is one-half of 10, what part of 20 is 12? Also what part of 30 is 10? 


gx*y Solutions of these problems should be sent to B. F. Finkel not later than Dec. 10. 
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ALGEBRA. 


123. Proposed by ELMER SCHUYLER, B. Sc., Professor of German and Mathematics, Boys’ High School , 
Reading, Pa, 


(i)! 4 fia. ie gg] =a" ~l-a? 
d /a?—22 4? —1=a?y/1—2?. 
(=~*) tha ine ira 7 and 1/a*—2* +4] “a ary 


Haddon. 
124, Proposed by J. SCHEFFER, A. M., Hagerstown, Md. 


A certain quantity of aleohol diluted with water so that in one liter there are c li- 
ters of pure alcohol, is mixed 7 times successively with » times the quantity of alcohol di- 
luted so that 1 liter contains a liter of pure alcohol. How much pure alcohol does one li- 
ter of the nth mixture contain ? 


*, Solutions of these problems should be sent to J. M. Colaw not later than Dec. 10. 


GEOMETRY. 


151. Proposed by FRANK A. GRIFFIN, Assistant in Mathematics, University of Colorado. 


A point is at a distance of 1 inch, 2 inches, and 23 inches, respectively, from three 
corners of a square. Construct the square. Also solve for the general distances «, d, c. 


152. Proposed by ELMER SCHUYLER, B. Sc., Professor of German and Mathematics, Boys’ High School, 
Reading, Pa. 


Find a point in a given straight line, such that tangents drawn from it to two given 
circumferences shall make equal angles with the line. Chauwvenet. (Four solutions.) 


158. Proposed by WILLIAM HOOVER, A. M., Ph. D., Professor of Mathematics and Astronomy, Ohio Uni- 
versity, Athens, Ohio. 


If P, P’, Q, Q' be the extremities of two chords of a conic section, and both chords 
pass through the point 4, show that the sum of the squares of the reciprocals of AP, AP’, 
AQ, AQ’ is constant. 


x“, Solutions of these problems should be sent to B. F. Finkel not later than Dec. 10. 


CALCULUS. 


114. Proposed by JOHN M. COLAW, A. M., Monterey, Va. 


If two concentric ellipses have equal axes inclined at an angle w, their 
common area is 


; 2ab 
4 — “1 
Zadtan a inw): 


115. Proposed by F. P. MATZ, M. Sc., Ph. D., Professor of Mathematics and Astronomy in Irving College, 
Mechahiecsburg, Pa. 


The axes of two right elliptic cylinders intersect at right angles, major axes 
of the sections are perpendicular. Supposing the axes to be (A, b)>(a, b), what 
is the common volume ? 


*, Solutions of these problems should be sent to J. M. Colaw not later than Dec. 10. 
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MECHANICS. 


103. Proposed by F. P. MATZ. M. Sc., Ph. D., Professor of Mathematics and Astronomy, Irving College, 
Mechanicsburg, Pa. 
If the sun were moved into the center of the earth’s orbit, how much would the 
present length of the year be changed ? 


104. Proposed by W. H. DRANE, Graduate Student, Harvard University, Cambridge, Mass. 


A tight roll of very thin and perfectly flexible oilcloth is placed upon a rough in- 
clined plane, a portion of the cloth being unrolled and, extending from underneath the 
roll, is spread out smoothly upon the inclined plane below. The roll is then allowed to 
descend under the action of gravity, picking up the cloth as it goes. Determine the mo- 
tion as far as possible. 


x*, Solutions of these problems should be sent to B. F. Finkel not later than Dec. 10. 


DIOPHANTINE ANALYSIS. 


85. Proposed by A. H. BELL, Hillsboro, Ill. 
Given 7? —85ty?==5. What is the value of « and y in whole numbers ? 


86. Proposed by B. F. FINKEL, A. M., M.Sc., Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 


Prove that x2 +1457=0 (mod. 2889) is insoluble. 


x*y Solutions of these problems should be sent to J. M. Colaw not later than Dec. 10. 


MISCELLANEOUS. 
96. Proposed by H. M. CASH, Love City, Guernsey County, Ohio. 
A stick of timber is 12 feet long, 8 inches deep, and 8 inches wide at one end; and 5 
inches deep, and 12 inches wide at the other end. At what distance from either end 
should it be cut to divide it into two equal parts. 


97. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Chemistry and Physics, The Temple College, 
Philadelphia, Pa. 


A spherical soap-bubble is electrified in such a way that the excess of the internal 
over the external air pressure is 2 when the bubble isin equilibrium. How does the ten- 
sion of the film vary with the electric density ? 


y*y Solutions of these problems should be sent to J. M. Colaw not later than Dec. 10. 


EDITORIALS. 


Prof. John B. Faught, Instructor in Mathematics in the Indiana Univer- 
sity, has been elected Professor of Mathematics in the Northern State Normal 
School. Marquette, Michigan. 
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Prof. W. H. Carter, formerly Protessor of Mathematics in Centenary Col- 
lege, Jackson, Louisiana, has been elected Professor of Mathematics in the Uni- 
versity School] for Boys, Stone Mountain, Georgia. 


We are grieved to announce the death of H. T. J. Ludwig, Professor of 
Mathematics in the North Carolina College, Mt. Pleasant, North Carolina, which 
occured July 28th. Professor Ludwig was a regular contributor to the Mathe- 
matrveal Visitor, edited and published by Dr. Artemas Martin, to which he con- 
tributed some excellent solutions, and has been a subscriber to the MONTHLY 
from the beginning. 


BOOKS AND PERIODICALS. 


School Arvthmetic.—Advanced Book. By John M. Colaw, A. M., Asso- 
ciate Editor of THe AMERICAN MATHEMATICAL MontHiy, Monterey, Virginia, 
and J. K. Ellwood, A. M., Principal of the Colfax School, Pittsburg, Pennsy]- 
vania, author of Table Book and Test Problems in Elementary Mathematics. 
8vo. Cloth and Leather Back, 442 pages. Price, 60 cents. Richmond, Va.: B. 
K, Johnson Publishing Co. : 

This book, we are told in the preface, was prepared with a view to meet the needs 
of progressive teachers in the best public schools. The work is modern yet conservative. 
The Inductive Method is applied in great measure throughout the book; new topics are 
introduced by carefully prepared questions and suggestions; Oral and Written Work are 
given with every appropriate subject; few rules are given and these are usually in the 
form of definitions ; and Bank Practice is treated from the stand-point of modern banking 
principles, the information on the subject having been furnished by prominent bank offic- 
ials. The book is well gotten up and the authors are to be congratulated on the arrange- 
ment and plan of the work. B.F. F. 


Annals of Mathematics. Published under the auspices of Harvard Uni- 
versity. Second Series, Vol. II, No. 1. Published Quarterly. Price, $2.00 
per year in advance. 

This number contains. the following articles: Wiener’s Theory of Displacement, 
with an Application to the Proof of Four Theorems by Chasles, by Arthur Sullivan Gale; 
The Complex of Axes of a Central Quadratic Surface, by Edward V. Huntington ; Galois’ 


Theory of Algebraic Equations, Part II, Irrational Resolvents, by James Pierpoint. 
B. F. F. 


Popular Astronomy. Hdited by Wm. W. Payne and H. C. Wilson, North- 
field, Minn. Issued Monthly. Price, $2.50 per year in advance. 


The October number contains, among other articles, an interesting paper by Wm. 
W. Payne, on The Planet Eros. Also Tables of Observation of Eros. B.F. F. 


The Literary Digest. A Weekly Compendium of the Contemporaneous 
Thought of the World. Price, $3.00 per year in advance. Single number, 10 
cents. Funk & Wagnalls Co., Publishers, 30 Lafayette Place, New York. 


The issue for October 27 contains a brief resume of the principal events of the week. 
This magazine will keep the busy man posted on matters pertaining to Art, Science and 
Invention, and Religion. B. F. F. 
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ROBERT TUCKER. 


By GEORGE BRUCE HALSTED. 


QOpOBERT TUCKER was born at Walworth in Surrey on April 26th, 1832. 
Q), \, His forefathers were from the Isle of Wight. When at the Woodard 

“% School at New Shoreham the temporary head of the school was his 
cousin, Henry Jacobs, Michel Fellow of Queen’s College, Oxford, and 
it was by his advice that Robert became a candidate for a sizarship at St. John’s 
College, Cambridge (Sylvester's College). The Johnian freshman entered upon 
his University career in the Michaelmas term of 1851. | | 

In the matter of college examinations the vivé voce and the ‘‘Seven Devils’’ 
were still in existence. 

The Seven Devils was an examination paper in algebra consisting of sev- 
en problem-puzzles of the most trying description, in which the data mostly 
translated themselves into simultaneous equations in an appalling number of 
unknowns. In the mathematical viva voce Tucker remembers being asked to 
expand tanz in aseries. In this cheerful mental exercise he succeeded even be- 
yond the first term. Three years later he was promoted to a Foundation Schol- 
arship, and in the Tripos list of 1855 he was ranked as a Wrangler. 

This year was a notable one for Johnian successes; no less than ten 
Johnians appeared in the first class, including the Senior, second, and third 
Wranglers. With the second Wrangler, Leonard Courtney, now the Right Hon- 
ourable Member of Parliament for Bodmin, Tucker took a walking tour, planned 
to include several of the English battle-fields, Bosworth, Nasby, Worcester, etc. 
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The tour was made in a costume of Courtney’s own designing, which at- 
tracted such attention that at Oakham their private room was invaded by the 
excited populace under the conviction that they were Paddy Noon and Paddy 
Gell, two noted prize-fighters who were expected. 

In February, 1859, he took his M. A., and went as master to the school 
of J. A. Wall at Portarlington. Among his pupils here was W. M. T..Morgan, 
who afterward took a brilliant degree at Trinity College, Dublin. 

In 1865 University College School had need of a successor to the late G. 
C. DeMorgan as Mathematical Master, and chiefly through the warm support of 
his candidature by Todhunter, Mr. Tucker was chosen. In the same year was 
founded the London Mathematical Society, and in October Mr. Tucker was 
elected a member. This was soon followed by his election to the Council, and, 
in November, 1867, by his appointment to the Honorary Secretaryship. This 
office he holds to the present day, having now been sole editor of seven hundred 
numbers of the Proceedings of the London Mathematical Society. In April, 
1866, he married Elizabeth, the only daughter of William Byles, of Freshwater. 
They have three daughters. 

The year 1871 saw a new undertaking in the shape of the Association for 
the Improvement of Geometrical Teaching. Mr. Tucker was Local Secretary 
for London, and subsequently Honorary Secretary and Vice President. 

He has contributed to the mathematical columns of the Hducational Times 
with scarcely an intermission from 1868. His memorial and biographical 
notices of Gauss, Chasles, Spottiswood, and Hirst together with reviews of many 
mathematical works, may be found in Nature. For Cayley’s paper on Sylvester 
in that journal Mr. Tucker supplied the biographical details, with which it is 
important to note that Sylvester was satisfied, as he called upon Mr. Tucker and 
struck out only one insignificant detail. 

As a geometer. Mr. Tucker is widely known as one of the creators 
of ‘‘Recent Geometry,’’ or the modern Geometry of the Triangle, the Lemoine- 
Brocard Geometry. His name in this regard finds itself in honorable association 
with those of Brocard, Lemoine, and Neuberg. 

There is a family of circles now universally known as ‘'Tucker’s Circles.’’ 
If there be two triangles with parallel sides, their vertices upon copunctal 
straights, crossing on their common symmedian point. Then the six intersec- 
tions of their sides are concyclic on a ‘‘Tucker’s Circle.’’ 

Though the majority of University College School boys went in for engin- 
eering or a London University Degree yet the showing of Mr. Tucker’s pupils at 
Cambridge is still very remarkable, witness the following: 

1866. Ogle, 29th Wrangler. 

1867. Puller, 19th Wrangler. 

1874. W. W. Rouse Ball, 2d Wrangler and First Smith’s Prizeman. 
(This is the well-known historian of mathematics). 

1875. Saunder, 14th Wrangler. 

1877. Kikuchi, 19th Wrangler. (The first Japanese Wrangler). [Since 
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Professor of Mathematics in the Imperial University, Tokio, and now its presi- 
dent. Member of the Japanese House of Lords. Author of a Geometry in 
English and Japanese]. 

1878. Sargant, 7th Wrangler. 

1878. Leverson, 15th Wrangler. 

1879. Karl Pearson, 3rd Wrangler. [The celebrated writer on the 
mathematics of Evolution and Darwinism]. 

1888. Romer, H. S., 20th Wrangler. [Brother to Ld. Romer, Senior 
Wrangler in 1863]. 

1885. Berry, A., Senior Wrangler and 2d Smith’s Prizeman. 

1886. Hooker, J. H., 29th Wrangler. 

1887. Norris, J. R., 16th Wrangler. 

1890. Bennett, G. T., Senior Wrangler and First Smith’s Prizeman. 

1890. Vaughan, A., Bracketed 5rd Wrangler. 

1892. Kirby, S. F., 12th Wrangler. 

1892. Clay, R. G., 21st Wrangler. 

1895. Schroder, H. M., 29th Wrangler. 

F. W. Frankland, the eminent writer on non-Kuclidean Geometry (now 
an Actuary in New York) was a favorite pupil. 

Lady Gwendolen Cecil, daughter of Lord Salisbury, read three seasons 
with Mr. Tucker, showing fine mathematical abilities. 

A mere list of the writings of Mr. Tucker would give no adequate idea of 
their value. We may mention almost at random his Appendix to the Proceed- 
ings of the London Mathematical Society No. 279 containing Conjugate ‘‘Tucker’’ 
Circles. The Index to the Proceedings gives the titles of fifteen papers, ending 
with ‘Some Properties of Two Tucker-Circles.”’ 

In 1883 Mr. Tucker rediscovered Lemoine’s circle and wrote a paper on 
it in the Quarterly Journal under the title: The ‘‘Triplicate-Ratio’’ Circle; 
which may be said to have started the general English interest in this new de- 
velopment of geometry. 

Mr. Tucker did a fine piece of work in editing Clifford’s Papers and his 
Dynamics Part II. 

All the world will rejoice that as a result of a petition sent in to Mr. Bal- 
four by the principal mathematicians of England, the Queen has granted Mr. 
Tucker a Civil List pension of forty pounds a year. The money is little, but 
such recognition of services must be highly gratifying to a loyal Briton. 
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DIAGRAMMATIC PROOF OF THE CONDITION OF FUNCTION- 
ALITY IN COMPLEX FUNCTIONS. 


By A. LATHAM BAKER, C. E., Ph. D., University of Rochester, Rochester, N. Y. 


1°. If the given complex function W(z)=W(«e+71y)=U-+7V has a deriva- 
tive we may write anu, which phrased for the Argand Diagram is: The tri- 
angle determined by dW, dz is similar to that determined by w, 1. 

At the point z, suppose z 
to take the increment 0z—dz, 
causing in W, the change 


aw aU, AV 
Gcde = Fy tt + “Or dx 


lying at an angle, say , with 
dz—dz. This is shown in the 
diagram, 

Suppose z had taken the 


increment dz, causing in W the 


dW ; ; 
change Wy making with dz 


the same angle @. 


OW dW ow d dw 
Since ap de sp We have aW ay and ae will make with 


dz 


ow . dz 
a, at an angle whose secant is ho tan 


Similarly when z takes the increment idy, dy makes with the ver- 
z—ay ¢ 


tical the same angle @. All these increments are shown in the diagram, 
2°. Denoting the lengths of the lines in the diagram by Greek letters as 
shown, we get 


dy. dy a dy 
ay j= — . == QO 
c "de i Mdx* 3 “ds ; 
therefore 
dU 
—=-dy 
ry _) oy "(dy 
a \daV dia’ 
AX 
Ox 


or introducing the Argand elements, 
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dU | 
dy” idy 
5) da’ 
evan 
Ox 
In the same manner 
ou, 
Ee =p Ou _ dy dU, 
2. dvdr” 
or in the Argand Diagram 
OV 
+5, WY dy 
0: da 
OU da 
02 


These two results entail as the results of functionality (Cauchy’s conditions). 


JU oV oV JU 


Sy ee Oy 
3°. Or we might h said, si I a or | |= | 
; we mig ave said, s nce 7 da ay | = ta 
_,. OV ; a or ., OU ; 
Whence multiplying 7, by « revolves it into coincidence with Oy’ that is, 
5 dV oU 
(see paragraph 4 a Oy" 
Similarly, ov a So 
OV oV o0U 
Whence, iy = im, va, an 
. Since Bde OW | pow as 
in 5 dy’ ut 2 Ww 


0 
produced by dividing 5 by dy. In the diagram dy is essentially negative, 
and remembering that division is doing to the operand what was done to the di- 


, ow ; 
visor to produce unity, we revolve by WY through 180°, and change in the 


0 ; ; 
proper ratio, giving ow as shown in the diagram. The same remarks apply to 


oy 
ale but here the angle is zero. 
x 
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; oO ; . , OW 
Evidently revolving ae through 90° gives coincidence with By? or 


ow OW 
On” Oy 


? 


which is Riemann’s condition of functionality. 


INTEGRATION OF ELLIPTIC INTEGRALS. 


} 
By G. B. M. ZERR, A. M., Ph. D., Professor of Chemistry and Physics, The Temple College, Philadelphia, Pa. 


{Continued from October Number. | 


2 


e 
a, by 8g, bg py A, 
2+e?? = A+eP > % Qe? ’ 


Let C4 = 


[(1+e2sin? 4)(1 +e? cos? @)]2 = R, 

[(1—e sin? 26)(1 te?sin? 4)(l+e*%cos?4)]? = R,, 
[(l1—e,’sin?44)(1—e/?sin?26)(1+e*sin?4)(1+e?cos?#)]2 = R,, 
[(1—e,’sin?84)(1—e,*? sin? 44)(1—e,?sin?24)(1+e*sin?4)(1t+e?cos*?@)|=—fh, 
\—etain®9*6)(1—e?,,_ysin#2"—16). - (megein®a6) 

[C1 —e,?sin?44)(1--e sin? 24)(1+e?sin® 4@)(1+e%cos? #)] ... Ry. 


But R==[1 + e?(sin?.6-+ cos? #)+ e4sin? Acos?0]? =[1 +e? + 4e4sin? 20]? 


==$[(2 + e?)® —e*cos? 20]? = 3(2 +e?) [1—e,’sin® (ta7—20)]: . 


Let 3a7—2A=—q, Then dO=—3i3d@. 


1 
ag 


“Rd 1246") f \/(1—e,?sin? pd 
0 7 


—1i 
3 


1 
2 


—=43(2+e?) 17 (1—e,2sin® p)\dp=3(2+e67)Hle,, 7)... cee (85), 
7 0 


mdi 2 (* dp _ 2 1 
J. Road , CG aetsntgy Te IM (86). 
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R,=2(2 +e?) [CU —e sin? 20)(1—e? cos? 24) ]2 
—}(Q4e?)(2—e,)[1—e,2sin? ($7—44)]} 
Let (7—49)=4, .*. d0d=— ida, 
Vor Aor 4a 430 Aa 
Rdb—-Af” R,dimt ("Raitt {"R,di=1f "Ryde 
“0 7 135 0 0 / 0 
+ tf R,di=f"R, dit Qter)(2—e7 (Vd egsin adi 
0 0 0 
—=4(2+e%)(Q—e,2)H(e,, $7) occ cece cee eens (87). 
am Of Tq] fh 4 \ 
J, R34 DR, key mee 2 70 ) er ar (88). 
Similarly, ("R, d0=-H(246?)(2—e,7)(2—e,2 ) Eley, BI) voce cee ees (89). 
0 
amd 8 1 
oR, (bey I—e ry Gaezy 2 70 ) a (90). 
bn 1 
J Ryd= 5 (240 2—e 8208 Qe Eley, a ee (91). 
am] 6 24 1 
J. R, Q+e2)Q—e2)Q—e7)(Q—e2) P(e,, 2 7T ) er er a (92). 
An 1 , 
R,,dé = Sar @ +e? )(2—e,? )(2—e,?).... (2? Een 41, 7). 0... (93). 
aT LO) onl 
( Pen a1, 270 ) see eee me tans (94). 


JR, QHe®)G—eP2)O—e2)....2—e,2) 

f (1—e*® cos? Ay22m +1) dG — {- [1—e*®sin® (g7— 4) }22™7Dda, 
0 0 

Let ¢7—0=/. 


2. f[L-etsin? gar Atom dA== (“U1 —etsin? gym Dag 
0 ev 0 


An 
= J. (1—e* sin? 7)", (1—e? sin? 3)dj—=M, suppose. 


Letm=0. .°. M== “1/(1— esin® 2)deEle, 370). 


0 
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wl 


(1—e’ sin’ #),/(1—e’ sin? #)d?. 


Let m=1. .°. M=f 


0 
From (2) and (8), M=3[2(2—e?) Ee, $7)—(1—e? ) P(e, a7) ]........ (95). 


1 
2 


Let m=2. .°.M= (1—e®sin? 8)? ,/(1—e2sin® A) dp. 
0 


From (2), (8), and (15), ; 
M—,',[(28—28¢? — 8e*)E(e, $7)—4(2—8e? +64) Fe, $7)] «1... eee, (96), 
and so on for other values of m. 


in dé 1 
—- —, | 6=———,—- tané, 
To integrate J. (i= 68 c0s® amr et tan Ue) tan 


vie 


am dd 1 ™ 
; JS. (1 e® cos? Ayi(am Hi) Goa , 0 e?sin?0) dé, 


a form like preceding. When m=O we get 


0 0 


py 1— e? cos? 6)dé= (V 1—-e? sin? #)d0=KE(e, $7). 


in dé a. [nee 1c - 
09 U—e?cos?4) J 9 y/(1—e?sin®?4) © , 270). 


1 \ 
ing —.____" __ otf, we get 
By letting coty Vane) coth, we ge 


7 ao 1 am 1 _ . 
J, (1— e2sin2 samt) ({— ery” (1 —e* cos*y)s0m “dy, a previous form. 


i jatan’é, we get 


Letting tan?0= 


ts de 
__ 1 t- (1—e®sin?d)m+1d6 
~~ (1—e)(1—e?)” a 

(1l—c)( é~) 0 14+ s—— sin?d))/(1—e2sin26) 


We will now proceed to more general work. 


/(1—e? sin? 4)dé —_ eoths,’(1 —e2 sin? A) — 2 (ee 
fs =— cotf; (1—e*sin*)— e Ui—esin®d) 


—=(1—e®\F(e, #)—E(e, 6)—cot@j/(1—e®sin? #)==u,....(97). 
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V(1—e?sin?@)d6 f ain 2 A: “ff sin? édé 
Jeep tan th A etsin®) +e de sin®d) 
—=I(e, 6)—Ev(e, @)+tané,/(1—e* sin? A)=R, oe eee eee (98). 
{ dé =e? f ad a en 
J sin?@)/(1—e*sin?@) / (1 --e® sin? 6) sin? 
==F(e, #)— Ee, 0)—cot6,/(1—e? sin? @)=V,........0....... (99). 
dé 1 Y(1—e*sin?@)dé@_ ee” df 
Seta enh — 1l-e? cos? 6 — joe f saesintay 
Fle, )— Ete, 64 ya 2A 
=F(e, A)— oe (é, +7 weV | —e*sin®?#)=-8, ... ....(100). 
yi 1 —e* sin? 0)do £088 1 2 ) _ 24 of 
J sin*4d a 3 \sin'é 7 sind) UU ets’) + er aint 
~£¢ dd 2¢” cos?6d@ 2U1—e*) 5 4 
5) sin? @,“(1—e*sin?4) o V(l—e*sin®? 4) 8B (e, )— 
(2—e?) (2—e?) co 
anna #)—-"—* * cota“ — 2) -— — 24) — 
5 Eve, @) 5 cotd,“(1—e?sin?0) 35 ose e*sin®?@)=U,..(101). 
‘(1—e’® sin? 0)d0 sine 1 2 — ; 
Se cos?4 ~ 3. \cos3 a cosa) ‘1 —e%sin®/) 
e? da _ cant dd 4 22 sin? Gd 
Tz cos? 4y/(1—e*sin®@) 38 J 4y/(1—e?* sin? @) 3 \/ (1—e*sin? 4) 
(2—e? e” 
-=3F(e, 9) es Ke, eee at an4,/(1—e*sin? @) 
sinf 1 e8sin2H)—-R 02 
+ 3 esa l ( —e°’sin )= Vg eee ec wee ew ene C1 Z). 
dé ° dé "/ (1— e® sin? 6)dé 
I ? _ Vv 
sf sintdy (1—e*sin*@) ° J sin?@)/(1—e?sin?@) + J sint@ 
2 : 1 +e2 | 
= ETE) Ke, EF ne 6) et cot y(1— e2sin? #) 
oO 
cos@ oto gn 
— 3G ‘(l—e* sin? Ay=Vy wo. ee eee. (103). 
( dé ol py (1—e? sin? 4) df e* f dé 
cost), (1—e2sin20) 1—e? cos? 1—e?-J cos? 6)/(1—e?’sin? 4) 
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__ (2—86?) 2(1—2e?) : 2(1—2e?) Bat 9 
= 37{ ee —Bqpoeeye LO TB qa gee taney U—e sin () 
__ sing /(1—e? sin? 4)=S (104 
3(1— 0 )coss 0" ) \ ). 
Y—e*sin® #)dd cost 1 4 8 egine 
s sin®A =~ 5 "\gnsot Ssintd + Sein a) Ve sin®?) 
Oe Oe 2 te? dé 
5 J sin46,/(1—e*?sin?6) = 15/7 sin®)/(1- e? sin?) 15 y (1—e? sin? 6) 
8e? cos? 6d0 __ (8—7e? —e*) (8—8e? —2e*) 
~ 15 J y/(—e?sin?6)————C«*W'SK Be, )— 15 He, @) 
(8— de? —2e*) Ly bat 9 (4—e?) cost, bain d 
— 75 coté,/(1—e? sin? 4d) — FB inte -e sin? @) 
cos? (1 *sin?6)-—U 105) 
— Bansav —e*sin* @)== Qt tt tee eee ee af ds 
Vy On esin dt _ Sn" 1 4 8 } 114 p8ein 
Js cos8d a; cossat 3cos?4 + 83c0sd V (—e*sin® @) 
e” dé e? dé 4e? dé 


ve cos40,/(1—e*sin? 6) 5 cos? 6,/(1—e*sin? 6) 15 V (1—e*® sin?) 


8e” sin? dé (8— Qe?) (8—18e? +8¢4) 
— —_— $$ — 0 — lft 
v 15/7 py (1—e?sin?9) 15(1--e*) Me, 9) 15(1—e?)? Ele, ) 
8—13e?-+de4 , 4—3e? sind 
TSS tan’ — 22 29)" (4? 2 
-{- ibe)? tandy/(1—e*sin?6)+ iC —e®) cos8a! (1—e*sin? @) 
sin? /(1—~—e? sin? 6)-=R 106 
+ Eoostg | € a y= Ze ee ee ew eee eee ( ). 
a en V(—e*sin? ad 
sin’ @),/(1—e*sin? 6) sin*f)/(1—e*sin? @) sin®é 
(8-+-3¢e? + 4e*) (8+ 7e? + 8e4) coso 
= 0) — ——______ — — er-sin2 
ip) 1 Fein ag ee sin’ 
(8+ 7e? -+8e+#) bat 8 4(1-++e?) cos ; 
—_— ee —_ 1 —_—— / — 2 2 2 = MA 
i5 tan9)/(1—e*sin? 4) iB ‘sin? a’ (1—e?sin?@)-=V, ..(107). 


[To be Concluded. ] 
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GAUSS AND THE NON-EUCLIDEAN GEOMETRY. 


By DR. GEORGE BRUCE HALSTED. 


Carl Friedrich Gauss Werke, Band VII. Goettingen. 1900. 4to. Pp. 458. 


We are so accustomed to the German professor who does, we hardly ex- 
pect the German professor who does not. Such, however, was Schering of Goet- 
tingen, who so long held possession of the papers left by Gauss. 

Schering had planned and promised to publish a supplementary volume, 
but never did, and only left behind him at his death certain preparatory attempts 
thereto, consisting chiefly of excerpts copied from the manuscripts and letters 
left by Gauss. Meantime these papers for all these years were kept secret and 
even the learned denied all access to them. 

Schering dead, his work has been quickly and ably done, and here we 
have a stately quarto of matter supplemental to the first three volumes, and to 
the fourth volume with the exception of the geodetic part. 

Of chief interest for us is the geometric portion, pages 159—452, edited by 
just the right man, Professor Staeckel of Kiel. 

One of the very greatest discoveries in mathematics since ever the world 
began is, beyond peradventure, the non-EKuclidean geometry. 

By whom was this given to the world in print? By a Hungarian, John 
Bolyai, who made the discovery in 18238, and by a Russian, Lobachévski, who had 
made the discovery by 1826. Were either of these men prompted, helped, or in- 
cited by Gauss, or by any suggestion emanating from Gauss’? No, quite the 
contrary. 

Our warrant for saying this with final and overwhelming authority is this 
very eighth volume of Gauss’s works, just now at last put in evidence, published 
to the world. 

The geometric part opens, page 159, with Gauss’s letter of 1799 to Bolyai 
Farkas the father of John (Bolyai Janos), which I gave years ago in my Bolyai 
as demonstrative evidence that in 1799 Gauss was still trying to prove EKuclid’s 
the only non-contradictory system of geometry, and also the system of objective 
space.. The first is false ; the second can never be proven. 

But both these friends kept right on working away at this impossibility, 
and the more hot-headed of the two, Farkas, finally thought he had succeeded 
with it,;and in 1804 sent to Gauss his ‘‘Goettingen Theory of Parallels.’’ 
Gauss’s judgment on this is the next thing given (pages 160—2). He shows the 
weak spot. ‘‘Could you prove, that dkc=ckf-—fkg, etc., then were the thing per- 
fect. However, this theorem is indeed true, only difficult, with already presup- 
posing the theory of parallels, to prove rigorously.’’? Thus in 1804 instead of 
having or giving any light, Gauss throws his friend into despair by intimating 
that the link missing in his labored attempt is true enough but difficult to prove 
without petitio principit. 
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Of course we now know it is impossible to prove. Anything is impossible 
to prove which is the equivalent of the parallel-postulate. Yet both the friends 
continue their strivings after this impossibility. 

In this very letter Gauss says: ‘‘I have indeed yet ever the hope, that 
those rocks sometime, and indeed before my end, will allow a through passage.’’ 

Farkas in 1808, December 27, writes to Gauss: ‘‘Oft thought I, gladly 
would I, as Jacob for Rachel serve, in order to know the parallels founded, even 
if by another. 

Now just as I thought it out on Christmas night, while the Catholics were 
celebrating the birth of the Saviour in the neighboring church, yesterday wrote 
it down, I send i: to you enclosed herewith. To-morrow must I journey out to 
my land, have no time to revise, neglect I it now, may be a year is lost, or in- 
deed find I the fault, and send it not, as has already happened with hundreds, 
which I as I found them took for genuine. Yet it did not come to writing those 
down, probably because they were too long, too difficult, too artificial, but the 
present I wrote off at once. As soon as you can, write me your real judgment.”’ 

This letter Gauss never answered, and never wrote again until 1882, 
a quarter of a century later, when the non-Euclidean geometry had been publish- 
ed by both Lobachévski and Bolyai Janos. 

This settles now forever all question of Gauss having been of the slightest 
or remotest help or aid to young Janos, who in 1823 announced to his father 
Farkas in a letter still extant, which I saw at the Reformed College in Maros- 
Vasdrhely, where Farkas was professor uf mathematics, his discovery of the non- 
Euclidean geometry as something undreamed of in the world before. 

This immortal letter, a charming and glorious outpouring of pure young 
genius, speaks as follows : 

‘““Temesvar, 3 Nov. 18238. 

My dear and good father. I have sv much to write of my new creations, 
that it is at the moment impossible for me to enter into great detail, so | write 
you only on a quarter of a sheet. I await your answer to my letter of 
two sheets; and perhaps I would not have written you before receiving it, if I 
had not wished to address to you the letter I am writing to the Baroness, which 
letter I pray you to send her. 

First of all I reply to you in regard to the binomial. 

Now to something else, so far as space permits. I intend to write, as 
soon as I have put it into order, and when possible to publish, a work on paral- 
lels. At this moment it is not yet finished, but the way I have hit upon prom- 
ises me with certainty the attainment of the goal, if it in general is attainable. It 
is not yet attained, but I have discovered such magnificent things that I am my- 
self astonished at them. It would be damage eternal if they were lost. When 
you see them, my father, you yourself will acknowledge it. Now I cannot say 
more of them, only so much: that from nothing I have created a wholly new 
world. All that I have hitherto sent vou compares to this only as a house of 
cards to a castle. 
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P.S. I dare to judge absolutely and with conviction of these works of 
my spirit before you, my father; I do not fear from you any false interpretation 
(that certainly I would not merit), which signifies that, in certain regards, I con- 
sider you as a second self.”’ | 

In his Autobiography Janos says: ‘‘First in the year 1823 did I complete- 
ly penetrate through the problem according to its essential nature, though also 
afterward further completions came thereto. JI communicated in the year 1825 
to my former teacher, Herrn Johann Walter von Eckwehr (later imperial-royal 
general), a written paper, which is still in his hands. Onthe prompting of my 
father I translated my paper into Latin, in which it appeared as Appendix to the 
Tentamen in 1882.”’ 

So much for Bolyai. - 

The equally complete freedom of Lobachévski from the slightest idea that 
Gauss had ever meditated anything different from the rest of the world on the 
parallels I showed in ‘‘Science,’’ Vol. IX, No. 232, page 813—817. 

Passing on to the next section, pages 163-4, in the new volume of Gauss, 
we find it important as showing that in 1805 Gauss was still a baby on this sub- 
ject. Itis an erroneous pseudo-proof of the impossibility of what in 1733 Sac- 
cheri had called ‘‘hypothesis anguli obtusi.’”? To be sure Saccheri himself 
thought he had proven this hypothesis inadmissable, so that Gauss blundered in 
good company; but his pupil Riemann in 1854 showed that this hypothesis gives 
a beautiful non-Euclidean geometry, a new universal space, now justly called 
the space of Riemann. 

Passing on, we find that in 1808, Schumacher writes: ‘‘Gauss has led 
back the theory of parallels to this, that if the accepted theory were not true, 
there must be a constant a priori line given in length, which is absurd. Yet he 
himself considers this work still not conclusive.’’ 

Again, with the date April 27, 18138, we read: ‘‘In the theory of parallels 
we are even now not farther than Euclid was. This is the partie honteuse 
(shameful part) of mathematics, which soon or late must receive a wholly differ- 
ent form.’’ 

Thus in 1813 there is still. no light. 

In April, 1816, Wachter on a visit to Goettingen had a conversation with 
Gauss whose subject was what he calls the anti-Euclidean geometry. On De- 
cember 12, 1816, he writesto Gauss a letter which shows that this anti- Euclidean 
geometry, as he understands it, far from being the non-Kuclidean geometry of 
Lobachévski and Bolyai Janos, was a monstrous conglomerate blunder. 

The letter as here given by Staeckel, pages 175—176, is as follows: 

* * * ‘Consequently the anti-EHuclidean or your geometry would be 
true. However the constant in it remains undetermined: why? may perhaps be 
made comprehensible by the following. * * * The result of the foregoing 
may consequently be so expressed : 

The Euclidean geometry is false; but nevertheless the true geometry 
must begin with the same eleventh Euclidean axiom or with the assumption of 
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lines and surfaces which have the property presumed in that axiom. Only in- 
stead of the straight line and plane are to be put the great circle of that sphere 
described with. infinite radius together with its surface. From this comes indeed 
the one inconvenience, that the parts of this surface are merely symmetric, not, 
as with the plane, congruent; or that the radius out on the one side is infinite, 
on the other imaginary. Only it is clear how that inconvenience is again over- 
balanced by many othér advititages which the construction on aspherical surface 
Offers : so that probably also then even, if the Euclidean geometry were true, the 
necessity no longer indeed exists, to consider the plane as an infinite spherical 
surface, though still the fruitfulness of this view might recommend it. 

Only, as I thought through all this, as I had already fully settled myself 
about the result, in part since I believed I had recognized the ground (la méta- 
physique) of that indeterminateness necessarily inherent in geometry,—also 
even the complete indecision in this matter, then, if that proof against the 
Kuclidean geometry, as I could not expect, were not to be considered as strin- 
gent—; in part, while yet not to consider as lost all the many previous researches 
in plane geometry: but to be used with few modifications, and if still also the 
theorems of solid geometry and mechanics might have approximate validity, at 
least to a quite wide limit, which perhaps yet could be more nearly determined ; 
I found this evening—just while busied with an attempt to find an entrance to 
your transcendental trigonometry, and while I could not find in the plane suffic- 
ing, determinate functions thereto, going on to space constructions. to my no 
small delight the following demonstration for the Euclidean parallel-theory. * * * 
Just in the idea to conclude I remark still, that the above proof for the Euclidean 
parallel-theory is fallacious. * * * Consequently has here also the hope 
vanished, to come to a fully decided result, and I must content myself again with 
the above cited. Withal I believe I have made upon that way at least a step to- 
ward your transcendental trigonometry, since I, with aid of the spherical trigon- 
ometry, can give the ratios of all constants, at least by construction of the right- 
angled triangle. I yet lack the actual reckoning of the base of an isosceles tri- 
angle from the side,.to which I will seek to go from the equilateral triangle.’ 

If Gauss’s transcendental trigonomety were as sad a hodge-podge as the 
anti-Huclidean geometry here explained by Wachter, it is fortunate that nothing 
was ever given about it but its name. Requiescat in pace. 

Yet Gauss writes, April 28, 1817: . 

‘‘Wachter has printed a little piece on the foundations of geometry. 
Though Wachter has penetrated farther into the essence of the matter than his 
predecessors, yet is his proof not more valid than all others.”’ 

We come now to an immortal epoch, that of the discovery of the real non- 
Kuclidean geometry by Schweikart, and his publication of it under the name of 
Astralgeometry. 

On the twenty-fifth of January, 1819, Gerling writes to Gauss : 

‘‘Apropos of parallel-theory I must tell you something, and execute 
a commission. I learned last year, that my colleague Schweikart (prof. juris, 


251 


now Prorector) formerly occupied himself much with mathematics and particu- 
larly also had written on parallels. So I asked him to lend me his book. 
While he promised me this, he said to me, that now indeed he perceived how 
errors were present in his book (1808) (he had, for example, used quadrilaterals 
with equal angles as a primary idea), however that he had not ceased to occupy 
himself with the matter, and was now about convinced, that without some datum 
the Euclidean postulate could not be proved, also that it was not improbable to 
him, that our geometry is only a chapter of a more general geometry. 

Then I told him how you some years ago had openly said, that since Eu- 
clid’s time we had not in this really progressed; yes, that you had often told me, 
how you through manifold occupation with this matter had not attained to the 
proof of the absurdity of such a supposition.—Then when he sent me the book 
asked for, the enclosed paper accompanied it, and shortly after (end of Decem- 
ber) he asked me orally, when convenient to enclose to you this paper of his, 
and to ask you in his name to let him know when convenient your judgment on 
these ideas of his. 

The book itself has, apart from all else, the advantage that it contains a 
copious bibliography of the subject; which he also, as he tells me, has 
not ceased still further to add to.”’ 

Now comes, pages 180—-181, the precious enclosure, dated Marburg, De- 
cember, 1818, which, though so brief, may fairly be considered the first puwblish- 
ed [not printed] treatise on non-Kuclidean geometry. It is a pleasure to give 
this here in Ixnglish for the first time. 

THE NoN-HucLIpDEAN GEOMETRY OF 1818. 
BY SCHWEIKART. 

‘“‘There is a two-fold geometry,—a geometry in the narrower sense—the 
Euclidean ; and an astral science of magnitude. 

The triangles of the latter have the peculiarity, that the sum of tha three 
angles is not equal to two right angles. 

This presumed, it can be most rigorously proven : 

(a) That the sum of the three angles in the triangle is less than two right 
angles ; 

(b) that this sum becomes ever smaller, the more content the triangle 
encloses ; , 

(c) That the altitude of an isosceles right-angled triangle indeed ever in- 
creases, the more one lengthens the side, that it however cannot surpass a cer- 
tain line, which I call the constant. 

Squares have consequently the following form : 

Is this constant for us half the earth’s axis (as a con- 
sequence of which each line drawn in the universe from one 
fixed star to another, which are ninety degrees apart from 
one another, would be a tangent of the earth-sphere), so is 
it in relation to the spaces occuring in daily life infinitely 


great. 
The Euclidean geometry holds good only under the presupposition, that 
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the constant is infinitely great. Only then is it true, that the three angles of 
every triangle are equal to two right angles; also this can be easily proven if 
one takes as given the proposition, that the constant is infinitely great.’’ 

Such is the brief declaration of independence of this hero. 

Nor was Schweikart’s courage and independence without farther issue. 
Under his direct influence his own nephew Taurinus developed the real non-Ku- 
clidean trigonometry and published it in 1825 with successful application to a 
number of problems. 

Moreover this teaching of Schweikart’s made converts in high places. In 
the letter of Bessell to Gauss of February 10, 1829 (page 201) he says: 

“Through that which Lambert said. and what Schweikart disclosed oral- 
lv, it has become clear to me, that our geometry is incomplete, and should re- 
celve a correction, which is hypothetical and, if the sum of the angles of 
the plane triangle is equal to a hundred and eighty degrees, vanishes. 

That were the true geometry, the Euclidean the practical, at least for fig- 
ures on the earth.’’ 

The complete originality and independence of Schweikart and of Loba- 
chévski is recognized as a matter of course in the correspondence between Gauss 
and Gerling, who writes, page 238, ‘‘The Russian steppes seem therefore indeed, 
a proper soil for these speculations, for Schweikart (now in Koenigsberg) invent- 
ed his ‘Astral-Geometry’ while he was in Charkow.’’ 

This fixes the date of the first conscious creation and naming of the non- 
Euclidean geometry as between 1812 and 1816. 

Gauss adopts and uses for himself this first name, Astralgeometry [18382, 
page 226; 1841, page 282]. 

At length the true prince comes. On February 14, 1832, Gauss receives 
the profound treatise of the young Bolyai Janos, the most marvellous two dozen 
pages in the history of thought. Under the first impression Gauss writes pri- 
vately to his pupil and friend Gerling of the ideas and results as ‘‘mit grosser 
eleganz entwickelt.’’ He even says ‘‘I hold this young geométer von Bolyai to 
be a genius of the first magnitude.”’ | 

Now was Gauss’s chance to connect himself honorably with the non-Ku- 
clidean geometry, already independently discovered by Schweikart, by Loba- 
chévski, by Bolyai Janos. 

Of two utterly worthless theories of parallels Gauss had already given ex- 
tended notices in the Goettingische gelehrte Anzeigen (this volume pages 170— 
174, and 188—185). 

To this marvel of Janos, Gauss vouchsafed never one printed word. 

As Staeckel gently remarks, this certainly contributed thereto, that the 
worth of this mathematical gem was first recognized when John had long sincé 
finished his earthly career. 

The. 15th of December, 1902, will be the centenary of the birth of Bolyai 
Janos, Should not the learned world endeavor to arouse the Magyars to honor 
Hungary by honoring then this truest genius her son? 


Austin, Texas. 
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AN ELEMENTARY EXPOSITION OF GRASSMANN’S “AUSDEH- 
NUNGSLEHRE,” OR THEORY OF EXTENSION. 


By JOS. V. COLLINS, Ph. D., Stevens Point, Wis. 


{Continued from the October Number. | 


CHAPTER X. 


146. Combinatory multiplication gives us a very neat solution of sets of 
simultaneous equations. Let n equations of the first degree containing n 
unknowns be given to find the value of the unknowns. Let the n equations be 


ee ke +Q, pe cee + Oy 1 Un==P 4 


A 9h_ +A q ¥gf- +++ FAngtn=fg 


Aint, + Ay nXe + cree + AnnXn—=F yn 


We multiply the first of these equations through by e,, the second through 
by e,, and so on, and the last by e,, (where [e,@,----@,]J==1), and add the re- 
sulting equations. Then if 


10, Hy lg Fees FAs nln=G, 


An, e4 + Ano Go + see + Ann €y==Ay 


36, +Bo@ot...... +80 ,—=), 
we have for the sum of the products referred to above, the equation 
UA, t8yAy+.... +2 A,—). 


By 20 this one equation replaces or transforms the set originally given us. 
Now in order to find z,, multiply the last equation by [a,a,....a,]. 
This gives (52, 48) 


@,[@,Qq..--G,J=[ba,a,....an] 
or, t=[ba,a,.... ay] 
[ @, Gp... An] 


Replacing the a’s and b by their values, by 45 we have the usual expres- 
sion for x, in terms of the coefficients. 
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CHAPTER XI. 
APPLICATION TO TRIGONOMETRY. 


147. Derinrrion.—The angle between two quantities is that angle (<7) 
whose cosine equals the inner product of the two quantities divided by the prod- 
uct of their scalar coefficients. Thus 

cos / ab=[a | b]| +a 


a 


where a and D are two quantities and @ and / are their numerical values (123). 


Again, if a, b, c.... are quantities of the first order, a, 3, 7.... are their 
respective numerical values. sin(a bec....) is that numerical quantity which 
equals 

[abe....] 
aiy ... 
[abe....J2' 


and is not negative. Thus (128) sin?(abc)= ae gies 
[? - 8 ee 


148. If a and b are quantities of the first order, sin(ab)=sin / ab. 
2 g2@p2z— 2 
Proor.-—sin?(ab) =e"? bE le LY (144) 


a® 3? 2/3? 


a’? —[Ta] bd]? 
a a? 2 


(123)—1 _ {ah el” (123) 


a (3? 
=1—cos? / ab==sin? Z ab (147). 


Then if sin(ab) is never negative and /ab<7, sin(ab)==sin / ab. 
149. If a, 8, 7, 0 are the numerical values of a, b, c, d, by 147 and 148, 


[ab | cd]=afyosin / absin / cdcos / (ab.ed). 
150. The normal projection of A on a quantity B of the same order is nwmer- 


ically equal to Acos 7 AB. 
Proor.—lIf A’ is the normal projection of A on B (134) 


Ar lA L818 © aheos ZABB yg aq) 
{? 


/3 


B == (numerically) Acos / AB. 


io) 
l? 


—=C0s Z AB. 


151. The two expressions [a|b] and [ab], where a and b are vectors, play 
a very important part in mathematics. They occur yoked together in quater- 
nions and apart in the Ausdehnungslehre, typifying the two products, the inner 
and outer. Numerically, as we have just seen, [a| 6] is the projection of either 
vector on the other multiplied by the tensor of the other ; [ab], on the other 
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hand, is the area of the parallelogram whose adjacent sides are a and 0, or, when 
the tensor of one vector is unity, it is equal numerically to the perpendicular 
from the extremity of the other vector on the first, when they go out from the 
same origin, or, when both tensors are unity, it is equal numerigally to the sine 
of the angle between the given vectors (148). 

152. If a, b, ¢, .... are normal to each other and 4 is any quantity numer- 
ically derived from them, we have 


k a b 
Sy 008 2 ak + 9 cos / bk+.... 

PRoor.—Let k=ara+yb+.... Then to find # multiply each member by 
|a. There results, since [b ] aJ]=0, etc., [k | a]=a[a]a]. Finding the value of 
y.... In the same way and substituting we get the equation as given above. 

158. Ifa, b, c.... are normal to one another and & and lJ are two quanti- 


ties numerically derivable from a, b, .... 
cos / kl—cos / akcos / al+cos / bkcos / bI+.... 


Proor.—From 147, we have 


cos / r—L Ly “/-F 


Hh nH A 


b 


—cos / bk+-....) | (cos / alt 
j? Oa 


5 
j3 


[(—cos / ak 4 cos / bI+....)] (152) 


cos / bkcos / bI+.... 


b2 
(3? 


cos Zakecos Zal + 


a 


‘. cos / kl==cos / akcos / al+-cos / bkcos Z bI+.... 
154. Ifa, b,c, .... are normal to each other and & is numerically deriva- 
ble from them, we have by putting J=é in 153 


1=cos? /ak+cos? / bk+.... 


155. Ifa, b,c, .... are normal to each other, and & and | two quantities 
numerically derivable from them are normal to each other, 1538 gives 


O=—-cos / akcos / al+cos / bkcos / bl+.... 
156. Writing inthe formulaof 144 a for p,, bfor p,, c for q,, d for q. gives 
sin / absin / cdcos Z (ab.cd)==cos / accos / bd—cos / becos / ad. 


In this formula if ¢ and d are replaced respectively by aandc there results 
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sin Z absin / accos Z (ab.ac)==cos Z be—cos & bacos £. ac, 


a familiar formula of spherical trigonometry. 
157. The last formula of 145, by substituting a, b, c for p,, po, ps, and a, 
b, ce for g,, de: G3 gives (147) 


sin? (abc)==1—cos? ¢ be—cos? 4 ca—cos? £ ab+2cos /. becos “ cacos / ab. 


158. The formula (a+b)2=a2- 2[a | b]+b2=a? +2afcos 4 ab-+b* gives 
the familiar extension of the Pythagorean proposition. 

159. Let a, b, c be plane segments whose sum is the fourth face of a tetra- 
edron of which they are the other three (75). Then 


(a+b+ce)%*=a2+ bd? +4+c2 4 2[b | ¢]+2[¢ | a]+2[a | 5] 
=a?+t3? +7%+23cos 4. be+2aycos L ca+2a/2cos /. ab, 
which is the extension of the preceding result to space. 

In words :—The square of the base of any tetraedron is equal to the sum 
of the squares of the lateral faces dimished by twice the products of each pair of 
lateral faces times the cosine of the diedral angle between them. 

CHAPTER XII. 
APPLICATION TO ANALYTIC GEOMETRY. 


160. Let p,, Do, p3 represent three unit points, and suppose their product 
is unity (57). Then 


[P:PePsl=—le1(PeP3t+PsPi1 +P Pe)I=!1. (48) 


But if p denote any other unit point in the plane of [p,p.p.,], by 94 we 
may replace p, by p in this product, getting 


[p(poPat+ PsP, +PiP.)|=Lp | (yp, +pe+p,)]==1. (57, 58) 


Let p, denote a unit point which is the mean of the reference points. Then 
Pi tp. tp,—dp, (81). Substituting this value of p;+p,.+p, in the equation 
above, we have 


3[9 | p;]=1, or in solid space, 4[p | p,]==1. 


161. The equation p=ap,+ypotzps represents a straight line, provided x, 
y, % satesfy a linear equation, as ax+by+cz—0. 
To see this let us eliminate z. Then 
] 


p= c {a(cp,—ap,)+y(cp,—bp3)}. 


Thus, by 80, p lies on the right line through cp, —ap, and cp, —bp,. 
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162. The equation [p p,p,|=U, In which p, and p, are constants and p is 
a variable is the equation of a straight line (94). 

The equation [ pLJ=—0, where p is a point and L a line 18 the point equation 
of a straight line uf p is variable and DL is constant, and the line equation of the 
point p if L 1s variable and p ts constant. | 

1638. The Cartesian equations of the central conics, the 
ellipse and the hyperbolu in the inner product notation (151) 


are 
(tt ) 4 (elt: y= 
a b 


where z, and z, are unit vectors along the major and minor axes and »/ is the 
radius vector from the center to any point. Suppose we set 


Then the equation for the central conics reduces to 


p | a 1. 


164. DIFFERENTIATION.—Let » be a radius vector from an origin O to a 
curve AB. Then if » be made to approach indefinitely close to p,, we have 


.  . pomp dp . 
Limit! Vt. _-——@q ynit vector \ 


AB ds 


un the direction of the tangent at A. This is taken to be the 
dp 
ds. 
igin O, or a point moving from B to A on the curve AB. 

165. The function ¢ (163) possesses the property that p|¢e,=p,|¢e. Thus 


meaning of no matter whether » be a vector from the or- 


U 


_ p, | P,|7.. plz P|ts 
pldo,=o (Pebr, Or Ue, =P, 1 ( | ‘1, + » 49 ). 


a” b? 


166. Differentiating the equation » | ¢e—1 (168), we get 
dp | don | bdp=2dp | gp=0. (165) 


Now if dg is parallel to the tangent at the extremity of p, ge is parallel to 
the normal (124). 

If p; and p, be vectors to any point of the tangent and normal, respective- 
ly, and p, that to the point of contact, the equation of the tangent may be writ- 
ten [(i—p,) | Ge, |=9, or Ler | de, ]==1, and that of the normal [(p,—/,)¢p,]=0. 
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The p’s may also be thought of as representing points. 

167. Let p,, p,, p; denote the vertices of a reference triangle whose sides 
are of unit length and p any point in their plane. Then |p,—p.p.,, | Po=PsP1; 
[P3—=P, Po, and p|p,, pl p., p |p, are proportional to the perpendiculars from p 
on the several sides of the triangle (94). 

We shall consider only homogeneous equations. For, if any equation 
should not be homogeneous in p, all that is necessary to make it such is to intro- 
duce the factor 1==3p]|p, (160). Now the most general form of the equation of 
the second degree in trilinear codrdinates is 


al pip, )?+olplp.l?+eclp lps]? +2d[ pip. pips | 
+2e[ pl psILP li d+27Lp lp dlp lp. j=. 


Let Kap, +/P.t+eps)p I Pi] +l, + bop. +dps pl pe] 
+ [(ep, +dpy+ep;)p | ps j=9p. 


When this value of ¢p is substituted in the preceding equation it reduces 
to p| ¢gp=0. Hence »|¢p=0 is the equation for all quadric curves whether cen- 
tral or non-central. Had quadriplaner codrdinates been employed and the cor- 
responding expressions constructed, an equation would have resulted represent- 
ing any and all -yuadric surfaces. The same method may be used in getting the 
equation of the quadric in n-dimensional space. 

REMARK.—The introduction of the ¢ function from Hamilton into the Aus- 
dehnungslehre is due to Professor Hyde. (Directional Culculus, page 108). He 
shows that point analysis gives a means of changing the ordinary Cartesian 
equations into equations analogous to those of trilinear codrdinates and then of 
generalizing the application’ of the equation p| ¢p=-0 to include the case of quad- 
rics, central and non-central. 


[To be Concluded. | 


DEPARTMENTS. 


CE 


SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 


132. Proposed by WILLIAM SYMMONDS, A.M., Professor of Mathematics, Santa Rosa College, Sebastopol, 
Cal. 
A road 60 feet wide crosses a square acre of land. The west line of the road passes 
through the southwest corner of the land, while the east line of the former passes through 
the northeast corner of the latter. What fraction of the land is included in the road ? 
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Solution by M. A. GRUBER, A. M., War Department, Washington, D. C.; D. G. DORRANCE, Jr., Camden, 
N. Y¥.; J. SCHEFFER, A. M., Hagerstown, Md.; and G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


Let ACBD=the square acre, AGBH=-the road, and EF perpendicular to 
BG, ==60 feet. 

Put a=AC=BC, and b=EF. 

Let «==BE, and y=3G. 

Then a—x=—GC, ax=area of road, and x/a=fraction- 
al part of square acre included in the road. 

From the similar right triangles HF'B and BCG, we 
have «:y==b:a; whence y=ax/b. . 

Also from right triangle BCG, y= ;/{a?+(a—2)?]. 


2 2 
Spy =a? — Dawber’, 
W hence lb ty a? —0*)] and & _ bl-b+y/ (2a? —b*)] 
" wpe G a 


Substituting the numerical values, b—60 and a? —43560 [=the area of an 
acre in square feet], we obtain 7/a==.344. | 


abl —b + 1/(2a2 —b?)] 
| a*>—b? 


QuERY. When a=), what is the value of ? GRUBER. 

Answer. By differentiating both numerator and denominator with 
respect to b and then reducing we find the value of the expression to be equal to 
a, for either the + or — sign. It may also be shown as follows: 


abl + 1/(Za? — b?)—b| abl +71 (2a? —b?)— 9] 
a? —b? (Qa? —b® —b2) 


_ Mab[ + 1/ (2a? —b?)— Dd] ab or 2ab 
fy Ga? —b2) +b] [)/(2a?—b2)— db] (Qa? —b?) +0 y (2a? —b*)—b 


—ad or —-@®., 


These values might have been found by making the assumption that a—b 
in the equation from which the expression arose. 

If, however, we write the denominator of the expression for the roots 
90% —b2—a? =| )/(2a® —b?) + a]}l] “(2a2 — b? )—a], and then divide + 1/(2a? — Bb?) 
—h by [| (2a? —b?)—a] we get 


a—b n aca—b) a? (a—b) 
yy (2a? —b?) (Qa2—b?) © (Qa2?—b?)3 


1+ + etc., 


and the value of the root is 


ab ( a-—b a(a— b) a?(a—b) 


[year I tear t Bea t ;+ ete.) 


(Qa? —b?)} 
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While each of these terms after the first, approach 0 as ab, making it 
appear that from this view one root is 4a instead of a, as found above; yet by 
writing the series as follows: 


a a? ae 
1+(a—by} V (2a? —b?) + (2a2—b?) + (2a?—b?2)3 + ete. |, 


it is seen that this factor takes the form, in the limit, 1+0x0o; and, therefore, 
this method is no more capable of yielding a determinate result than is the origin- 
al expression. Eprror F. 


ALGEBRA. 
108. Proposed by GEORGE LILLEY, Ph.D., LL:D., Professor of Mathematics, State University, Eugene, Or. 


A gave two notes; one for a dollars at m per cent., and the other for b dollars at n 
per cent. annual interest. He is to make a monthly payment of ¢ dollars. How much must 
be endorsed on each note in order to pay them off at the same time ? What must be the 
endorsement on each if a=1900, b=1800, m=6, n=7, and c==25. 

[This problem is the same as No. 86, Miscellaneous. See the solutions in 
that department. | 


109. Proposed by B. F. FINKEL, A.M., M.Sc., Professor of Mathematics and Physics, Drury College,Spring- 
field, Mo. 


1 1 1 


Vath * Va=iy GR =1y” find value of x satisfying the equation. 


Solution by the PROPOSER. 


This problem was proposed for the purpose of explaining the singular fact 
(singular to those who do not possess more than a mechanical knowledge of al- 
gebra) that the value of the unknown does not satisfy the original equation. 

By transposing and factoring, the original equation may be written 


Vai) lv @-D+v @+))—-1)=0, 


which is equivalent to the system of equations, 


The solution of A gives soc , which value satisfies the original equation. 

From B we have )/(#+1j)=1—)/(a—1). Squaring both sides, transpos- 
ing and combining, we have 1=—2)/(a~—1). 

From this last, by squaring, we obtain 1—4(%—1), from which we find, 
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c=. This value of x does not satisfy B, neither does it satisfy the original 
equation. 

By studying the two operations of squaring, in the solution of B, it will be 
seen that extraneous equations were introduced. The squaring the first time was 
equivalent to multiplying B by 7/(@—1)+)/(4+1)+1, that is, the equation re- 
sulting from squaring the first time is equivalent to 


[VW@—-D4+Y/@4+)4+)hy/@—)+V/@4+1)-- 1}=0. os .C1), 
and the second operation of squaring which gives the equation 1—4(*%—1) 


is equivalent to multiplying (1) by h/(@@—-D—-y/(#4+1)41)] [pV @—-)-V@4+1) 
—1], that is, the equation 1=4(*—1) is equivalent to the equation 


[Y@-h+yV@4)4lyY@—-)4+)/@+)—-]] 
V/(@—D)— +4) 4 y/@—- 1) —} “(2@ 41) — 1] 0. 


This equation, therefore, is equivalent to the system of equations 


fy (@—-1)4+-7/(@+1)4+-1=—0=P ) 
4 VY (#—1)4+y/(@+1)—1=0=@ ‘ 
V/@—l)—y/(@+1)+1=0=R | 
Ly/(a—l)— py (@4+1)—1=0=S8 J 


Of these, the only one that is satisfied by the value s=—}is R. The solu- 
tion, therefore, of any one of these equations gives the same value of 4, viz., 
a=, and this value of « satisfies A only. 

This whole subject of derwvation of equations has been neglected by most 
writers on algebra in America until quite recently. The recent texts of Fisher 
and Schwatt, Beman and Smith, and several others have given considerable at- 
tention to the subject. 

Professor Chrystal has given a very good treatment of the subject in his 
Algebra, Vol. I, § XIV. On page 285, he says, ‘‘There are few parts of algebra 
more important than the logic of the derivation of equations, and few, unhappi- 
ly, that are treated in a more slovenly fashion in elementary teaching.’’ 


This problem was also solved in a very excellent manner by H. C. WHITAKER, G. B. M. ZERR, 
COOPER D. SCHMITT. W. H. CARTER, W. W. LANDIS, CHARLES C. CROSS, J. M. BOORMAN, J. D. 
CRAIG, A. F. KOVARIK, ELMER SCHUYLER, and J. SCHEFFER. 


110. Proposed by J. C. CORBIN, Pine Bluff, Ark. 


Put down any number of pounds, shillingsand pence under £11, taking care that the 
number of pence is less than the number of pounds. Reverse this sum, putting pounds in 
the place of pence, and subtract from the original. Again reverse this remainder and add. 
The result in all cases will be £12 18s 1]d, neither more nor less, whatever the amount 
with which we start. Verify and explain. 
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I. Solution by Prof. N. F. DAVIS, Brown University, Providence, R. I.; J. D. CRAIG, New Germantown, N. 
J.; the late SYLVESTER ROBBINS, North Branch Depot, N. J.; J. SCHEFFER, A. M., Hagerstown, Md.; COOPER 
D. SCHMITT. A. M., University of Tennessee, Knoxville, Tenn.; and H. C. WHITAKER, Ph. D., Manual Training 
School, Philadelphia, Pa. 


£ 8. d 
1st a b C 
Or thus a—1l 19-++b I2+e 
Reverse ¢ b a 
Subtract a—e—1 19 12+c—a 
Reverse 12+c—a 19 a—c—l 
Add 12 18 11 


II. Solution by J. W. YOUNG, Oliver Graduate Scholar in Mathematics, Cornell University, Ithaca, N. Y.; 
WALTER H. DRANE. Graduate Student, Harvard University, Cambridge, Mass.; and G. B. M. ZERR, A.M., Ph.D., 
The Temple College, Philadelphia, Pa. 


The restrictions placed on the problem are unnecessary. The proposition 
is true for any sum of pounds, shillings and pence, provided, when we subtract 
we take care to take the positive difference of the two sums obtained as describ- 
ed. The proposition may be proved thus: 

Let a, b, c be a number of pounds, shillings and pence, respectively, and 
suppose a>c. 


£ Ss. d. 
The two sums are a b e ....(1). 
C b a ....(2). 


Since a>c, before subtracting we must write (1) in the form 
a—1 19+-b 12+¢ 


Subtract (2), and we have 


a—c—l 19 12+c—a 
Reverse 12+c—a 19 a—e—!I 
Add £12 18s, lid., the required result. 


III. Solution by BENJAMIN F. YANNEY, A. M., Mount Union College, Alliance. 0., and W. W. LANDIS, A. 
M., Dickinson College, Carlisle, Pa. 


Let x stand for the number of pounds, y the number of shillings, and z the 
number of pence. Also, let x>z and <z+12, Ofcourse, y<20, and z<12. 
Then performing the operations as indicated, we have, 


1. Lx ys. zd. 
Lz Ys. xd. 
£(x—1—z) 19s. (2+ 12—~2)d. 
2. £(a—1—-z) 19s. (z+12—<2)d. 


L(z+12—%) 19s. (a—1—z)d. 
£12 18s. lid. 
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Notre.—In the case of the decimal system of notation, under similar con 
ditions we find the result to be always 1089. In general, in any system of nota- 
tion in which v units of the first order make one of the second order, and m units 
of the second order make one of the third order; if, also, x stands for the num- 
ber in the third order, y the second order, and z the first order, where «>z and 
<z+mn, then proceeding as indicated in the problem, we shall always find the 
result to be n units of the third order, n—2 units of the second order, and n—1 
units of the first order. 


IV. Solution by E. L. SHERWOOD, A. M., Professor of Mathematics, Beaver College, Beaver, Pa. 


This problem is an example of a class wherein the given quantities are 
caused to disappear by subtraction or cancellation—the resulting quantity 
depending on special circumstances, in this case the table ratios. 

That the result will always be 12£ 18s 11d may be shown as follows: 


£ S. d. 
Given sum a b C 
2eversed C b a 
Remainder (a—1)—c 19 12+c—a 
Remainder reversed 12+e—a 19 a—c—1l 
Result 12 18 11 


The sum need not be ‘‘under 11£’’ as was given in the problem, but up 
to a maximum of 23£ 19s lid. More cannot be taken, as in the first subtraction 
we would have to ‘‘borrow’’ 2s instead. of 1, or, in other words, use 24 as a ratio 
instead of 12. 

If, however, we rigidly adhere to 20 and 12 as ratios, and use them, sums 
could be taken at random. As 


£ S, d. 
100 30 25 
25 30 100 
74 19 — 63 
— 63 19 14 
12 18 il 


A similar problem could be proposed with any table—the result varying 
with the constants of the table. 

In general—if r and r’ be the ratios (as 12 and 20) the result will be r of 
the highest, r’—2 of the next, and r—1 of the lowest denomination. 
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GEOMETRY. 


135. Proposed by WILLIAM HOOVER, A.M., Ph.D., Professor of Mathematics and Astronomy, Ohio Univer- 
sity, Athens, 0. 


If a hyperbola be described touching the four sides of a quadrilateral which is in- 
scribed in a circle, and one focus lie on the circle, the other focus will alsolie on the circle. 


Solution by the PROPOSER. 


Using quadrilinear notation, the equation to the circle circumscribing the 
quadrilateral whose sides are given by a=0, @=0, y=0, 0=0, is ay=f0....(1). 

Now, it is well known that if the codrdinates of one focus of a conic tan- 
gent to a given line be a’, f’, y’, 0’, those of the other focus are proportional to 
L/a’, 1/3’, 1/7’, 1/0". 

But by the problem, a’, 7’, 7’, 0’ is on (1); then a’y’==;'0"....(2), or 


? 


— (8), 


Substituting the reciprocals in (1) gives (3) also, and proves the theorem. 


136. Proposed by J. OWEN MAHONEY, B. E., M. Sc., Professor of Mathematics, Central High School, Dal- 
las, Tex. 


Construct a triangle having given the base, the median line to the base, and the 
difference of the base angles. 


I. Solution by B. L. REMICK, Instructor of Mathematics, Bradley Institute, Peoria, II. 


Let LM—=a=the base, CP—m-=median to the base, a—f/=difference of 
base angles. . 

Then vertex P of required triangle lies on 
circle about C (mid point of ZM) as center with: 
radius m; it also lies on the locus of point of inter- 
section of straight lines through £, M forming an- 
gles with base having the required constant differ- 
ence. We propose to show that this latter locus is 


an equilateral hyperbola and that our problem has 
therefore four solutions corresponding to the four common points of the circle and 
hyperbola. 

Z RPS between the perpendicular and angle bisector=3}(a@—,3) by a well 
-known result in geometry ; and hence we have to consider the locus of intersec- 
tion of two straight lines passing through two given points L, M so that the angle 
bisector remains parallel to itself. 

Let codrdinates of P be (%,, 4;). 

Equation PL is y,x—-2,y=0. 

Equation PRM is 4,7 +(a—2, )y—ay, =0. 


YxU—E,Y YY BH(A— 2B, )Y- OY, 
Viyete?)  Vlyet+(a-2,)? 


Equation PS is 


Since tang has a constant value we obtain 


A ee 
/ 2+(a—wv 2 ‘( 2 49 2 
Vigitere)*) vite’) (constant). 

vy a—x, 


Simplifying, we have 
(he, +y, —ha)y (ye +2? )=(ke, +y)v Lye +la—2,)*]. 
Squaring and reducing, we obtain the form 
2ha? +2(1—k? )a,y,—ky ? —2ake, + (ak? —a)y, =0, 


which shows the locus a conic. 
Note points LZ, M, viz., (0, 0), (a, 0) are on locus. 
Testing the discriminant to determine the nature’ of the conic, we have 


AB— H* ==— 4k? —(1—k? )? ==—(1 +k? )? <0 


Hence the curve is a hyperbola. 
To examine the locus farther by proceeding to standard form of equation, 


make use of transformtion s==a'+2,, yy’ +y,. equate to zero coefficients of 2’, 
in the equation found and obtain as first reduced form 


Aka’* +4(1—k? )a'y’—4ky’? — a? k=0. 


Again using formule A’+ B’=-0, A’B’=—(1+k*)? obtain as final reduced 
equation 


(1+? jv"? —(1 +h? jy"? =a?k, 


indicating an equilateral hyperbola. 
Solved in a similar manner by H. C. WHITAKER. 


II. Solution by G. B. M. ZERR, A.M., Ph.D.. The Tem- 
ple College, Philadelphia, Pa.; ALOIS K. KOVARIK. Decorah 
Institute, Decorah, Ia.; and J. SCHEFFER, A. M., Hagers- 
town, Md. 

Let b=base, m—median, D—differ- 
ence of the base angles. 

In any circle FGEG, find a segment 
FRKEG containing an angle FEG equal to / D and draw EK parallel to I’G. 
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Take AB=b ; with O the center of AB as center and a radius equal to m, 
describe the circle HCL. Construct the angles ABH and HBC equal to the an- 
gles KEF and FEG, respectively. 

Through ABCH describe acircle. Join AH, OH, OC, AC. Then ABC 


or ABH is the required triangle, since AB—b, OH=-OC=m, / HCB= / HAC=D. 


CALCULUS. 


102. Proposed by G. B. M.ZERR, A.M., Ph.D., Professor of Chemistry and Physics.The Temple College, Phil- 
adelphia. Pa. 


, \ 
A right cone has its vertex at the focus of a paraboloid of revolution, the axis of the 
cone perpendicular to the axis of the paraboloid. Find the volume common to both. 


Solution by the PROPOSER. 
Let x2-+-y2==c?z?, be the equation to the cone. y?-+2?=—4a(a+2), be the 
equation to the paraboloid. 


Ve +y*) 
C 


The limits of z are z= to z==4/ (4a? + 4aa—y" ) 


[4a?c? +-4ac?a—a® 
of y, 0 and y= Tre 


=U 41; 


of x, 2Zacle—1/ (1+? )|=2, to 2acle+ )"(1+e? )|=2,. 


Vey mA r 2 2 
7 V=2{ (da? +4ar—y?) —! ery ‘dnd 


_ (* . 2 aye ein — yy [e? +y* | 
= SLL [4a? + 4ax—y? ]+4a(a+~2)sin (5 fa(a-ta)] ; 


xe ed 2 Yr __ vy . if [4ac?(a+a)—2? | 
_ ““logly + 1 (re +ty mh Jarta f"atorsin iCwreewaceeny )de 


1 Ty V/ [4ac? (a+a)—2* ]+eZa+e)) J 
fatto oa wy (1-+e?) Jar 


V [4ac?(a+x)—2x? | ) 


. Ye | 2a(a+2)? *sin- 3(Ve 2 [a +e? )(a+a)] 


a8 [4ac? (a+%)—2*]+c(2a+ 2) | — ala+e)da 
Be log (1 xy/(1+e*) af eW [4ac? (a+a2)— 2? ] 


at da 1 tf" ; 
+ Hf [dac? (a+r)—2?] Be e da 
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2 Leet a* da 
b€ J gy [4ac?(a+2)—2* ]{c(2Qa+2)+1 [4ac?(a+x2)—22]}}° 


Let 2ac? —7=2acy (1+? )eos@. 
oo V=2a%e | " [c—1/(1 +e? )eos#][1+2¢? —2¢,/(1 +c? )cos@]d4 
0 
+8a%c? sf [c— V(I+e* jeost]*db—farer (ter) {7 [c— yp (1+c? )cos@]? sin dé 


™ [e—y (+e? )cos@]4dé 


—8a%c2y/ (1+e? — oe eae 
gahery +e ) 9 sinf—ccos4+ “(1+c?) 
2rarc* 3 , 
V =——gz— (6+ 15e? + 10c*) —18 a c?4/(1+e?)(1+4e? ) 
. ™ Le—y/(1+c? )cos6]*dé 
— ade /(1 +e f Le I 1, 
wav re) 0 sinf—ccosh+ 4/(1+ c¢*) 
Let c=cot/. 
(7 le—-VvU+e? )cosé]*dé ™ (cosZ—cosf)4d4 


"* J 9 sinf—ccosd+y (1+c?) sin’ 37% 9 1—cos(+ 8) 


8 7, ats 
— —- f sin® $(0+)3)sin* 3(0¢—3)do—D. 
0 


~~ gin? Fe 
Let 0—f=2Q@. .. 04+3=294 5/3. 
16 (72-8) |, at 4 
nis. s sin? (g+)sin*t pd gp 
16 a(7—B) . . . os 
= Snif ip (sin ® pcos* + 2sinfcosfsin® pcosp + sin‘ pcos? mpsin® #)d@p 


== cosecf§(1 + dcot? 3) — #(1+4cot? §)—4s77/ (1 +e? )(1+5e?)— #(1 + 4c2). 
J. V=$ma%c?(4+8e?). 


103. Proposcd by HON. JOSIAH H. DRUMMOND, LL. D., Portland, Me. 


A park, in the shape of an ellipse whose diameters are 100 and 50 rods, respectively, 
is surrounded by a wall: one end of a rope, whose length is the circumference of the el- 
lipse, is fastened (outside of the wall) at one end of the longer diameter and the other end 
at the other end of the same diameter. Over how much surface will a horse graze, which 
is fastened to a ring moving freely on the rope ? 


Remarks by B. F. FINKEL, A. M., M. Sc., Professor of Mathematics and Physics, Drury College, Springfield, 
Mo. 


No correct solution of this problem has yet been received. The problem 
has been misinterpreted by several of our contributors, who have mistaken it as 


~ 
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a corollary of Graves’ Theorem. This was the interpretation according to which 
Dr. Haskell made his solution and which was inadvertently published in the 
Montuiy, Vol. V, No. 4, page 111. 

The problem as proposed is quite different and is 
not easy to solve, perhaps impossible. 

The area grazed over consists of three parts : 

(1) The part ABP” P—the area of this part is not 
difficult to find as the arc PP’P” is the arc of a confocal el- 
lipse; (2) two times the part PH DAP,—this part is gener- 
ated by point, P, constrained to move under the composition of circular and el- 
liptic evolutary motion ; and (3) two times the part ADJA, which is between the 
evolute of the elliptic field, the field, and the radius vector AD. 

The part PE DAP is the difficult part of the area to compute. 

If any of our contributors will furnish a correct and complete solution of 
this problem it will be published in the next issue of the MonrHty. 


MECHANICS. 
98. Proposed by WALTER H. DRANE. Graduate Student. Harvard University, Cambridge, Mass. 


A spool, with light thread wound around, is placed upon a rough table so that the 
thread will emerge from beneath the spool. The thread is passed over a smooth pulley at 
end of table and a weight attached, the pulley being so adjusted that thread is parallel to 
surface of table. If friction between spool and table is sufficient to prevent slipping, de- 
termine motion of spool and weight. [From problems in Mechanics at Harvard 
University.] 


I. Solution by G. B. M. ZERR, A. M.. Ph. D.. Professor of Chemistry and Physics, The Temple College. Phil- 
adelphia, Pa. 


Let T=tension on thread, x==distance spool’s center moves, y=distance 
weight W moves, 6=angle AOC through which spool turns, OA=a, OB the ra- 
dius of the thread==b. 

Then x=aé, y=(a—b))8. 

The forces acting on the spool are friction, /’; ten- 
sion, T; and reaction, &, perpendicular to the table. 

Let m=mass of spool and thread, m,==mass of 
weight. Then 


9 
?_ 


dt dé 
mT = T—F, mk Te 


d2 
=Fa..(1,2), for spool ; mee —=T— mg. .(3), for weight. 


Eliminating #” between (1, 2) we get 


a? a ~ ad - y d?a dd? 6 d?y d*®é 
dt? tmk dt? =—T... (4) } but dt? — One “ye (ab) dt?’ 


ma 
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ation, and weight will descend with an acceleration a—b times the angular 
acceleration. 

99. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Chemistry and Physics, The Temple College, 
Philadelphia, Pa. 

In a triangle ABC, base==b, area=A, the principal moments of inertia at 
the centroid are ym[a? +b? +c? +1/(at+b4+ct—a?b?—a?c?—b?c?)] and the 
principal axes at this point make with the base AC an angle @ given by 
A(c?—a*)A 


é— 
tane (a® —c?)* —b? (a? +¢7)+4+264 


Solution by the PROPOSER, 
Let O be the centroid and transform from the rectangular axes Ox, Oy, to 


the oblique axes Ox, OB. 
Also let (b/64 D)\(2A D—38y)=2'. 


ZgAD x’ 
Then Smay=psin®D { (e+ycosD)ydyde=y';bp A D*sin® DoosD 
—jADY —2’ 
= mA D* sin DeosD. 
ZAD a! 
Smx?=psinDf~—_{“(a+-yoosD)*dydx—=,ym(3b? +44 D*cos* D). 
—3ADY —2' 


AD zw! 
S my? =psin? D { f y? dydx= mA D? sin? D. 
2ADY —2' 


“3 


- tanop_ 44 D*sin2D 
- ~~ «8b? +44 D2cos2D * 
ons _4AD? + b?—4a? 
But sinD=asinG'/AD, cosD==———5 
, _ asinC(4aD?+b?—4a?  2(c?—a®)A 
sin 2D) 2b.AD® ~~ §2. 4D? 
_AD?— 2a*®sin?C — 2(a® —c?)— 2b? (a? +7) +4 
cosh Dope AD 
*, tan24— A(o" a") 4 


(a? 08)? 82a? fey p Ode 


Acos? 6+ Bsin® 6=7;m(8b? +44 D* cos? D). 
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Asin? 6+ Bcos? 6=,,mAD? sin? D. 

J. A+B=.5m(5b? +44 D?). 

(A — B)cos26=~'5m(8b? +4A D? cos2D). 

J. A=aym[a? +b? +c? +2//(a* +b4+c¢4--a?b? —a*c? —b*c*)]. 
B==Jgm[a? +b? +c? --2)/(at*+b4+c4 —a? b? —a*c?—b*c?)]. 


MISCELLANEOUS. 


85. Proposed by COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knox- 
ville, Tenn. 


Prove that at least one of the three sides of a rational right triangle must be divis- 
ible by 5. 


II. Solution by M. A. GRUBER. A.M., War Department, Washington, D. C.; HON. JOSIAH H. DRUMMOND, 
LL. D., Portland, Me.; and the PROPOSER, 


Rational right triangles are divided into three kinds: (1), prime inte- 
gral ; (2), composite integral ; and (8), fractional. 

It is evident that prime integral right triangles are the basis of work. 

To produce a prime integral right triangle we take two integers prime to 
each other, one odd and the other even. Then, twice their product will give one 
of the legs, the difference of their squares will give the other of the legs, and the 
sum of their squares will be the hypotenuse ; or taking p and q as the two integ- 
ers, the respective sides are 2pq, p?—q”, and p?+4q’. 

This process will produce any prime integral right triangle. 

The squares of even numbers end in 4, 6, and 0, and of odd numbers in 1, 
9, and 5d. 

When the two prime integers, or p and q end, respectively, in 0 and an 
odd figure, or in 5 and an even figure, their product, or pq of the side 2pq con- 
tains the factor 5; the other sides being odd numbers not ending in 9. 

When the squares of the two prime integers, or p? and q? end, respeetive- 
ly, in 1 and 6 or in 9 and 4, the difference of these squares, or the side p” and q’ 
ends in 5, and is, therefore, divisible by 5. 

When the squares of the two prime integers end, respectively, in 1 and 4 
or in 9 and 6, the sum of these squares, or the side p? + q? ends in 5. 

The above contains all the combinations of any two prime integers, one 
odd and the other even, according to the formation of the sides of prime integral 
right triangles. 

.. In every prime integral right triangle one of the sides and only one is 
divisible by 5. 

In composite integral and fractional right triangles either one or all of the 
sides must be divisible by 5. For, in order to have more than one side divisible 
by 5, the highest common factor of the three sides must contain the factor 5. 

., In rational right triangles either one or all of the sides will be divisible 
by 95. 
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86. Proposed by GEORGE LILLEY, Ph. D., LL. D., Professor of Mathematics, University of Oregon, Eugene, 
Oregon. 


A gave two notes; one for a dollars at m per cent., and the other for b dollars at n 
per cent., annual interest. Heis to make a monthly payment of ¢ dollars. How much 
must be endorsed on each note in order to pay them off at the same time? What must be 
the payment on each if a=1900, b=1800, m=6, n=7, and c=25 ? 


Solution by WM. FRED FLEMING, Principal of High School, Denison, Texas. 


One general formula for finding the number of fixed monthly payments 
required to extinguish a debt which bears interest is as follows : 


PP 
log (to 


Number of payments= 
log(m+ 1) 


where »=payment, P=principal, and m=fraction of principal accruing as 
monthly interest. 

In the given problem the number of payments is equal since the notes are 
to be lifted at the same time. Hence 


~—h | ( 25—p 
log p—10.50) 1°8\ 95 p— 9-50 


log(zso0 +1) i log(gtg t+) 


Whence, using 7-figure logarithms, 


0 (2o=pym 


21 #\31 
Pp—-*s- “gy Pp 


which equation, solved by doubke position (or some other method of approxima- 
tion) gives, as the nearest payments involving even cents, $12.74 for the payment 
on the $1800 note, and $12.26 as payment on the $1900 note. 

Number of payments=298.9, or 24 years and 11 months (nearly) will be 
required to lift the note. 


PROBLEMS FOR SOLUTION. 


ene 


ARITHMETIC. 


186. Proposed by F. M. PRIEST, Mona House, St. Louis, Mo. 


What is the size of the smallest cubical box, inside dimension, that will contain four 
balls each ten inches in diameter? 
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187. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Chemistry and Physics, The Temple College, 
Philadelphia, Pa. 


At the corners of a triangle sides a, b, c feet are towers d, e, f feet high. At what 
point must a ladder be placed so that it will just reach to the top of each tower without 
moving? How long is the ladder? Substitute a—=200, b=180, c=150, d=60, e=50, f=80; d, 
e¢, fat A, B, C, respectively. 

x“, Solutions of these problems should be sent to B. F. Finkel not later than Jan. 10. 


ree 


ALGEBRA. 


125. Proposed by LESLIE L. LOCKE, Instructor in Mathematics, Michigan Agricultural College, Ingram 
County, Mich. 


What special expedient will solve the system 
v4 — y*==869 ) » 
c—y=l 


126. Proposed by CHARLES C. CROSS, Meredithville, Va. 
A and B run a race; B, who runs slower than A by @ miles in } hours, starts first by 
c minutes, and they get to the n-mile stone together; required their rates of running. If 
ad==1, b=2, c=2, and n=—4, what is the result? 
x*, Solutions of these problems should be sent to J. M. Colaw not later than Jan. 10. 


——— 


GEOMETRY. 


154. Proposed by ALFRED HUME, C. E., D. Sc., Professor of Mathematics, University of Mississippi, P. 0., 
University, Miss. 


The angle between the edge of a trihedral angle and the bisector of the opposite face 
angle is less than, equal to, or greater than, half the sum of the other two face angles, ac- 
cording as it is itself acute, right, or obtuse. 


155. Proposed by J. C. NAGLE, M. A., M. C. E,, Professor of Civil Engineering, State Agricultural and Me- 
chanical College, College Station, Tex. 


A special case of the following problem was sent me some time ago by an ex-mem- 
ber of one of my engineering classes, as occuring on the Southern Pacific Ry. near Devil’s 
River: 

Two straight tracks, p feet between centers, are to be united by a cross-over com- 
posed of two curves of radius A, and a length LZ of intervening tangent. Required the 
central angles and the distance between tangent points, measured along main track. In 
the special case referred to » was 62 feet, ZL 100 feet with 9° 30’ curves. 


156. Proposed by F. M. McGAW, A. M., Professor of Mathemstics, Bordentown Military Institute, Borden- 
town, N. J. 


To construct an equilateral triangle such that its vertices shall be in each of two 
parallel lines and a point fixed between these lines. 


y*» Solutions of these problems should be sent to B. F. Finkel not later than Jan. 10. 


Se 


CALCULUS. 


116. Proposed by JOHN M. COLAW, A. M., Monterey. Va. 
‘Prove that the length of the greatest beam of square section that can be cut from a 
log 1 feet long and in the shape of a conic frustum, diameters D and d, is 41D+(D—d) feet.” 
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117. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Chemistry and Physics, The Temple College, 
Philadelphia, Pa. 
A frustum of a paraboloid of revolution closed at both ends hasa given volume. Find 


its interior dimensions when its surface is a minimum. 


118. Proposed by J. W. YOUNG, Oliver Graduate Student, Cornell University, Ithaca, N, Y. 


Find the differential equations of the system of parabolas, y? ==4a?(x+a"*), 
and of its orthogonal trajectories, and interpret the result. Find also the equa- 
tion of the system of trajectories. 


x*y Solutions of these problems should be sen to J. M. Colaw not later than Jan. 10. 


MECHANICS. 


105. Proposed by WALTER H. DRANE, Graduate Student, Harvard University, Cambridge, Mass. 


A man, weighing 150 pounds at the surface of the earth, ascends in a bal- 
loon, until the area visible to him is 27h?(1—2,/%). What is his weight at 
that height ? 

106. Proposed by F. P. MATZ. M. Sc., Ph. D., Professor of Mathematics and Astronomy, Irving College, Me- 
chanicsburg. Pa. 


Vary the radius 6f curvature of a plane curve inversely as the abscissa; then the so- 
lution will give you, (1) Ryan’s Equation of the Elastic Curve, and (2) Wood’s Equation 
of the Hydrostatic Curve. 


xy» Solutions of these problems should be sent to B. F. Finkel not later than Jan. 10. 


AVERAGE AND PROBABILITY. 


97. Proposed by L. C. WALKER, A. M., Professor of Mathematics, Leland Stanford Jr. University, Palo 
Alto, Cal. 


A straight line is drawn at random across a circle, and five points are taken at ran- 
dom in the surface of the circle. Required the chance that all the points are on the same 
side of the line. 


98. Proposed by REV. PREBENDARY WHITWORTH, A. M. 


A has £m and B has £n. They play for points until one of them has lost 
all his money. If q@ and £ be the respective chances that A and B win any point, 
the expectation of the number of points played will be 

nan( am — i") — ms" ar +p) 
(a—)\(amtn— pm+n) 


x*, Solutions of these problems should be sent to B. F. Finkel not later than Jan. 10. 


MISCELLANEOUS. 


oe 


98. Proposed by G. B. M. ZERR, A. M., Ph. D., Professor of Chemistry and Physics, The Temple College, 
Philadelphia, Pa. 


A particle describes an ellipse under an attraction always directed to the vertex ; to 
determine the law of the attraction. 
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99. Proposed by F. P. MATZ, M. Sc., Ph. D., Professor of Mathematics and Astronomy, Irving College, Me- 
chanicsburg, Pa. 


Through the zenith of an observer at ‘the sea-coast in north latitude 
p=40°, a ‘‘cat’s-tail cloud,’’ height h=-10 miles, extends northeast until 
it touches the horizon. How far from the observer is the advance-end of the 
cloud? What is the length of the cloud measured from the end specified to the 
observer’s zenith ? 


x*, Solutions of the problems should be sent to J. M. Colaw not later than Jan. 10. 


EDITORIALS. 


Prof. B. O. Peirce, of Harvard University, has been granted a year’s 
leave of absence. 


Dr. G. A. Bliss has been appointed Instructor in Mathematics at the Uni- 
versity of Minnesota. 


Prof. Irvin Stringham has returned to the University of California after 
a year of travel in Kurope. 


Prof. W. Dyck has been appointed Director of the Technical High School 
in Munich for the next three years. 


Prof. R. E. Allardice, of Leland Stanford Jr. University, is spending a 
year abroad on leave of absence. 


Prof. EK. J. Townsend has returned to the University of Illinois, after two 
years of study at the University of Gottingen. 


Owing to our engravers having sent the plate of Mr. Tucker’s portrait to 
some other Springfield, and which has not yet been returned to us, we are ob- 
liged to have it appear in next issue. 


BOOKS AND PERIODICALS. 


Logarithmic and Trigonometric Tables, Five-Place and Four-Place. Edit- 
ed by D. A. Murry, Cornell University. 8vo. Cloth, 96 pages. Price, 54 cents. 


New York: Longmans, Green & Co. 

_ This book contains Five-Place Logarithms of Numbers; Five-Place Logarithms of 
the sine, cosine, tangent and cotangent for each minute from 0° to 90°; also Four-Place 
Logarithms corresponding to the Five-Place Logarithms of Number and the Trigonomet- 
ric Functions. The editor believes that the proportional parts should be calculated, and 
not copied, by those who use logarithms and trigonometric tables for the first time. So 
these tables do not have the proportional parts set down in the tables. We heartily con- 
cur with him in this opinion. B.F.F. 
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Notes on-the History of American Text-Books on Arithmetic. By J. M. 
Greenweed, LL. D., Superintendent of Schools, Kansas City, Mo., and Artemas 
Martin, A. M., Ph. D., LL. D., Washington, D. C. Issued by the National 


Bureau of Education. 

The painphlet before us is a chapter from the Report of the Commissioner of Educa- 
tion, and comprises pages 781—888 of the Report. The titles of over 250 text-books on Ar- 
ithmetic are given, together with the names of the authors. The earliest published Arith- 
metic in the list here given is that of Reffelt’s, published in 1861. Earlier Arithmetics 
are given in a previous chapter. In many instances short biographical sketches of 
the authors are given. This bibliography will, when complete, be of great value. B. FL F. 


The Cosmopolitan. An International Illustrated Monthly Magazine. Kd- 
ited and published by John Brisben Walker. Price, $1.00 per year in advance. 
Single numbers, °0 cents. Irvington-on-the- Hudson. 

The world ha; never known a more dramatic situation than that presented by the 
foreign community within the walls of Peking while cut off from communication with their 
countrymen. Duriig these long, doubtful weeks, the most interesting figure in this in- 
ternational tragedy was Sir Robert Hart, who for more than twenty-five years has been as 
far, as a European might, the statesman guiding the affairs of the Chinese Empire. Those 
familiar in any degiee with Eastern conditions hoped, after the relief of Peking, that Sir 
Robert would break his long rule of silence and give to the world his story of the events 
which led to the elcsing of the gates of the British Legation, and his views as to the poli- 
cies which should pzevail in the settlement of difficult questions which have arisen. On the 
17th of October, the following cable-message from Sir Robert’s London representative to 
the editor of The Cosmopolitan was received: ‘‘Sir Robert Hart has sent for November 
number Fortnightly London, and Cosmopolitan, New York, an important article on siege 
of Peking, about fif.een thousand words, which I will post you to-morrow.”’ 

The MS. arrived in time to be included in the December issue. It will be read with 
the deepest intere:t, both by statesmen and the general. public. The Cosmopolitan has 
been highly honored by Sir Robert Hart in hisselection of the American magazine through 
which this valuable contribution to the history of the world is given publicity. B. F. F. 


The American Monthly Review of Reviews. An International Ilustrated 
Monthly Magazire, edited by Dr. Albert Shaw. Price, $2.50 per year in ad- 
vance. Single number, 25 cents. The Review of Reviews Co., New York. 

The November number contains interesting articles on the election. In addition, 
the following valuable articles are to be found init: The Great Growth of Trusts in Eng- 


land, The Political 3eginning in Porto Rico, and the Hall of Fame for Great Americans. 
B. F. F. 


The Literary Digest. A Weekly Compendium of the Contemporaneous 
Thought of the World. Price, $3.00 per year in advance. Single number, 10 
cents. Funk & Wagnalls Co., Publishers, 830 Lafayette Place, New York. 

This magazine gives a brief resume of all the principal events of the month, which 


take place anywhere in the civilized world. It is just the journal for the busy man. 
B. F.F. 
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ALGEBRA (See Solutions and Problems). 
ARITHMETIC (See Solutions and Problems). 


BIOGRAPHIES— 
Sylvester Robins, by the Editor............ .. ee ete e eee eee 179 
Robert Tucker, by George Bruce Halsted ...... 00... 0. eee eee eee 237-239 
BOOKS, Reviewed.......... 51-58, 88-90, 120-122, 148-150, 180, 208-206, 236, 275-276, 300-301 


Elements of Precise Surveying and Geodesy, by Mansfield Merriman, 57; Sta- 
tistical Methods with Special Reference to Biological Variation, by C. B. Daven- 
port, 58; Transactions of the American Mathematical Society, edited by E. H. 
Moore, E. W. Brown, and T. 8. Fiske, 58; Synthetic Arithmetic, by M.S. Cook, 
88; Supplement to Advanced Arithmetic, by A. W. Plummer, 89; Primary Ex- 
ercises in Arithmetic, by H. J. Silver, 89; Solution Book, by J. T. Fairchild, 89; 
Advanced Arithmetic, by Wm. W. Speer, 89; Advanced Arithmetic, by E. MeN. 

Carr, 89; Primary Arithmetic, by E. McN. Carr, 89; Essentials of Arithmetic, 
by G. A. Southwork, 89; The Public School Mental Arithmetic, by J. A. Mc- 
Lellan, 90; American Elementary Arithmetic, by M. A. Bailey, 90; Plane Trig- 

onometry and Tables, by D. A. Murray, 90; The Teaching of Elementary Math- 
ematics, by D. E. Smith, 120; Plane and Solid Geometry, Revised Edition, by 
G. A. Wentworth, 121; Algebra for Schools, by G. W. Evans, 121; Infallible 
Logic, by Th. D. Hawley, 121; Rational Elementary Arithmetic, by H. H, Bel- 
field, 148: First and Second Books in Arithmetic, by F. M. Wiemer and M. A. 

Bailey, 149; Manual of Experimental Physics, by F. R. Nichols, C. H. Smith, 

and C. M. Turton, 149; Nine Ninety-Nine Graded Problems in Arithmetic, by 
F. V. Lester, 149; Lessons in Arithmetic, by C. L. Howard, 149; Graded Les- 
sons in Arithmetic, by W. F. Nichols, 149; Gay’s Problems in Arithmetic, 149; 
First Steps in Arithmetic, by E. M. Pierce, 149; The Werner Arithmetic, by F. 
H. Hall, 149; Rand-McNally Primary Arithmetic, by E. C. Hewett, 150; Grad-. 
ed Work in Arithmetic, by 8S. W. Caird, 150; Lippincott’s Arithmetic, by J. M. 
Rawlins, 150; The American Monthly Review of Reviews, by A. Shaw, 150; 
Plane and Solid Geometry, by A. A. Dodd and B. F. Chase, 180; A Brief His- 
tory of Mathematics, by W. W. Beman and D. E. Smith, 180; Elements of Al- 

gebra, by W. W. Beman and D. E. Smith. 180; Theory and Practice of Inter- 
polation, by H. L. Rice, 203; School Arithmetic, by J. M. Colaw and J. K. Ell- 

wood, 208; An Elementary Physies for Secondary Schools, by C. B. Thwing, 
208; Higher Algebra, by J. T. Downey, 204; Holden’s Ele mentary Astronomy, 
204; History of English Literature, by F. V. N. Painter, 204; Plane Trigonom- 
elry with Tables, by E. A. Lyman and E. C. Goddard, 204; Essentials of Plane 

and Solid Geometry, by W. Wells, 204; Mental Arithmetic, by E. Weidenhamer, 
204; The New Complete Arithmetic, by D. M. Sensenig and R. F. Anderson, 
205; The Elements of Arithmetic, by E. M. Pierce, 205; The Wooster Arithmetic, 
205; The Elements of the Differential and Integral Calculus, by J. W. A. Young 
and E. E. Linebarger, 205; The Gospel According to Darwin, by W. Hutchi. 
son, 205; School Arithmetic, by J. M. Colaw and J. K. Ellwood, 2386; Popular 
Astronomy, by W. W. Payne and H. C. Wilson, 286; Logarithmic and Trig- 
nometric Tables, by D. A. Murray, 275; Notes on the History of American Te.vt- 
Books on Arithmetic, by J. M. Greenwood and A. Martin, 276; Hlements of Al- 
gebra, by James M. Taylor, 301; The Elements of Astronomy, by Sir Robert 
Ball, 301; The Principles of Mechanies, by Frederick Slate, 301; Calculus with 
Applications, by Ellen Hayes, 302; Differential and Integral Calculus, by E. 
W. Nichols, 302; Esercizi ed Applicazioni di Trigonometria Piana, by Christo- 
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foro Alasia, 802; Plane Trigonometry, by W. P. Durfee, 802; Complete Trigo- 
nometry, by Webster Wells, 802; Famous Geometrical Theorems and Problems, 
by Wm. W. Rupert, 302; Mensuration, by 8S. A. Furst, 308; The Hall Arith- 
metics. by F. H. Hall, 308; New Practical and New Higher Arithmetics, by A. 
W. Rich, 303; Hornbrook’s Grammar School Arithmetic, by A. R. Hornbrook, 
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DIOPHANTINE ANALYSIS (See Solutions and Problems). 
EDITORIALS 2.2.0.0... cee cece 30, 57, 148, 202, 235-236, 275, 300-301 


ERRATA.............. Lc cee eee eee beeen ee eee ee been bbe t ee eben eee enetneeeunaaes 206-309 
GEOMETRY (See Solutions and Problems.) 
MATHEMATICAL PAPERS— 
Baker, A. L., Diagrammatic Proof of the Condition of Functionality in Com- 
plex Functions ......0. 0.0000. c cee cc ee bee beeen beeen eens 240-242 
Mathematical Induction . .... 20.0... cee ne ete nas 35-37 
Collins, J, V., An Elementary Exposition of Grassmann’s ‘‘Ausdehnungs- 
lehre,”’ or Theory of Extension... .31-35, 163-166, 181-187, 207-314, 258-258, 281-285 


Emceh, Arnold, On the Projectivity of Stresses in a Plane............... ... 134-135 
Halsted, Dr. G. B., Gauss and the Non-Euclidean Geometry ......... ..... 247-252 
Non-Euclidean Geometry ....... 20... cc et tee bene een 123-183 
The Geometric, Old and New ........ cc ee eee ee een eas 154-155 
The International Congress of Mathematicians ........ 2.0.0.0... 000. e eae 188-189 


Heal, W. E., Expression of Riemann’s P. Function as aDefinite Integral.... 155-166 
Metzler, Prof. W. H., On a Determinant, Each of Whose Elements is the 


Product of & Factors Le eee ee nn been eee ee eee bee 151-1538 
Miller, Dr. G. A., Examples of a few Elementary Groups Lecce ee ee eee ete eee 9-13 

A Popular Account of Some New Fields of Thought in Mathematics ...... 91-99 

Some Methods of Constructing Substitution Groups .. . ....... 2.00... 277-281 
Miller, Hugh A., Twenty-Fifth Anniversary of Pedagogic Activity of Vasilief, 215-216 
Roe, Dr. E. D., On the Transcendental Form of the Resultant ....... ... 69-66 
Stevens, James 8., Forecasting the Census Returns......... 0... ........00. 160-163 
Stokes, G. J., Theory of Mathematical Inference . .. ..............0..00004. 1-8 


Whitaker. H. C., An Elementary Derivation of the Series for siny and cosx, 99-100 
Zerr, G. B. M., Integration of Elliptical Funections................. 0. 0... 
ee ceed cnet e eee ete teens 67-69, 100-102, 218-222, 249-246, 285-291 

MAGIC SQUARES ... 20. nn be be beeen eee 228-229 
MISCELLANEOUS (See Solutions and Problems). 
NOTES— 

Note on Problems 118 and 119, Arithmetic, by the Editor, 17; Note on Prob- 

lem 84, Caleulus, by Dr. EK. Woelfing, Stuttgart, Germany, 19; Note on 

Problem 98, Algebra, by the Editor, 40; Note on Problem 118, by W. H. Car- 

ter, 44; Note on Prize Problem 86, by the Editor, 48; Note on Problem 118, 

by Geo. R. Dean, 78; Note on Problem 95, by Florian Cajori, 111-112; Note 

on the Solar Eclipse of May 28th, by the Editor, 147; Note on Prize Problem 

104, Algebra, by the Editor, 172; Note on Problem 129, Arithmetic, by the 

Editor, 190; Note on the General Equation of the Second Degree, by Geo. R, 

Dean, 217-218; Note on Problem 133, Geometry, by the Editor, 227-228; Note 

on the Pythagorean Proposition, by Prof. D. A. Lehman, 228; Note on Prob- 

lem 110, Algebra, by B. F. Yanney, 268. 
PERIODICALS. .....00 20. ce cette eee e een 58, 90, 150, 205-206, 286, 276 
abl —b+ )/2a?—}?] 

—p? 


QUERY. When a=b, find value of 
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SOLUTIONS AND PROBLEMS. 


ARITHMETICs 
Balls in a box, Nos. 120 and 180..........0. cece cee eceeeceeeees 14, 70, 108, 189-190 
Bought 150 head of stock for $300, paying for each kind a certain price. 

Find number of each kind, No. 126..........0.0.0 0000000 cece eee 1385-136 
Building and Loan Association Problem, No.127 ...... 00.0.2 22.2.0 224. ee 167-168 
Circles, three equal, No.125 ................... 0.0... Le eee eee nes 103-104 
Clock Problem, No. 124 2.2... 0.0 ck ne cece beeen eee 70-72 
Close of the Nineteenth Century.... 00.0... 0... ec cee nee 292 
Figure 7 hetween hour and minute hands, No. 128 2. 1... eae 167-168 
Frustrum, conical, to be divided into n parts, No. 181........... 2... 2.2... 223-224 
If m cents be interest for M cents for p days, find yearly rate, No. 128...... 38 
If 6 is half of 10, what part of 201s 12?. 0.0... 2... eee 292 
Marble, Iron, Copper, Silver, Gold balls. Problem (in rhyme), No. 129...... 168-169 


Road, 60 feet wide, crosses a square acre of land, West line passes through 
southwest corner of the land, east line through northeast corner. What 
fraction of the land in the road ? No. 182 ....... 0.0 2... eee eee. 258-260 

Rule for finding the number of board feet in round timber. How obtained, 292 

Suppose 10% traction stock is 20% better in the market than 5% mining 
stock ; if my income is $500. from each, how much have I paid, the invest- 


ment bringing 639%? No. 122 ...... 00.00. ce ccc cece cen eens 38 

Three men with their sons, No. 121. ........ 0.0.0.0... 0.0. eee 14-15 
ALGEBRA. 

Farmer had 2080 lbs. of grain at the depot, ete., vid. problem No. 97....... 17-18 

Field to be reaped by A and B for 90s, ete., vid problem No. 98 ............ 39-40 


Given equation 7”+p,7" 1+. . .p, freed from multiple roots. Prove 
discriminant positive or negative according as number of pairs of 


complex roots is even or odd. No. 108 .............. 026 cece eee 137-188 
Given ryz==18, xv? +y?+27=38, (2? —yz)8+(y? —22)8 + (2? —ry)*? — 
3(a? ~— yz) (y? —2u)(2® —xy)=6561. No. 107 2.0.0. ee eee. 994-995 
Prize Problem, «? +y=2, «+ y?=6. No. 104 .. 2.0.0.0... .... 169-172 
aloes 2D 9 
Prove Zn) +57 2m 7) + ~~~ 2(n?)+...=(n+1)?—n. No. 101 104-107 
Put down any number of &, s, 2 d under £11, etc., vid. problem No. 110.... 261-263 
Seven persons to be seated at a round table. No.99... 0... 0... 20.02.2004. 12-75 
Solve alos(e)—ml8™,) Nol 105 6. 0. eee ee a 172 
ge? +e a> +y 
Solve ——;-—-— =a, = 6. , be bee bee eee vee 7 ~192 
yey ae 0 No. 106 . 190-19 
Sol : + : : No. 109 260-26 1 
olve ———~ — ; O. eee eee een - ~ 
V(@+l) yp (#—1) y/ (v*® —1) 60-26 
GEOMETRY. 


Bisectors, two, of a triangle being equal, prove triangle isosceles. No. 188 276-228 
Conic passing through all foci of a conic isa rectangular hyperbola. No. 124 42-48 
Construct triangle, base, median to the base, and difference of base angles 


being given. No. 186 2.0.0... ec beeen 264-266 
Cone, right, has its vertex in horizontal plane, its axis perpendicular to the 

plane, and string wound spirally on cone, ete. No. 90........ Le nee . 296-800 
Draw circle, cutting two circles orthogonally. No. 182............... .... 198-194 


Equation to three points of conjugate diameters of an ellipsoid. No. 127.... 107-108 
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Given P= A" 1+(n--1)! A,.Ag.. An, ete., vid problem. No. 128 108-109 
Hyperbola, touching four sides of an inscribed quadrilateral. If one focus 


lies on the cirele, the other will lie on the cirele, too. No. 185..... ...... 264 
Locus of a point on ellipsoid, the tangent plane at that point at distance f 

from center. No. 125 20... 26. ce ence beens 75-76 
Medians, point of intersection of being G, prove 4B? +BC?+4-Ca? 

=3(GA?+GB* 4+ GC?). No. 128 20 i ccc eet 41-42 
Perpendiculars, dropped from vertices of a regular polygon upon any diam- 

eter. Prove sum on one side equals sum on other side. No, 122........ 40-41, 75 


Points x, y, z divide strokes c—b, a—c, b—a, in same ratio r, and triangles a, 
y,zand a, b,c are similar, either r=1, or both triangles are equilateral. 


DCC es 0 172-178 
Propositions on the regular dodecahedron.......... 0.2... eee 293-295 
Prove 4+ 4a9+ va? represents points of a quilt formed by regular 

hexagons. No. 181 20.0.0 coe ec ee c ee ee vee tee cece veeneevecnuns 1738-174 
Quadrilateral A BCD, circumscribing acirele. Line joining the middle points 

of diagonals AB and CD passes through center. No. 184... ........ 229-230, 295 
Show that on no point of an ellipse will circle of curvature pass 

through center, eccentricity <24/2. No.129...... 0.0... eee ees 138-189 


Through any fixed point O draw two straight lines at right angles. Let one 
line cut a given circle at Q, the other at Rk. Find locus of foot of perpen- 


dicular from O upon the chord QR. No. 126........0.... 02.0060 cece eee 17-78 
CALCULUS. 

Area of loop r*cosd=-a*sin®@. No. Qh 6.6... cece cece eens 19-20 
A 24-inch joint of 6-inch stove pipe is compressed at one end to make it fit 

over an elliptical opening in a stove, ete., vid. problem. No. 101........ 231-232 
Axes of three equal right cylinders intersect at right angles. Find common 

volume. N0.99 0.0. ....6.00 coc bee beeen ce ene ene nes 194 
Cylinders, two intersecting. Find common volume. No. 92................ 20-22 

2 

Differential equation da) 5! gt by =2e. No. 98.... ....... 44-47 
Epicyeloid and hypocycloid. No. 98...... 2.2... 6c ee ce ee 139-140 
If fiay==f flw)ox, find f(t). No. 96.0.0 ccc cece ees 80 
Minimum isosceles triangle about ellipse. No. 94 .............0 2.2... 47 
Park, elliptical, surrounded by wall. Horse fastened by a rope to wall; find 

area grazed over. No. 108 ........... 0... cee ee eee eee 267-268 
Prolate spheroid pierced by auger. Find volume removed. No. 97........ 109-110 
Right cone has its vertex at focus of a paraboloid. Find common volume. 

No. 102 © eee ee bene eee een 266-267 
Ship, sailing northeast all the time. “Find distance at given latitude and 

given longitude. No. 95....00...6.0 (66 occ ec eeeenee ee 79-80 
Volume, bounded by surface. generated by circumference of a circle, whose 

diameter is hypotenuse of aright triangle. No. 100..-.................. 194-195 

MECHANICS. 

Assuming that velocity is proportionate to distance described from state of 

rest. Can a body start in motion, and if so, what is the initial accelera- 

tion? No. 95... ce een eee eet e eee bees 82 
Bow of a boat, inclined at a certain angle. Whenin motion the water was 

found to rise b inches on the bow. Find velocity of boat. No. 91.... ... 24 


Fall from Heaven of the impious spirits. No. 87,... ............0. 00008 80-82, 110 
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Moments, principal, of a parallelogram. No. 94 and 97...................0. 48-49, 195 


Particle slides down a parabola. Find initial velocity so that it may leave 
curve at extremity of latus rectum. No. 92 .. 1.0... 2. cee eee ee 
Planets, being supposed to have been originally one mass, are separated by 
an explosion, and force varying directly as distance; to prove the simul- 
taneous colision of the planets. No. 90........... (cece eee eee cee ee 
Principal moment of inertia of triangle at centroid. No. 99................ 
Rope passes over pulley, having at one end a given weight, and at other end 
hangs a monkey of a given weight. Find condition of impossibility of the 
mankey’s climbing to the pulley. No. 98.... 20.0... 0... cece cece eee 
Spool placed on a rough table. Vid. problem. No. 98............... 0.0... 
Two particles, subject to mutual attraction, and fixed center, move in a 
plane containing that center. Find the motion under the law of inverse 
square. No. 96......0. coc ce ee eee teen n ees Lee nee 


DIOPHANTINE ANALYSIS. 


Arrange the consecutive integers 1 to n2 as a magic square, when n is odd. 
Apply when n=9. No. 75...... 0... ce cee cee eee, 
Four positive numbers to be found such that if eacl. be diminished by twice 
the cube of their sum the four remainders will be rational cubes. No. 76 
In series 1?+38°+58+... find n so that the nth term and sum of 


terms shall both be squares. No. 82........... 0600 cece cee tee ee ees 

Integral right triangle in which the bisector of one of the acute angles is al- 
ways integral. No.79...... .. 0... cee ee cela ; 

Three square numbers in harmonic progression. No.78 ........... 

Three square numbers whose reciprocals form an arithmetical progression. 
NO.80 2.0 eee beeen tee bee eee eee 


AVERAGE AND PROBABILITY. 


Average area of a quadrilateral formed by joining the extremities of two 
chords perpendicular to each other and passing through a point at dis- 
tance a from center of a circle radius R, No. 82......... 0.0... 0.0... 

Average area of all ellipses of given major axis, No. 88....... ...... 0.0.0... 

Box contains 100 balls marked from 1 to 100. 18 balls are drawn. Find 
chance that balls marked from 1 to 10 are among the 18. No. 80.. 

From a point in the circumference of a circle two chords are drawn; find (1) 
average radius; and (2) averape area of circle touching the two chords and 
given circle. No. a 

Inch auger-hole bored through sphere. Find average volume of hole. No. 89, 

Mean distance of all points on side of equilateral triangle from opposite ver- 
tex, and average length of Jine drawn across triangle. No. 81...... ..... 

Mean distance of random point in a sphere from a point, mst within; sec- 
ond, without, sphere. No. 87........0 66 ce ce cee ne 

Pond, ‘circular, formed during a dark night in a circular field. Find chance 
of man walking into pond ....... 16. fi. ee ce ce been 

Tetrahedron, average volume of, formed by four random points ina sphere. 
NO. 88 0 ccc ee Lene Feb ene vee ete etree eres 

Two equal spheres touch each other externally. Ifa point be taken within 
each sphere, show that, first, the distance between the points is less than 
diameter of either sphere is 18/55, and, second, the average distance be- 
tween them, 11/52. No. 79 2.0.0... cee beeen ene nes 

Two points are taken at random in a circle and a chord drawn through 
them; a point is taken at random in each segment. Find average area of 


22-24 
270-271 


48 
196 


174-175 


25-26 


49-50 


166 


83-85 
82-83 


. 112-118 


82-53 
538-54 


27 


. 118-114 


197-198 


50-52 


141 


296 


176-177 


26-27 ~ 
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quadrilateral formed by joining the four points. No. 85... .............. 114-115 
Two points are taken at random in a circular annulus of two concentric cir- 
cles.Find chance that the straight line joining the two points will not cut 


the inner variable circle. No. 86. .......... 0.22208: Le been eens 140-141 
MISCELLANEOUS. 
Cask, in shape of frustrum of spheroid, lies in a horizontal position. Find 
quantity of water init. No. 81 ...........0 006 cee cee ee eee 178-179 
Base-ball pitcher’s curves to be explained. No. 0 142 


Center of a regular polygon of n sides moves along a diameter of circle, its 
magnitude varying so that One of diagonals always coincides with a chord. 


Find volume and surface generated. No. 78 ................. re 142-1438 
Ellipse seen as circle. No. 74..... 2.2... cee ee ce ee .. 04-55, 115-116 
Ice cream freezer, In an, cream of a homogeneous, ete., vid. problem. No. 73 36 


Latitude 4°, In, a tree—a leans in a direction =, with an angle of 
elevation=;y. The sun’s declination=0. Find direction of shad- 


ow when sun is On meridian. No. 79. bee bee beeen eee, 144-145 
Notes, Two, one for « dollars at m%, etc., vid. problem. No. 86.... 0.2.00... 272 
Prove em + e-™—2[1 422771 +(2)2 ]... ad infinitum. No, 84.... ..... 199-200 
Rhombuses, Rational, wherein area is by 1 less than the square of its sides. 

NO. 80 0 eee ne beeen nent beeen 145 
Rational right tr iangle has at least one side divisible by 5. No. 85...... 232-238, 271 
Segment’s area of a circle being given, find chord. No. 88..... ........... 199 
Show log[z—a—b;/— '=Hloglte— a)? +b? ]—7/—1.tan[b/(a—a)] 

NO. T6.. 0. ce cb nn en eee nee Rebbe bees 118-119 
Spheres, Two equal, in contact. Find magnitude of sphere in contact with 

them. No. 82 0.0... cc cn beeen eee ne nee penne tenn eeenees 232 


Water tank at the Nacogdoches River, etec., vid. problem. No. 75...... ... 116-118 
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SOME METHODS OF CONSTRUCTING SUBSTITUTION GROUPS. 


By DR. G. A. MILLER, Cornell University, Ithaca, N. Y. 


We have observed that the first n powers of a circular substitution of de- 
gree m constitute a group of order n. Ifa substitution is composed of more than 
one cycle its order is the least common multiple of the degrees of all its cycles. 
This is also the order of the group which it generates. Any group which is gen- 
erated by a single substitution is called cyclical. A cyclical group is clearly 
abelian but an abelian group is not necessarily cyclical. There is one and only 
one cyclical abstract group of every possible order n since the combinatory laws of 
such a group are the same as those of the roots of the equation «”—1, where n is 
any positive integer. The only orders of which there is no group except the cy- 
clical are those which are not divisible by the square of a prime and do not con- 
tain any prime factor which is congruent to 1 with respect to another prime fac- 
tor as modulus. The composite orders below 100 that have this property are 
15, 338, 35, 51, 65, 69, 77, 85, 87, 91, 95. 

Let S and 7 represent any two commutative substitutions. This property 
is expressed by each of the following three equivalent equations : 


ST=TS TST=S T=S-TS 


where 7'-! and S~—! indicate the inverse of JT and S, respectively ; 1. € ToT=1 
=S—18S. In general T—-1ST is called the transform of S with respect to 7. All 
the substitutions of degree m that are commutative with any given substitution 7 
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of degree n form a group, for if S; and S, are commutative with 7 then will S/, 
S,?, S,S,, S,S, have the same property.* By raising both members of the 
equation S-'TS-=T to the @ power we have 


S7TS.SOTS.SOTS....==T8 or S178? S=T®8 . 


Hence every substitution that transforms T into itself must transform each 
of the substitutions of the group generated by T into itself.. When T consists of 
a single cycle m cannot be less than n,f and when m==n all the substitutions that 
are commutative with 7 are the n different powers of 7’; for if some other snb- 
stitution of degree n would transform T into itself its product into some power of 
T would give a substitution of degree less than n that would also transform 7’ in- 
to itself. | | 

If T consists of @ cycles of degree n+ (in this case T is said to be a regu- 
lar substitution) the order of the group of degree n which is formed by all the 


substitutions that are commutative with T is (+ ) &! since the # cycles are per- 


muted according to the symmetric group of degree . In enon let 7 contain 


a, cycles each of degree a,, b, cycles each of degree b,, ....; then the order of 
the group which is formed by all the substitutions of degree n » that are commuta- 
tive with T is a,%.a,!.b,%.b,!.... In particular, when no two cycles of 7 are 


of the same degree the order of this group is the product of the degrees of these 
cycles, and the necessary and sufficient condition that the powers of 7 include all 
the substitutions of degree » that are commutative with T is that the degree of 
each cycle of T is prime to that of every other cycle. When m=n--a (a>1) the 
required group is obtained by multiplying the given group of degree n by the 
symmetric group of order &! 

We have now considered the groups which are formed by all the substitu- 
tions which are commutative with a given substitution T; i. e. by all the values 
of S which satisfy the equation S-TS=T. Thisisa special case of the problem 
to find all the groups which are formed by all the values of S which satisfy the 
equation S-1TS—T. | 

By raising both members of this equation to the ? power we obtain 
S-178 S=T® —(T8 )*; i. e. if a substitution ‘transforms T into a certain power ut 
transjorms all the substitutions of the growp generated by T into the same power, 
and hence it must transform this group into itself. Since all the substitutions. 
which transform a group into itself must form a group all the values of S which 
satisfy the equation S-1T7S—T* , a having every possible value, constitute a 
group (G) whose order we proceed to determine. 

From (S— iTS) —§-17" § and S-1| S= 1 it follows that a transform of T 
cannot be of a higher order. than 7, and from S'T* S=1 we have 7* S=S or 


*Of. Burnside, Theory of Groups, 1897, page 215. 

tit will be assumed throughout that the substitutions of degree m which are commutative with T 
involve no elements except those coatained in T whenever m is equal to or less thann. When mis 
greater than n these substitutions are supposed to include all the elements of T. 
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T* =1; 7. ¢. a transform of 7’ cannot be of a lower order than 7. Since the order 
of any transform of 7 is equal to the order of T it follows that a must ‘be prime 
to the order of Tin S-1TS=T+*. By writing any such power of T below T we 
can at once write down the substitution which transforms 7 into this power. 
Hence @ can have all the values that are prime to the order of 7. To complete 
the determination of the order of G it is desirable to arrange its substitutions in 
a rectangular form, as follows :* 


1 8, Sg ieeeeeee Sy--1 
ty Sl, Solty... Sil, 
th—1 S$, bx—1 Sobe—1 wee Sp bp_y 


The first row contains all the substitutions which transform T7' into itself 
and hence forms a subgroup of G. It is supposed that each t¢ is so selected that 
it does not occur in any row that precedes it. Since the first row includes all the 
substitutions of G that transform T into itself ¢,~!7t,—=7™ (a@, is not equal to 1). 
Hence (s, t,)—!7s, t;==¢,—1s, 17s, t,*=t, Tt,=T (a,==0, 1, 2,...., l—1)5 4. «. 
each of the substitutions of the second row transforms J into 7™, G cannot con- 
tain any other substitution h which has this property for by transforming by t,—* 
each member of the equation h-1Th=—T% we have (ht;—!) "Tht, =, Tut, 1—T. 
From the fact that ht,—!==s, it follows that h=s,t,. No two of the substitutions 
of the second row are identical for from s, t,;—sg t, there results s, t,t,—!==s, t,t, 7 
Or & == 8. The number of substitutions that transform 7 into 7 is therefore 
equal to l, the number that are commutative with 7. The order of G is then &l, 
k being equal to the number of positive integers less than the order of T and 
prime to it. 

Having determined the order of the groups which are composed of all the 
substitutions that are commutative with a given substitution 7 or with the group 
generated by 7, we proceed to determine some of the properties of these groups. 
We first observe that when J is regular the group which is composed of all the 
substitutions which transform T into itself contains no selfconjugate substitutions 
except the powers of 7. Since such a group contains the product of all the 
cycles of 7'a selfconjugate subgroup could not permute any of the'cycles of T, 
and among the substitutions that do not permute any of these cycles the powers 
of T are clearly the only ones that are selfconjugate. This fact leads to the fol- 
lowing interesting result: The necessary and sufficient condition that the group. 
_of degree n which is composed of all the substitutions which are commutative to T is 


*This arrangement seems to have been first employed by Abbati in 1802, Burkhardt, Zeitschrift fur 
Mathematik und Physik, Vol. 37, page 141. By means of it we can see directly that the order of any sub- 
group is a divisor of the order of the group. 


T(t, te ce ee t,)—1!=t,-}. oe .ty—Mt,~? since t,t, ae t,t.) . . 6.7, 11. 
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conjugate™ to that which 1s composed of all the substitutions that are commutative to 
TI’ is that T and T’ are conjugate. 

When an element of a substitution is replaced by itself it is said to form a 
cycle of asingle element. E. g. the substitution abe.de is said to consist of two 
cycles if it is regarded as a substitution of degree five. If it is regarded as a sub- 
stitution of degree six it is said to consist of three cycles, etc. According to 
this definition of cycle the product of any substitution s and a transpositions ¢ in- . 
volves either one more cycle or one less cycle than s. First suppose that the 
elements of t are found in two cycles of s and that each of these cycles begins 
with an element of t. It is clear that st contains a single cycle which includes 
all the elements of these two cycles and hence st has one less cycle than s. The 
other possibility is that the two elements of s are found in the same cycle of s 
and we may suppose that this cycle c begins with one of these elements. Let 
C=A1....0, ....ag and t=-a,a, then willct=a,....@g_1.d, ....dg , the subscripts 
of the elements of ¢ being arranged in ascending order and aS2, fSa. Hence we 
observe that in this case st contains one more cycle than s. 

Any cycle and hence any substitution can be represented as the product of 
a series of transpositions in an infinite number of ways. For instance, c—a,a,a, 

».j==A, Ag XA,4AgX.... KA, Aj=-A, A, XAgAy XA,A,X.... A, a;—ete. 

By means of the results in the preceding paragraph we can readily prove 
that the numbers of these transpositions, for a given substitution s, are either all 
odd or all even. For, let s=t,t,....t,, ty, t2, ...., € being transpositions. 
Then will st,....¢,¢;—=1. If 7 is the number of cycles of s and n its degree the 
first member of the last equation involves n—; more cycles than s. Hence 
r—(n— —7) must be even ; 7. ¢. if one of the two numbers r, n— 7 is even the other 
is even also. Since the latter of these numbers is fixed when the substitution is 
given the theoremt is proved. Incidentally we observe that n—; is the smallest 
number of transposittons whose product is a substitution of degree n and 
y cycles and that r—(n— 7) can be made equal to any even integer. ss is called 
positive or negative as r is even or odd. 

Since the product of two positive substitutions is positive it follows that 
every group which involves negative substitutions must contain a subgroup com- 
posed of its positive substitutions. The order of this subgroup is half the order 
of the entire group since the product of a positive and a negative substitution is 
negative and the product of two negative substitutions is positive. The group 
which is composed of all the positive substitutions of degree n is called the alter- 
nating group of order n!+2. If a subgroup is transposed into itself by all the 
substitutions of the entire group. it is called selfconjugate. A subgroup which in- 
cludes half the substitutions of a group must be either selfconjugate or one of two 
conjugate subgroups. The latter is impossible since all the substitutions of one 


*Two substitutions, or groups, are conjugate when one is the transform of the other. 

tA transposition is a substitution of degree two; e. g., ab, cd,.... 

{For a different proof of this fundamental theorem see Burnside, Theory of Groups, 1897, page 9; 
Cole’s edition of Netto’s Theory. of Substitution, 1892, page 17; etc. 
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of these conjugates would have to transform the other into itself for a substitution 
must transform every subgroup in which it occurs into itself. 

While every subgroup whose order is half the order of the group is self- 
conjugate a subgroup of any lower order need not be self-conjugate. Ifa group 
contains a subgroup of one-third its order that is not selfconjugate it must contain 
three subgroups of this order which are transformed according to the symmetric 
group of order six by all the substitutions of the group. 


AN ELEMENTARY EXPOSITION OF GRASSMANN’S “AUSDEH- 
NUNGSLEHRE,” OR THEORY OF EXTENSION, 


By JOS. V. COLLINS. Ph. D., Stevens Point, Wis. 


[Concluded from November Number. | 


APPLICATION TO MECHANICS. 


168. A force is completely represented by a point vector. We will de- 
note a force by fp, where F denotes the length and direction of a vector, indi- 
cating respectively the intensity and direction of the force, and is the point of 
application. It is apparent here that two letters are needed to properly repre- 
sent the complex concept of a force. (See 76). 

158. In Chapter I, we saw that the sum of two vectors is the diagonal of 
a parallelogram whose adjacent sides are the two given vectors. Then the sum 
of two forces, or their resultant, is the diagonal of a parallelogram whose two 
adjacent sides represent the two given forces. Similarly, all the results obtained 
for vectors in that chapter hold equally well for forces. The condition for 
equilibrium of forces acting on a particle at the extremity of is evidently 
(2F)p=0, or 2F=—0. 

169. The formulas obtained in Chapter VI evidently hold true when the 
points are replaced by infinitesimal forces, as parallel forces acting on particles, 
and also when they are replaced by finite parallel forces. (See 80). 

170. Let the resultant of the forces acting on a rigid body be denoted by 


R. Then if ¢«=—p—p, 


R=SFp==Fo,+ 2F(p—p,)=(2F)p,+( SF). 


This result, called a ‘‘Wrench,’’ contains two parts, a vector and a plane 
segment part. The vector 2/ represents the translation force, and the plane 
segment 2/e gives the plane and magnitude of rotation. When the above 
result is interpreted geometrically, 7. ¢. when 2F is thought of as a line, and 
>Fe as a plane segment, Ff is called a ‘‘Screw.”’ 
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171. If R reduce to a single force, then by 34, R?=0. We have then 
F?=(2Fe,+2Fe)* =2(2F. 2Fe)p,—0. 


This shows that 2F and 2¥Fe must be parallel (112), 4. e. the resultant 
force is parallel to the plane of the resultant couple. Evidently 2F.2Fe=-0 is 
satisfied also either by 2F=0 whence R=a couple, or by =Fe—0, which makes 
of R asingle force. If all of the forces lie in a single plane, the resultant can be 
reduced to either a single force or to a couple. 

172. For equilibrium we must have (170), 2F=-0 and =Fe=—0. 

173. A total resultant effect may be reduced to a single force and a couple 
whose place 1s perpendieular to the force by properly choosing the point of application. 

PRoorF. 


R=2F p,+2F(p—p,)=2F pe, —2F(p,—P,)+2F(p—p,). 
Let 2F(p—p,)= |e. Then 
R=2Fp,~-=F(e,—p,) +E. 
Now the condition that 2F¢, shall be perpendicular to | ¢«—2F(p,—p,) is 
(Je— 2 F(e, —p4) | 2Fog== || 2Fp, —- SF (o,—p,).| 2Fo.=0. 
. | 2He,.2(p,—,)F=— | 2Fe,¢é, (64, 88), whence 


|2Fee.2(0,—,)F | 2 Foeee 
(2'Fp,)* (2'Fp,)? 


Comparing the left member of this equation with the formula of 132, we 
see that the right member is the value of the orthogonal projection of »,—p, on 
a plane perpendicular to =Fp,. 

Multiplying =F, .by the members of the last equation and interchanging 
the factors of 2(¢,—p,)F, we get 


- SFo,|2Fo,¢ | SFp,.2Fo, |e 


2Fes— 9 =—Ts, 2 (SFh,2 —|<¢ (144, last equation). 
2 2 


Substituting the last value of 2F(o,—p,) in the first equation of this. 
article, we have 


_ 2 oe, 2F(p,—p,): 
R=2Fp, —T SK, )e 2F ps, 


which gives the required reduction. 
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CHAPTER XIV. 
APPLICATION TO LOGIC. 


174. The law of the inner product is ¢,e,=-0. For in 117 if Fis different 
from HL, [EH {F] contains equal factors and is therefore zero, (43). This 
law, which is the opposite of that of the outer product (84), is made the basis of 
the study of spaces. Nowa space in the Ausdehnungslehre corresponds to a con- 
cept or notion in logic. Hence the former science can be applied in the latter. 

175, Derrnition.—The Combined Space, or the sum of two spaces, is the 
totality of quantities which belong to one or other of them (17). 

176. Derinition.—The Common Space, or the product of two spaces, is 
the totality of quantities which are common to both, (see 104). The product of 
two spaces which have no quantity of the first order common is zero (174). 

Thus, using °(£,L,) and °(Z,£,) to denote the two spaces which contain 
these lines, we see that L, is the common space. 

177. The sum of the orders m and n of two spaces equals the sum of the orders 
p and q of their common and combined spaces. 

Evidently m-++-n duplicates the number expressing.the order of the com- 
mon space, and p-+q does the same. 

178. All the laws of space analysts continue to hold true in logic when the 
word ‘‘space’’ 1s replaced by the logical term ‘‘concept.’’ 

Proor.—lIt is evident from, the definitions 175, 176 that °(e+e)—°e, and 
°(e.e)==°e, and also that °e,-+°e, is greater or less than O and °(e,).°(e,)=0, when 
y is greater or less than s. But these are likewise the basic formulas of logic. 
(See H. and R. Grassmanns’ Formenlehre, B. II., Die Begriffslehre, oder Logik, 


1872, page 48. See also Encyclopedia Britannica article ‘Logic,’ section 85, par- 
agragh 6.) 

179. Two spaces can contain equal simple quantities only when they over- 
lap. Thus if A=abed and A’=—a'b'c'd’, these spaces have a'bed’ in common, and 
quantities in a’bcd’ are in both A and A’. But # and F have no simple quanti- 
ties in common, Since they are of the same size and lie in the same plane E'and 
F in geometry would be equal (94); but in the theory of space or logic they are 
altogether different, having not one point, element, or bit of surface in common. 
It is highly important to note this difference if the reader is to avoid 
misconception. 

180. The associative and commutative laws for addition and multiplication 
hold for space analysts. 
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Proor.—It is evident from the definition 175 thata+b—b-+a. Similarly 
from the definition in 176 it follows that abba, and abec=a(bc). 

138i. Hvery sum, n.°A, or product, (° A)”, formed from the same space, “A, 
equals this space. This follows from proof in 178. 


182. One can add to any space One can multiply any space by 
a product of two spaces, one of whose a sum of two spaces, one of whose parts 
factors is the given space, without alter- is the given space, without altering its 
ung its value. Thus value. Thus, 
°A="A+T°AB, °A=°A(SPA+°RB). 


Proor.—The product °A°B is that part of °A which is common to both 
factors, 176. But adding a part of °A to°A gives°A by 181. In the other case 
we see that what is common to °A and °4+°R is CA. 


183. If °A4+°B=°B, °A.°B= If °A.°B=°A, CA+°B=9B. 
oA. Proor.—°A+°B=°A°B+ Bo (Hyp.) 
Proor.—°A.°B=°A(°A+°B)(Hyp.) | =°A°B4+°B? (181) 
=°A (82) =°B(°A+°R (Dist. Law) 
| =°B (182) 


184. Unity added to any space gives unity, and any space multiplied by 
unity gives the same space ; nought added to any space gives the same space, and 
any space multiplied by nought gives nought. 

Proor.—The last three of these results are self-evident. From the first 
we have 


1=1(1+1X°A) (182) 
==14°A — (Dist. law and 2. of this Article.) 


185. If °A+°C=°B+°C and also °AiC="BYC, °A=*B. 

Proor.— A="°ACA+°C) (182)=—"ACB+°C) (hyp.)="A.B+°A°C (Dist. law) 
=°A°B+4+°B°O(hyp.)='BCA+°C)=°B(CB+°C)(hyp.)=°B (182). 

DeFrinition.—The Non-Space or Complementary Space of °A is that space 
(°4 (read non-A) which contains all the units not found in °A, and none of the 
units which are found in SA. 

187. The sum of a space °A and |°A is unity; the 
product of a space °A and }A 1s zero. 

Proor.—The truth of the second part of the theorem 
follows directly from 176. For the other we write, by 184, 


OA+ f° A=(CA+|oA)I. 


But by 176 the product of two spaces cantains all 
the quantities which are common to both. Then all the quantities of the left 
member °A+]°.4 are contained in|. But °A and |°A contain all the units there 
are. Then | contains all possible units. 


138. All non-spaces of the same spaces are equal. 

Proor.—Suppose |[°A and |[°A, to be two non-spaces of °‘A. Then 
°A+|°A=1=—°A+]°A,; whence by 185. remembering that °4.J°4—0 and 
° AO A,==0, [PA=|°A,. 

189. The non-space of the non-space of a given space is the given space. 

Proor.—We have |°A+|[°>-4=—1=-|°4-+°A, and][P4.f°d4—0—°A |[°A(187). 
Whence, by 185, || °A=°A. 

190, We give below four diagrams with descriptive names. 


Identical Spaces. Incident Space. Cutting Spaces. Disjunctive Spaces. 


191. Each of two spaces 1s incident to their sum. The product of two spaces 
is incident to each of them. Unity is the highest space, to which all other spaces 
are incident Nought is the lowest space, being included in all other spaces. Com- 
pare the use of unity here with its use in Chapter V. 

The theorems already given will suffice to show that the language and 
subject matter of the Ausdehnungslehre can be utilized in the study of logic. The 
material for this chapter is taken from Robert Grassmann’s Ausdehnungslehre 
(Slettin, 1891). Robert Grassmann aided his brother Hermann in the prepara- 
tion of the Ausdehnungslehre of 1862 and the Formentehre of 1872, and was 
always deeply interested in the subject. 

The article in the Britannica already referred to and Professor Stokes’ 
article in the January (1900) number of THE AMERICAN MATHEMATICAL MONTHLY 
show that there is considerable diversity of opinion regarding the philosophy 
underlying the application of mathematics to logic. 


INTEGRATION OF ELLIPTIC INTEGRALS. 


By G. B. M. ZEER, A. M., Ph. D., Professor of Chemistry and Physics, The Temple College, Philadelphia, Pa. 


iConecluded from November Number. | 


{ Ld il Vy (1— e’sin® d)do 
cos’ #/(1—e*sin? 4) 1—e cos’ A 

2 —19 
—~ of dG __ (8—19e* + 15e4 Fe, 0) 
1—e?/ cost4) (1l—e? sin?) ~ 15(1—e? )2 


236 


(8—23¢e? + 23e4) (8—23e? + 23e+) . 

— AE O41/(1—~e? 24 

15(1—e?)® He, OF isi—e)7 vores 
ind —2e?) sind 

4 __ Sm _e2sin?@) + 2a) 8 cy _e2sin? #)=S,.... (108). 


Bi —e2 costal A {5(1—e2)? cos8d 
From the foregoing we deduce the following relations : 
V,=eV,+4+U0,, V,=e?V,+U,. 
.. Generally, Vane? Vn_1it Un... cc ene (109). 
3V,—=2(1+e?)V,—e? V,—(cos/sin? 4)1/(1—e* sin? 4), 
5V,—4(1+e?}V,—8e? V, —(cos/sin®é))/(1—e* sin? @), 
. Generally, (2n—1)V,=(Qn—2)(1 +e?) Vn_1— (2n—3)e? Vino 
— (cosf/sin2”—10)1,/(1—e* sin? A)... ee eee (110). 
(l—e?)S,=—R,—e?S,, (1—e?)S,;—R,—e?S,. 
. Generally, (1—e?)S,=Rp—e? Sy 1. ee ees (111). 
3(1—e2)S, = 2(1—2e?)S;, —e? 8S, +(sin9/cos?0),/(1—e* sin? 4), 
5(1-—e?)S,—4(1—2e? )S, —3e? 8, +(sinG/cos>#)1/(1—e* sin? 4). 
.. Generally, (2n—1)(1—e? )S,=(2n—2)(1 — 2e? )Sp_1 
— (2Qn—3)e?Sy_2+(sinG/cos?”—16))/(1—e*® sin? @)........ (112). 
3U,=—=(2—e?)U,—e?(1—e?)v, - (cosd/sin? #) )/(1 —e* sin? 9), 
5U,=—(4—e?)U, —e? (1—e?) V, —(cos6/sin®))/(1—e* sin? 4). 
.. Generally, (2n—1)U,=(2n —2—e? )Uun_1—e? 1— e? )Un—2 
—(cosf/sin2—16 )y/(1—e? Sin?) 2. ee eee (113). 
3(1—e?) R, =(2—e? )R, —e? S, +(sinG/cos*#),/(1—e?’ sin? ¢), 
5(1—e?)R, =(4—8¢e?) BR, —e? 8, +(sind/cos®4))/(1—-e?sin?4), 
. Generally, (Q2n—1)(1—e?) R,=—[2n(1 — e?)—(2—8e? )] Raa 


—e? 8, 9+ (sind/cos1f))/(1—e*sin®? A) wee eee, (114). 
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The following integrals come under the above : 
fat $2620 +a*)\dx, fat 2022" fade, where a<b. 


Let 6? +(b4—a‘*)! ==m2, b?—(b4—a*)? =n?. 


(at +2b7 0? +44) (a? +m? (ar tn?) .. cece cece eee eee ....(115). 
(a*—2b*a? +4) =(a7? —m?2)(a?—n?)...... [oe eee eee eee eee (116). 

In (115), let e=ntané. .°. dv=—=nsec? ddd. 

In (116), let e==-mcosec4#. .°. dy=—mcosecdcotodé, 


Let e?==(m?—-n?)/m?, k®?® =n? /m?. 


‘[m? — (m? --n2)sin? 6]d0 
a f(a 420%? $a4)de—n? f¥ Lm? —(m - )sin® | 
° cos*é 


‘(1— e?sin?0)dé 
—=mn? (fu Une ~ need =mn* R,, from (102). 
e cos*t 


cos? 4)/(m? —n* sin? @)dG 
sint@ 


fi (at 2622 +44 )\dx= —mi 
ams (LCT en ms em U,—U,), from (97), (101) 
Let (3)-=G,, (5)=G,, IN=—G,, ete. (4)=—H,, (7)=Hyg, (138) =H,, ete. 
(8)=J,, (15)=T,, (22)=—I,, ete. (9)=K,, (16)=K,, (25)=K,, etc. 
and writing (e, 7) for (e, +7) we get 
8e°G,=:2(1+e2)G,—G,, 5e°G,=—4(1+e6?)G,—3G,. 
“, Generally, (Qn—1)e? G,=(2n—1)(1 +e?) Gy_1—(2n—3)@n_9 ... (117). 
3e? H,=(1—e?)H, —2(1— 22) H,, de? H,—3(1—e*)H, —4(1— 2e?)HA,. 
.. Generally, (Qn--1)e? H,=(2n—2)(1—e?) Hyn_» 
—(2n—1)(1—2e*?)Hy_1.. 00-0 00, (118). 


1,=G,-eG,, [,=G,—eG,, 1,=G,—eG,. 
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*, Generally, Ly, =Gy—e? Gray. ce eee een 
K,—(l-e*)H,+e°H,, K,=(1—e?)H,+e?H,. 


=(1—e* )H, +e? He, 


*. Generally, Ky,==(1—e?)A, +e? Hyg. ccc eee (120). 
f ag a coté f cos? Gd 
sin? 6)/(1—e*sin? 6) V/(1—e?sin? 4) re 1—e®sin20)3 
f cos*#dA __coté 4 1 dO 
‘J (1-—e*sin? 6): — ¢?4/(1—e*®sin20) e? sin? 6)/(1—e?sin*@) 
sinfeosd 
gag SL 21). 
N+ Vy (1—e* sin? @) M, .-C20) 
f dé _ tan ° sin? dd 
cos?6y/(1—e?sin? 6) —.(1—e® sin? 4) ° (1—e2sin?4)3 
sin?@d@ tan4 1 f df 
(l—e*sin? 4)? e?4/(1—e®sin®?#) ee? J cos? (1—e? sin? 4) 
1 sinécosd 
— —_________ } 6) ———F(e, #)~— = 
2 (1—e®) (@, ©) se, 0) (ey U- esin®) Wyowee eee (122) 
dé e?sinfeosd 
——___ W, =To 32 G)— — ») 
Sacer Bit age ) (l—e?))/(1—e? sin? @) » (1259). 
cos? ddé cos” dcoté cos*® Add 
TTB TOT TET —2(1—e?* ff 
sin? 6)/(1—e*sin® 7) V/ (1—e® sin? 6) (1—e?sin?f): 


ef cost6do 
(l—e*sin? (7): © 


costédo | 
(l—e®sin® Aj? 
2(1—e*) cos* ddd 


(1—e*sin?6)2 


1 df 1 ( 14 
e* V (1—e*®sin?6) e® J sin?dy/ (1 —e? sin? 0) 
cos* dcoté eae) 
A EE fa 
88 y/ Ae sin?0) Ee, 
2(1—e?*) —e* sindcosé 
— +} eS Yn... (12: 
e* (2, e*  4/(1—e* sin? @) 2+» (128). 
cotdcos4 d costddé 


f cos46d@ _ 
sin?6,"(1l—e*®sin®? 6) 


V(1—e®sin20) 


— ef 
(l—e?sin? 4) 


cos* dd4 


— 2 
e a : 
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cost$#dd@ 2 dé ; l ag 
‘(1l—e®sin? 6): Be? V/U—e?sin24)  8e? J sin? 6)/(1—e? sin? 6) 
—_ 1 CF sin’de AO) (00a cos* ddd cotOcostO 
ae" J 4/(1—e*sin?@) (1—e®sin?@)? = Be? (1 —e® sin? 9) 
(8--17e? +-9e*) (8 —18e? +3864) 
= aye, eee Ee, 
(4—6e* +8¢*) sindcos4 sin® Gcosé 
A = eee Tg... (124). 
r jet yV(1—e*sin?@) =e? (1 —e* sin? 0) 3 (124) 
da _ 5 - costédé | — 1 ¢_cos*édé 
(a4 +2b?a?+04)) ~ n2J) [m?—(m?—n?)sin26}} — n® m3 J (1—e?sin?¢): 
if (125 dx il sin*6d0 
nr? ms ): (at—2b?a? +a) m? / cos*? O(m? —n*sin® 4)2 


1 sint ddé 


~~ me /J cos? 1—k? sin? 43 ma wed ota 
6 


1 - ag cos* 6d 4 1 , 
7 = rR Ba ~~ — (1—k?sin? 0)? =~ 5 (2W,—7;) 
1 ad k? dé 
— Tae) cos Ak sin®20E ar OW P+ Gay J sin? 
1 dé 1 (Co 1 
— ey wosd pUa sin?) me ioe Yo pape8s ).. (126). 


In (126) and in the value of fiat 20208 +a*)dz, kis written instead of e. 


f sin® 6d@ _ tandsin? é f sin2?6d6 
cos? 6)/(l—e?sin?#) = 1/(1—e* sin? 6) (1—e? sin? 6): 
a sin44d6 sintéd@  —s 1 dd 
re (1—e?sin?6)i° °° J (1—e®sin? 6)? ~~ e? cos? 0,/(1—e*sin? 6) 
1 do sin? @dé tandsin? 
ee VU nesin® Ay) (l—e®sin?4)! — e®4/(1—e?sin?6) 
2—e* sindcosd 
= —_—— Eve G — A rr rr a a 2 a oe eeee 
e*(1—e?) Hite, @) “Fe )— e?(1—e*) ,/(1—e?* sin? #/) We (127) 
f sintédé = tandsin40 f sin40dé@ 
cos?0;/ (1—e?sin? 4) —-y7(1—e? sin? @) (1—e*® sin? 6)! 


35 of se sin® 6d «Saas sin’ @dé 1 dé _ 
Tee (l—-e 2sin?0)3 ° (—e®sin?*)? (Be cos? 6) /“(1—e* sin? 0) 
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cos? ddé 
yYU-e?® Vli—e®sinedy © si 
tanésin‘406 8 —3e? —2e4 (8+?) 
_ vee _ OT 96" 46" \— 4 
3 —esin®') Bet mety BO Ogee FO 


sin‘tddé 
(1—e2sin?d)2 


Be? gad rere sin?d) 7 


(1—e? )sinécosd sindcos? 6 
— ee", woe. (128). 
3e*1/(1—e?sin*0) 3e4)/(1—e*sin*®@) Ws (128) 

Comparing (3) and (121) we get, , 
in sin* ddd =f" cos? 6d@ 

0 VY (l—etsin® 6) ( 


9 (l—e*®sin?G): © 


Comparing (6) and (123) we get, 


af" sin?Gcos*6d@ — (" ~— cos* id 6 
0 V(1i—e?sin?#) ~ Jo (1—e*sin® 4): ° 


Comparing (12) and (124) we get, 


5 f° sin® Gcos4édé -{" cos*édé 
0 


0 YU—e®sin? 4) (1—e?sin?6)3 ° 
27 sin? Ucos2”—264d 6 =f" cos2”6d6 
'» Generally, (4n—1) S Vd aesin®) J G—esin® a’ 
Comparing (4% and (122) we get, 
{"— cos? 6d6@ sin? 6d@ 
0 “V/U—e®sin? ) =(1—e? if (1—e*® sin? 6): © 
Comparing (6) and (127) we get, 
3 f° sin®@cos* dé __ f- sint4d6 
0 VU—esin®?6) —e*) (1—e?sin?0)} * 
Comparing (11) and (128) we get, 
pf” Sint te sin‘ Gcos? dd6 rst Ode f sin®ddé@ 
0 -7/A—e? sin?) e") (1—e?sin20)3 ° 


27 sin2r—2tHcos? dG a7 = gin? Ad 6 
n-of “ie 
'. Generally, (an —1) VYO—e®sin? 6) =U er) (1—e?sin?¢)3 * 


/ dé =f dé of dé | 
sin?¢(1—e*®sin®@)? J sin®6)/(1—e?sin?§) re (1 —e*sin? 6) 


=V, +e? W, =Tf[,. 
——————— dé a (ee 
cos*6(1—e*sin?@)! ~~ 1—e/ cos? 4)/(1—e? sin? 4) -ime AP aaPHT 


=[1/(1—e?)](S,—e? W,)=0,. 
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rs aoe 
sintd(1—e®sin? 4)? sin* 6)/(1—e*sin*? 6) ¢ Savane 
=V,+e?L,==Dy. 


{ee — (Se eee -2 (5) 
cos*6(1-—e?sin? 6)? costOy, (i—e®sin?) ® 


—=[1/(1—e”)](S, —e? 0,)=0 


dé 


.. Generall f eet 
ys sin2”6(1— e* sin* 0): 


— Vn, +e" En 1=Ly. 


dé 1 ; 
s costa — e2ain®AyF = 1—e2 Sn 0 Ons) = On. 


The following general integrals may be of interest. The last term in the 
right hand member being the one sought. 


{( 1 1 ) dé _ secdcosecd 
cos? 6 sin? 6/ (1l—e®sin?4)22"—) — (1 —e? sin? @)22n—b 
do 
—1\o2 | __ 
+(n—1)e Sac 
f cos2™—2 AdG _ cot Jeos?™—2 G 
sin? A(1—e®sin®?G)22@r—)) (1—e® sin? G)2@"—1) 


— (m—2) (1—e2) (20s —2n— ie? (Osea 
(4m—2) C1 ey fax e* sin? G)2(2n +1) —Gm—an—T)¢ (l—e®sin? )s@nrtD © 


f sin?”--2 ddd —_ tan@sin?™—? 6 
cos? ((1—e® sin? 6227-1) (1 — e®? sin® @)32n—D 


sin?™—2 dé | 9 { sin?™¢d0 
— Qm— 2» { (1—e?sin? Ta etsin’aianry FCm—2n— Le J (l—e2%sin2? dyzert+) © 


f dé tef dd 
sin?” 6(1— e? sin? G)2@n—D sin?™—?2 6(1— e® sin? G)2@n+D 
J . 
J gin2?™0(1— e® sin? g)2Qn+D * 
1 dé e* f ag 
1—e?J cost@A(1—e®sin® A322") 1 —e? J cos?™—2 6 (1 - e® sin? Gyan ty 


_f dd 
~ J cost@O(1—e® sin? GysQntD" 
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DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ARITHMETIC. 


Aprops of the ending of a century, the following is said to have been writ- 
ten on New Year’s Day, 1801, by Theodore Dwight (1764—1846), the brother of 
Timothy Dwight, the distinguished Congregational divine. 


‘*Precisely 12 o’ clock last night 
The 18th century took its fiight. 
Full many a calculating head 
Has racked its brains, its ink has shed 
To prove by metaphysics fine 
A hundred means but ninety-nine; 
While at their wisdom others wondered, 
But took one more to make a hundred. 
Strange at the 18th century’s close 
While light in beams effulgent glows, 
When bright illumination’s ray 
Has chased the darkness far away, 
Heads filled with mathematics lore 
Dispute if two and two make four. 
Go on, ye Scientific sages, 
Collect your light a few more ages, ' 
Perhaps as swells the vast amount 
A century hence you’ll learn to count.’’ 


December 10, 1900. M.A. GRUBER. 
133. Proposed by COOPER D. SCHMITT, A. M., Professor of Mathematics, University of Tennessee, Knox- 
ville, Tennessee. 
In Wentworth’s Arithmetic he gives a formula $4(d? —2d) for calculating 
the number of board feet in a log 10 feet long, when d is the diameter in inches. 
How is this rule derived ? 


No solution of this problem has been received. 


135. Proposed by NELSON L. RORAY, Bridgeton, N. J. 
If 6 is one-half of 10, what part of 20is 12? Also what part of 30 is 10? 
Solution by M. A. GRUBER, A. M.. War Department, Washington, D. C.; MARTIN SPINKS, Wilmington, 0.; 


P.S. BERG, B.S., Larimore, N. D.; G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa.; DANIEL B. NORTHROP, 
Mandana, N. Y. 


The general statement of this problem is, If a is nb, cis dz. What is the 
value of ©? a:nb=c:dx. 


te 
/ t=. 
us ; xX10X12 
Substituting the numerical values, t= Ba 
.. 121s one-half of 20, if, ete. 
_—#x10x10_—, 
Also om B x80. 


.. 10 is +5, of 30, if, ete. 
Proor. 3% of 10=5; 3 of 20—10; and 5 of 830=83. 
6:5=12:10; also, 6:5--10:84. 


) 
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GEOMETRY. 


SOME PROPOSITIONS ON THE REGULAR DODECAHEDRON., 
By ALFRED HUME, C. E., D. Sc.. Professor of Mathematics, University of Mississippi, University, Miss. 


(1). The edges are parallel, in pairs. 

To prove HK parallel to LM. 

Since the faces are equal regular pentagons ’G and HC are equal. 

They are also parallel, each being parallel to AB. 

Hence GC and FE are equal and parallel. 

Therefore HK, which is parallel to GC, and LM, which is parallel to FE, 
are parallel. , 

(2). The planes of the faces are par- 
allel, in pairs. 

To prove the plane of face AG paral- 
Jel to the plane of face NA. 

As in (1) GC was proved parallel to 
FE, ; 

So may F'B be proved parallel to 
MD, and, therefore, parallel to NP. 

Similarly, AG and PR are parallel. 

Therefore, the planes of faces NA 
and AG are parallel. 

(3). Edges in different faces extend- 
ing from vertices of the same face are in- 
clined to each other at angles of 60°. , — 

To prove HG and LF inclined to each other at an angle. of 80°. 

EA and CB produced intersect at S. 

From the similar triangles SAB and SEC, SA: AB=SE: KC. 

Representing an edge of the dodecahedron by a, and a diagonal of a face 

a” 


d—a 
But d=-5[5+1]. Therefore, SA=—[y/5+1]=d. 


by d, this proportion gives SA= 


That is, CB produced meets EA produced at a point distant d from A. 

Similarly LF produced meets HA produced at a point distant d from A; 
hence, at 8. 

In this way it can be shown that HG produced passes through S. 

Hence LF and HG are in the same plane; and triangle SFG is equilateral, 
each side being equal to d. 

Therefore LF and HG are inclined to each other at an angle of 60°. 

(4). If the ten diagonals of two non-adjacent, non-parallel, faces being 
erouped in pairs, both faces being represented in every pair, (a) the diagonals of 
one pair are parallel, (b) those of each of two pairs meet, when produced, 
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at angles of 60°, and (c) those of each of two other pairs are inclined to each other 
at angles of 86°. 

Consider the faces BK and AM. 

(a). CG@ is parallel to EF (proved in the demonstration of (1) ). 

(b). AB and MA lie in the same plane. 

For AB is parallel to FG; and FG is parallel to LH, since FG divides 
the sides of the triangle SLH proportionally ; and LH is parallel to MK, since 
LM and HK and equal and parallel. 

Hence AB and MK are parallel and determine a plane. 

KB and MA are parallel to HG and LF, respectively. 

Therefore, when, produced, they meet at an angle of 60°. 

Similarly with HB and LA 

(c). KG and MF are in the same plane, since FG and MK are parallel. 

And they are parallel to CB and EA, respectively. 

The angle between them, therefore, equals angle ASB, or 36°. 

So with HC and LE. 

(5). To express the diagonals in terms of a and d. 

One of the shortest is EG, one of the longest is LAK, and a medium diag- 
onal is LH. 

Denote these by s, 1, and m, respectively. 

Lf is a side. of the equilateral triangle SLH. 


Hence, m=—Si'+ FL=— [)/5+1]+a 


2 qe 
—$1v5+3]=—| Sivsty [= 

To determine s and I it is necessary to show that LMKH is a rectangle, 
and FECG a square. 

The plane bisecting LM at right angles contains all points equidistant 
from L and M, and is perpendicular to all lines parallel to DM. 

Therefore this plane will pass through the middle point of FE, through 
points A and B, and, hence, the line 4/3, through the middle points of GC and 
HK, intersecting the planes LK and FC in the lines TW and UV, respectively. 

Since AB is parallel to FG and LH, it is parallel to planes ”C and LK, 
and, hence, to UV and TW. 

FG, UV, LH, and TW, then, are parallel, and since FE and LM are re- 
spectively perpendicular to UV and TW, they are perpendicular to FG and LH 
respectively. 

It follows that °C is a square and LK a rectangle. 


ave [/54+1]=yp% d. 


From right triangle ECG, s= 
av 


From right triangle LMR, l= [1/5+]=//3 d. 


This result may be written (a [8+7/5]8a= /3am. 
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It may be remarked that d is a mean proportional between a and m, I is 
a mean proportional between 8a and m, and I is the diagonal of a cube whose 
face-diagonal is s and edge d. 

(6). To determine a point equidistant from al] the vertices. 

LK bisects MH at O. 

In the rectangle of which GH and MN are opposite sides, GN bisects MH, 
therefore passes through O and is itself bisected at O. 

So with all the longest diagonals. 

Hence O is equidistant from all the vertices. 

CoroLLaARY 1. O is equidistant from all the edges. 

CoroLLary 2. O is equidistant from all the faces. 

(7). To compute the volume. 

This could be done by conceiving 
the dodecahedron composed of twelve 
equal pyramids with O as their common 
vertex and the faces for bases. But anoth- 
er method will be adopted. 

The dodecahedron is composed of a 
cube one of whose faces is EFGC and six 
equal truncated triangular prisms, one of 
which has AB, FG, and EC for its lateral 
edges. A right section of this truncated 
prism is a triangle with base equal to EF, 
and altitude, the perpendicular from A to 
UV. Since ABXY is a rectangle equal to 
LMEH, this perpendicular is one-half the 
difference between AX(—DA) and an edge of the cube, and, therefore, equals 3a. 


Hence the area of the right section is A541), and the volume of the 


2 / 
truncated prism is Oyo pre erty 


3 
The sum of the volumes of six such solids is (7435), 


3 
Volume of cube=-- [8+4),/5]. 


8 
Volume of dodecahedron => [15+-7,/5]. 


134, Proposed by J. C. GREGG, A. M., Superintendent of Schools, Brazil, Ind. 
If ABCD is a quadrilateral cireumscribing a circle, show that the line joining the 
middle points of the diagonals AB, CD passes through the center of the circle. 
Solution by HARRY 8. VANDIVER, Bala, Penna. 
We will use quadrilinear codrdinates denoting the equation of the four 


296 


sides a=0, 3==0, y=-0, 6=0, and the lengths of the corresponding sides by a, b, 
c,andd. Let radius of circle be». Then the equation of the line joining the 
middle points of the diagonals is aw—b3+cy—dd—0....(1) (Cf. Salmon’s Conics, 
page 54, Ex. 5). 

Putting a=3=y—d0-=r we obtain r(a—b+ce—d)=0, which is satisfied 
since ate—b-+d. 


137. Proposed by J. W. YOUNG, Oliver Graduate Scholar in Mathematics, Cornell University, Ithaca, N. Y. 
A right cone has its vertex in a horizontal plane, its axis being perpendicular to the 
plane. A string has one extremity:attached to a point on thecone. The other extremity, 
P,-of the string is kept in the plane, and the string is then wound around the cone, with- 
out being allowed to slip. Show that the spiral generated by P cuts all straight lines 
through the vertex at the same angle. 
Solution by the PROPOSER. 

Let P, P’ be two points on the spiral; Q, Q’ the corresponding points in 
the path of the string around the cone; N, N’ the points where the perpendicu- 
lars from Q, Q’ to the plane through the vertex O of the cone, cut the plane. 

The right-angled triangles QNO. Q'N’O have the angles 
QON and Q’ON’ equal; hence they are similar. 

ON Qn. 

on™ on). 

Again, since the string must not slip, it makes a con- 
stant angle with the plane. 

‘*, AQNP is similar to A Q’N’P’, 

PN P'N’ 
oe = ayy ee (2), 
QN Q'N 

rom (1) and (2), 

_ PN PN 

ON ONTO (3). 

But the triangles ONP and ON’P’ are right-angled at N and N’ (PN, P’N’ 
being the projections to tangents to the circular cone). From (3), 

‘, AONP is similar to A ON'P’. 

“. SOPN=ZXOP'N’. 

Observing that PN and I”N’ are normals to the spiral, the last equation 
states that the normals make a constant angle with rays through O. Q. E. D. 


AVERAGE AND PROBABILITY. 
90. Proposed by WALTER H. DRANE, Graduate Student, Harvard University, Cambridge, Mass. 


During a heavy rain storm a circular pond is formed in a circular field. If aman 
undertakes to cross the field in the dark, what is the chance that he will walk into the 
pond? [From Byerly’s Integral Calculus. ] 


I. Solution by B. F. FINKEL, A. M., M. Sc., Professor of Mathematics and Physics, Drury College, Spring- 
field, Mo. 


Let O be the center of the circular field, and R its radius; C the center of 
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the circular pond and z its radius; «OC, the distance from the center of the 
field to the center of the pond; 7 ROC—6, 7 IAC=¢. 


Then AC==(R? +22 +2Recos)t _ a 
en AC==(R2+2?+2Racos@)? and ¢=sin (R® pa? LD Rncoat)’ 


Then the probability that the man will 
walk into the pond for any particular value of @ is 


2.4K  2¢ 
aAK az’ 


The limits of z are 0 and R—«z; of x, 0 #N 
and R; and of @, 0 and z, and doubled. 

Hence, the probability that the man 
walks into the pond is 


ad. s. Sis sin~ (pepe /(R? +22 + 2Racos6) cag \ad-2edn. de 


S sf. S. “dé. 2aradax.dz 
12 (7 fos 2 } 
— —___ g —____________ }d@.ada. 
apd, s, sin~ (TE Racosé) dO edie. dz 


"7? ap, sf, [ sin Gece RF ba paiacost ) 


cade 


4 R-x 
jin ae dp 


_ 1 f f- | (Ra int (2 4 / (Ra)cos36 
= PR. J LOTS ARE pat $ ORe cost) TV ON 


— \/( R242? + 2Re cosd |db..rds 


12. ¢7 (¢* stant (oe ae, sf. aif 
=apiJ 0 S, (H—a)tan (sR cosy) + aE [21/ (Rey e082 
— CR? +2* +2Rxcos@)|dé.xdx 
12 (7 R—-« i 
=a, ([ tan” (Ennai) 


Root Ri (R+2)(83R—22)cos36 
+ rf R? +22 +2Rxcos6 dx )a 4 
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+ el Ez x! cosz0—43(h* +2° +2Raxcost)? +2 Rcos6(x+ 2hcosF) 


R 
V (Rh? +2? +2Racosf) + 3R3 sin? Ocosblog[,/(R? +a? +2Rxc0s 6) +a + Reoséi | dd 
0 


2 f" t a? R2 (R+2)(8R—22\cos36 om al 
= —— A OT 2G 
a? R38 Rk? +07?+2Rxcos6 dad® + oa 9 30 240082 


‘ 
— 140c0s33-+120c0s546-+10—15c0s? 6+ 15sin2 weno + ) |e dt 


2)/(— Rx) . 
=o, c= jV(8.A— 2x )tan- ae 0) | a 
1400082444 120c08*4 4 10-—15e0820-4-15sin® beos# log ve 
__ 2 in 1 [ 4 2 (= — Rx) Jax — 
=F RJ voi (3h — 2x) tan ea Rex ) dx 


_ 2 | a _ 4 21/(— fr) | 
a ( yor e* 4¢)tan (= Ris a) ; 


— VE fF 8 OR), YB tay) 


eS 


ee) 7) oT, 


~ 6y/(—1) R—«x 07 24/—1 
1 fi ; Le Det 5R? 32 


y 1 : : oak 
= = tan y— 1) 372 RF E —19 Rai —10R? 23 


om? 1% —1 
5 Re ( my )} d2 176 32 16 
—1 —_— —_. ee iC 
+ y—1e" V Ri/ANyo  mw® 45x? 1b7? Q7? ° 


J. M. Colaw, M. E. Graber, and Walter H. Drane get the result p-=1/Z, 
where I is the circumference of the pond, and LI, the circumference of the field. 
But the circumference of the pond varies from 0 to 27Ff where Ff is the radius of 
the field. Assuming as they do, that the chance of the man walking into the 
pond is the totality of all lines crossing both the field and pond divided by the 
totality of all lines crossing the field, the result (/Z is not satisfactory, since [ is 
variable, as already stated. 

The problem, of course, is indefinite, since the law of variation of the sev- 
eral events are not definitely stated, and thus as many different results may be 
obtained as there are possible interpretations of the meaning of the problem. 
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II. Solution by G. B. M. ZERR, A. M., Ph. D., Professor of Chemistry and Physics, The Temple College, 
Philadelphia, Pa. 


Let O be the center of the field, radius r; C the center of the pond, radius 
c. The chance p, of walking into the pond is /KAI/x=q@/z. 

Let (x—a)?+(y—b)?=c?® be the equation 
to the pond ; y=m(a+r), the equation to a lne 
meeting the pond. 

When y=m(a+r) is tangent to the pond 
we have 


/b2—c2tla +r? 
tanBAK=m, —- ee 


tanBAF=m,—— (abr? 


i—mM, —— 2cy/[b? —c? + (a sorry] 


tan AB iim, m,  [b®?—c?+(a4+r)?]—c? 


5 tan @. 


Zey [bie +(atn)*]) 5 tan—l ( C ) 


‘, pata OF en ye V[b?—e? +(a+r)?]} 7 


ee 
If a=pcost, b==psiné, p=2tan V (ep? +r? + 2preos4) 

1 Var Ya r-—p 

i —f- f J ppdbdpde 


. si J i ndbdpde a aa, s se ppdldode 


— 12 in ial —1( rT—p ) 1 
m*r> JQ o 9 ir—p) tan 21 (rp)cos34 +2 1/(re)cos2 6 


—1/(e? +r? +2rpecos 4) Jodtdy. 


oe 


nr — af s [21/ (re)cost6—1/(0? +r? +2rpcos@) |pdédyp 
57 af, | 24cos4¢—140c08"J 0+-120cos536+ 10—15cos? 4 


’ 34 
+-15sin? écos@log (teen )] da, 
L572 


cos36 
=f, S (rp )tan” (sites 2 1/ Bramesld Jed @dy 


d00 


2 ff Pvirwrle-tay(ir—2ereosstdndt 
mrs p> +r? +2recosd 


iJ. p(3r—2p) tan ( EVA "P) Vay 


7 re r+p 
24/(—rp) 5 
—1 ] — —-1,/_ 
aT oS. p(sr—2p) tan ( rp ja = 3021 tan-},/—1 
] f V (rp)(9rp—4p*)dp 5 4 
a ay 7 i as 
— | to" / (rp)—terpy (re)—1l0r?4/ (re) + om tan—1. |— © 
Ooms a ] 3 J ] vr r 0 
5 176 5 176 
~-1 — — —1 — —— 
= Bae ya ~z tan V ( +i 372 —1 tan-1)/(—1) ibn? 


176 826 
(PB? ibn? On? 


EDITORIALS. 


The Summer Meeting, 1901, of the American Mathematical Society will 
be held at Cornell University. 


Several Complete sets of the MonrHiLy are wanted. Any reader posses- 
sing a complete set in good condition and desiring to sell it, should write to the 
editor stating the price desired. 


The Monruty is mailed on the 28th of each month, and should reach the 
greater part of its readers within five davs after itis mailed. Subscribers should 
notify us promptly of any change of address, or of any failure to receive their 
copies. 


Dr. G. A. Miller has just been awarded the prize of $260. from the Cracow 
Academy of Austria for his work in the Theory of Groups. We rejoice with Dr. 
Miller in this well merited recognition of his work. Dr. Miller is a young math- 
ematician, yet his contributions to The American Journal of Mathematics, The 
Annals of Mathematics, The Messenger of Mathematics, The Proceedings of the 
London Mathematical Society, The Transactions of the American Mathematical So- 
ciety, the MONTHLY, and many other mathematical journals in both hemispheres, 
are very numerous. 
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Preliminary Announcement of the Courses of Study for the Summer Ses- 
sion, 1901, of Cornell University, has just been issued. During the session Dr. 
G. A. Miller will offer courses in Advanced Integral Calculus, History of Math- 
ematics, and Introduction to the Theory of Groups and the Theory of Numbers. 


BOOKS AND PERIODICALS. 


Elements of Algebra. By James M. Taylor, A. M., LL. D., Professor of 
Mathematics, Colgate University. 8vo. Half Leather. 461 pages. Boston: 
Allyn & Bacon. 


This book on Algebra is in keeping with the very excellent work on the Elements of . 
the Calculus by the same author. Professor Taylor aims in this book at simplicity in 
method of presentation and at a natural and logical sequence in the series of steps which 
lead the student from his arithmetical experiences through his algebra, and in this, I 
think, he has succeeded admirably. Special attention is given to factoring, as it is the 
fundamental principal in the solution of quadratic and higher equations. The student 
who receives his preparatory mathematical training in a book of this character will have 
nothing to unlearn as he advances in his mathematical course. B. F.F. 


The Elements of Astronomy. By Sir Robert Ball, LL. D., F. R.8., Lown- 
dean Professor of Astronomy and Geometry in the University of Cambridge, and 
formerly Astronomer Royal of Ireland. 8vo. Cloth, viii+183 pages. Price, 80 
cents. London and New York: The Macmillan Co. 

The author, briefly but interestingly, traces the early beginnings of Astronomy in 
the introduction. He then devotes Chapter I. to Diurnal Motion; Chapter II.. The Sun; 
Chapter III., The Apparent Motion of the Sun; Chapter IV.,The Moon; Chapter V., Grav- 
itation; Chapter VI., Mercury and Venus; Chapter VII., Mars: Chapter VIII., The Aster- 
oids; Chapter IX., Jupiter; Chapter X., Saturn; Chapter XI., Uranus and Neptune; 
Chapter XII., Comets; Chapter XITI., Shooting Stars; Chapter XIV., Stars and Nebule ; 
Chapter XV., The Causes Affecting the Apparent Places of the Stars. There are eleven 
excellent plates in addition to numerous diagrams. For a brief, scientific exposition of 
Astronomy, this little book is superior. B. FF. F. 


The Principles of Mechanics. An Elementary Exposition for the Students 
of Physics. By Frederick Slate, Professor of Physics in the University of Cali- 
fornia. Part I. 12mo. Cloth, x +299 pages. Price, $1.90. New York: The 
Macmillan Co. 

“The material contained in these chapters has taken on its present form gradually, by 
a process of recasting, and sifting. The ideas guiding that process have been three: First, 
to select the subject matter with close reference to the needs of college students; second, 
to bring the instruction into adjustment with the actual stage of their training; and, third, 
to aim continually at treating Mechanics as a system of organized thought, having a clear- 
ly recognizable culture value.’’—Preface. It is great satisfaction to note the emphasis 
that modern writers on various branches of mathematics are laying on the culture value 
of the study of mathematics. The work before us is one worthy the consideration of 
teachers desiring a first-class text on Mechanics. BF. F. 
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Calculus with Applications. An Introduction to the Mathematical Treat- 
mentof Science. By Ellen Hayes, Professor of Applied Mathematics in Welles- 
ley College. 8vo. Cloth, vii+162 pages. Price, $1.20. Boston and Chicago: 
Allyn & Bacon. 


This little treatise presents in an admirable way the practical application of the cal- 
culus to some of the problems of the natural sciences. To those who wish, for the purpose 
of culture, to know in a simple and direct way, what the Calculus is and what it is for and 
also for those who are engaged in work in Chemistry, Astronomy, Economics, etc., this 
book is well adapted. B.F. F. 


Differential and Integral Calculus. With Applications. For Colleges, 
Universities, and Technical Schools. By E. W. Nichols, Professor of Mathemat- 
ics in the Virginia Military Institute, and author of Nichols’s Analytical Geome- 
try. 8vo. Half Leather. xi+3894 pages. Boston and Chicago: Allyn & Bacon. 

This book is based upon the methods of ‘“‘limits’’ and of ‘‘rates.’? Both methods are 
valuable; the former, however, has the advantage of greater rigor. Among the very com- 
mendable features of the book are: First, a large amount of explanations; second, clear 
and simple demonstrations of principles; third, geometrical, mechanical, and electrical 
applications; fourth, historical notes at the heads of chapters, giving a brief account of the 
discovery and development of the subject of which it treats; and fifth, foot notes calling 
attention to topics of special historic interest. B. F. F. 


Esercizi ed Applicazioni di Trigonometria Piana, con 400 Escercizi e Prob- 

lemi Propositi. Dal Prof. Christoforo Alasia. Milano, Italia: Ulrico Hoepli. 

This book is a 12mo. cloth binding, containing 291 pages. It treats of the elements 

of Plane Trigonometry. Also some space is devoted to the discussion of “‘limits,” ‘‘maxi- 

ma” and “minima,” and simultaneous trigonometric equations. There are thirty dia- 
grams and 400 exercises. . B. F. F. 


Plane Trigonometry. By W. P. Durfee, Professor of Mathematics in Ho- 
bart College. 105 pages. Price, 80 cents. Boston: Ginn & Co. 1900. 

This work covers the essential parts of Plane Trigonometry. The preliminary chap- 
ter on Computation is valuable. Stress is laid on the value of graphic methods in obtain- 
ing rough estimates; the limits of accuracy are pointed out, and the necessity of frequent 
checking is insisted on. The demonstrations are brief and they are illustrated by numer- 
ous exercises. The book admirably meets the needs of schools desiring a short course 
which is at the same time accurate. J.M.C. 


Complete Trigonometry. By Webster Wells. S. B., Professor of Mathe- 
matics in the Massachusetts Institute of Technology. 171 pages. Price, 90 
cents. Boston: D.C. Heath & Co. 1900. 

The present volume is a revision of the author’s Essentials of Trigonometry. Many 
improvements have been made, notably in the proofs of several of the funetions, in the 
general demonstration of the formulae, in the solution of the right triangles by natural 
functions, and in the addition of a large number of examples. This is a brief but most 
satisfactory text. J. M.C. 


Famous Geometrical Theorems and Problems. By William W. Rupert, C. 
E.. Superintendent of Schools, Pottstown, Pa. 27 pages. Price, 10 cents. 
Boston: D.C. Heath & Co. 1900 


This is No. 1 in the series of Heath’s Mathematical Monographs, issued under the 
general editorship of Professor Webster Wells. It contains the history of several famous 
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theorems with demonstrations under each case. Twenty-six independent demonstrations 
are given of the Pythagorean theorem. The book will give much pleasure to teachers in- 
terested in the subject. J. M.C. 


Mensuration. By 8. A. Furst. 71 pages. Price, 50 cents. Harrisburg, 
Pa: R.L. Myers & Co. 1899. 


This little volume is intended to be supplemental to text-books both on arithmetic 
and geometry. The special feature of the work is the application of the prismoidal form- 
ula to finding the volume of solids. The work has many interesting problems and will 
doubtless meet with approval. J.M.C. 


The Hall Arithmetics, (1) Elementary ; (2) Complete. By Frank H. Hall. 
243 and 448 pages. Prices, 35 cents.and 60 cents. New York and Chicago: 
The Werner School Book Co. 1899. 


The prominent features of the Werner Arithmetics have been preserved in this ser- 
ies, but better adaption for use in ungraded schools has been secured. The books are pro- 
gressive and practical in character, and abundant in the supply of concrete problems. In 
the treatment prominence is given the ‘‘magnitude idea,’’ and the elements of algebra 
and geometry have been judiciously introduced. J.M.C. 


New Practical and New Higher Arithmetics. By A. W. Rich, Ph., B., As- 
sociate Professor of Mathematics in the Iowa State Normal School. 222 and 820 
pages. Prices, €0 cents and 75 cents, respectively. Chicago: <A. Flanagan Co. 
1900. 

The Practical is intended for use in grammar grades. Special features are a set of 
tables and drills for mental work; a presentation of definitions and principles in compact 
form ; model problem solutions ; and a great variety of test work. In the Higher book the 
mathematical signs are systematically presented, the model solution feature is carried 
forward, and larger place is given to definitions and principles. Numerous exercises and 
problenis are given in all the different subjects. J.M.C. 


Hornbrook’s Grammar School Arithmetic. By A. R. Hornbrook, A. M. 
416 pages. Price, 65 cents. American Book Co. 1900. 

This book is designed for the last four years of grammar school work, and aims to 
develop in the pupil a ready skill in dealing with numbers. In many respects this book 
differs from the ordinary texts. “Much use is made of constructive work with simple geo- 
metric forms. The book will repay examination. J. M.C. 


We are indebted to Prof. Alexander Macfarlane, D. Sc., LL. D., Lecturer 


on Mathematical Physics at Lehigh University, for a copy of Space-Analysis, a brief of 
twelve lectures on the George Leib Harrison Foundation, delivered in College Hall, Uni- 
versity of Pennsylvania, February 5 to March 2, 1900. 


ERRATA. 


[Due to errors in the copy.] 
Vol. VII, No. 11 (November, 1900), page 240, in the diagram, 


ov ov e OV e 0 | e e 
‘or ——d ad ——dy=6o ; ——dy, ’ —i——dy ; . — 
for ay dy, read diy dy > fora ay dy, ‘read —1 dy dy ; for .idy, read —idy. 


Page 241, line 7 from top, 


0 0 
for Vy mr read OV ou 
y x oy Chi 


